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Abstract

itk

This paper is concerned with the convergence of multigrid methods (MGM) on
I:uu:anJ:m:,l'lm:ms:i;m:3 el].g_:;tm variational inequalities. On the basis of ‘Wang and Zeng’s
work (1988),"we’ develop’ the 'cun‘\rerge‘ﬁca results of ‘the- ntﬁubthmg operator (i.e.
PJOR and PSOR) ‘We also extend the multigrid method of J.Mandel (1934) to

' nnnsymnietm vmtmnal meqﬁnhtm and ubtam the conmgence of MGM for thase _
% problems, | 1% i e e sy
' &

§1 The Multlgrld Algorlthm
Let us consider the complementary form of elliptic vanatmna.l inequalities with the

domain 2 € R®: —_ i
Lu(z} > f(z),u(z) > c(=), z € (),

(w(2) - e(=))(Lu(z) - f(=)) 20, z€Q, ()

u(z) = g(z), ' T € 01).
Take the sequence of gridlengths hg > hy > --+ > ht, the approximation sequence
of2:G°CcG'Cc---C G and the cm:respondmg grid number Ni of G*. We can

dJscretwe (1. 1) on G"‘ as follows:;
A*y ; > bk W
e
Wa.ng and Zeng ga:ve a multlgnd algc:nthm in [5] the mam steps are as fu]lows

(1.2)

(1) vl-smooth = RELAX'"‘ u’ A' ),

(2) Correcting: &/ = iy -FT' 11‘2;_1, where u; ; is the (I — 1)-th gnd iterative
Eﬂlutlﬁnfﬂithe defeutmequahty. A% e :.E'?.F':i-.;.. wo PEFL  ANREE

(3) p,-smmth u’“ = RELA.X"‘(ﬁ}"’ A‘ b') B o Ao o EREL

k:

.F'H.'. g o '!l ‘u'
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For the sake of convenience, we let hy =hhg=Hmnm the case of TWG and rewnte -

(1.2) and the defect inequality respectively as follows:

(Py) {Ahuh > b, un 2 Ch, (1.3)
(up — en)t (Ahuh - bh) 0, (1.4)
(Px) {AHﬂH 2 d;; = (%) (fn - Ah“ »7), up 2 CH, (1.5)
(ug — cu) (AHUH - dir) = (1.6)
where I2 g= = (pi;}) 2 0 and, for some pusltm cnnsta.nt ap,
aup? Apup > ﬂh“?:“hr Vﬂh e Ry (1.7)
An = (%) Anlhy, | | (1.8)
Null() ={0}, . . (1.9)
cyx = MAX{Chi — “l::f:chZ 0).. ) (1.10)

§2 The Convergence oi' PJ OR and PSOR

we assume that A is a stm:tly d.ta.gnna]l}r dommant or medumhle and

In this sectmn,
solve the following problem (P) by relaxation

weakly diagonally dominant matrix, and
iteration:
(2.1)

{Aa: >bz2 c, |
(z — c)T(Aa: —b) = (2.2)

where D, L and U are diagonal , strictly lower,

Let A=D(I-L-U)=D(I~- B),
It is not difficult to show that p(|B D < 1,

and upper triangular matrices respectively.

where |B| = (|bi;]). Morever we have
Lemma 2.1. Let 2 be the solution af (P). Then

z* = max{e;, (1 — w)z] + w(D"lb + Lz" + Uz ):}- | (2.3)
Theorem 2.1. For 0-< w < 2/[1+ p(IB])}, we have ' |
€410 < 1721 - Dol (24)
and | - |
J"—-}O ask—rm | (2.5)
where £ ts the iterative error of PJOR and J,,. = |1~ w|I+ wlBl, || || = " ||2
Proof From Lémma 2.1, it is easy to venfy that t._ g G
o B B 1+ < et < TN g e (26)
whlch m:xphes (2 4) Furth ermore, p(Jv) = Il wl + wpﬂBI) < 1 fm' 0 W< 2/[1 +
p(|B)], and this means (2.6) holds. ' . CRR T R sEene)

Theorem 2.2. For0<w< 2/ 1+ p([Bl)] we haue . v g
Sl < UGN - Heoll R
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It -0, as k- oo @
- whm e :s thre”:temtwe error of PSOR and | , I.
¥ o = (I - w|L)7H[1 - wlf+wIUI]

P?wf Wlth the help of Lemma 2.1, (I — w|L|)™ > 0 and p(L,,) < p(.L.,.) < 1 for
0 <w < 2/[1+ rho(|B])], the result becomes obvious.

