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Abstract

In this paper we consider computational aspect of the matrix Padé approxi-
mants whose definitions and properties were considered in an accompanying paper.
A three-term recursive approach for the computation is established.

»
In [1] the authors have studied the general matrix Padé approximation problem.

It turned out that it is necessary to comsider not only left and right approximants, a
duality imposed by the non-commutativity of the matrix multiplication, but also type
I and type II approximants, depending on the normalization of the denominator. In
this paper, we shall consider a recursive method for computing the approximants. We
use the definitions and notations from [1].

We assume that VW € Z’”‘l and U € Zﬂ’,’“l, so that we do not have to mention
this condition every time. On the other hand, we mainly consider the computation of
type I right MPAs. The computation of the second type will be shown to be equiira.lent_
to the computation of the first type under some conditions. So the right subscript I or
IT in the notations will be deleted if there is no confusion. Consider the set

[V,U,W]={(N,M): NM~ € [V,U,W}}.
The problem we want to solve here is to compute [V, U, W] from two “previous” ones.
We shall need some normality condition for f which is different from the one we have °
defined earlier. We call the new concept I-nurmallty, defined as follows: B
Definition 1 (I-nurma.hty) If for any v,U and W whlch sat:sfy condmon -

E Wg; = E"h Z Ukjy J = 1 2,00, = (1)1

k=1
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the matriz H(V,U,W) is nonsingular, then we say that f is I-normal. -
Yor (N, M) € [V,U,W], we introduce the fellewmg notations fer the elemente of

the numerator, denominator and residual:

Nij(z) = En“‘) ko Mi(2) = Em” £ and (FM - N)._.,(z)— Zﬂ”’) .

k=0 k=0
We introduce the following metrmee.

NV, UW, V)T = [Nf"i*-”(v u,w)T ... N, u,w)T ...

N‘“’*”(V U,w)T .. N("r)(v U,w)T),
M, U,w)T =MW, T, W)T M, u,wHT

- MOV, U,W)T - MEV, U, W)T),

and ' | -
E(V,U,W,W')T = [E{“"“)(V U, W) - EMW, U, W) - Bt (v, U, W)
(wfa)(v U, W)T]
where ' -
MOV, W) = (D o - 1), MOV,OW) = () m® - ]

E(k)(V U,W) = [e(k) (k) | (k]]
The degrees V'+ 1 and orders W’ ea.tlsfy V'+ 1 & Z” Xl and V' < V, W' > Ww. It can
be seen that N (V, U, W, —1) is the coefficient matrix of N, M(V, U, W) is the coefficient
matrix of M, and E(V,U, W, 00) is the eeef[ic:ent matrix of R = fM — N. Hence, from
the definition of MPA, we have

H(V' +1,U +1,V + )M(V,U,W) = N(V,U,W, V"), (2)
HYV + LU+ 1,W+1)MV,U,W) =0, - (3)
HW+LU+1L,W +1)M(V,U,W) = E(V,U,W,W").

Lemma 1. Let f be I-normal. Then for any V,U, W satisfying (1), we have

(i) The matriz N(V 0. W,V
[zl

. temewn] o
£s nonsmgular, where .
—1<V'<V