,§3;;"_aThe,_.Cenvergence ef MGM

In order to set up the convergence we mtroduce preblem (PH)

oy {AHuH 2 du = (1) (fi - Ahu,.), Tpzem o .()
(Pa) - . 77 .
(ufy ~ cx)’ (AHﬁH = H) =i, el el - (3.2)
where ¢z = max{cp; — uj;,pir. > 0} .Then we can ee.slly ehew
Lemma 3.1, ujy = ﬂ,_mnd,fpr,m:y ug €RM, . Ly,

15
e

o oagsew -0 URARUNID: ﬂHuyHH = ﬁHlMIN{(Ig‘) T yuug
where CI:H >48. ' |
Iemmh 3.2 "cH < eH" < "uh —_ uh [| “and "CH — cH|| < ﬁ”uh - uh"“ whefe B
is the largest number-of nonzero ‘elements of T }} in’ each ealumn. o
T-emn:la 3.3.- The salutwn t?f(PH} tmd (P ) satisﬁes -

""jj B 2 H}h& ._..'- 2 # '4._.-. .

sz = w3l < efjug - w|

where ¢ = {2[B]|(I%)" Anll + (Bl| Az | + 638 Ayl )}'(2':13)]!&5}
Proof. Hem (1. 3) (1.6} , (3. 1)- (3 2) and the above lemmas, we ca.lculate and get

ﬂHllﬂH '“H" S(uy -un) Ap(ug —uy) -
< Ilcmmchll(llAHIllltm = ]|+ [lder — :;II) + IIHH = “H“”dH dgl|
< (ﬁ\IAHII + II(I B TAH")"“H = uprllll(uh - ﬂ"" I+ ﬁll(fg) Ag|iluy — up? I°

< anllur = w3172 £ (BllAxl uuﬁ) "Anl) /(zaH) + Bl AH||mu,, -
‘The lemme. is. then proved: 43 =

'I‘henrem 3.1. If A, is stm:tly dmgonally domtmnt or m'eduetsze and. weakly
dmgonabdérmnaut -and if: PJOB;wﬁPSOR ‘is used-as @ smoothings opemtorf(ﬂ <w<

2/[1 4+ pﬂg;. +. Uhl)]), M‘E’E{ﬂ;ﬁ convergentito uh ‘wohen vi= v1 Hvyiis auﬁimenﬂy

lﬂfye j’ﬁﬁ .-Tiiﬁ‘@_‘&"ﬁ!ﬁié i'5i4¥tﬂﬁﬂ 'lﬁ:i L-ﬂ-nriq.!-—ufT' ) _}f'_.‘_;sf‘-s' T rooehy “f RS R R4 T

E PR R

Proof' Wlthmt loss ef generahty al,ﬂ‘wemse PJ OR as a snmethxﬁg operator Then
AR — < WG+ eyl - ] < el — ),

pizes i&aﬁ‘

1 ‘nm_yﬂ-& o0} That xs, ‘"i —+ 4}, -as § — 0o, for sufficiently large v.

________
= T :-'5".-:.-_,'- T
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As for MGM , because
i = wgll < Wl + T = i) < DI + B = il
+ 1 llw- — a-al])- -

Theorem 3.2. If Ay 13 strictly dmgoﬂally dnmmant or irreducible and weakly
diagonal dominant, and if PJOR or PSOR 1s used as a smoothing operator (0 < w <
2/[1 + p(|Ls + Ui])] on the first grid G'), then TWG is convergent to uj when v 13
sufficiently large.

Furthermore, if we choose I% = I% as an mjectwe extension and denote ug VO ag
an iterative solution solving (P H) by ¢-times PIOR or PSOR iterational using 0 as the

initial vector, we then have e e 1
TLemma 3.4. If A is strictly dtagoual domnf&%ﬁ or n-'r'ed'ucible' and weakly diagonal

1‘; f“-"-

donminant, then A S s
o + T - willo < Y + ¥l
and forv 2 1, itk - , g # i M;» Sy il
ot = il < Mok = wilg <M = willeo :

From the above lemma and by the use of the;sama techmque as’in (5], we can prove

the following theorem: ”

Theorem 3.3. Under the same condtttons as n Theorem 3.1, +f It f ;} s taken

as injective extension, TWG is convergent to uh for v =ty > 1. .
Corallary 3.1. If uy is repalaced by o7, th& msult of Theomm 3 3 still halds |
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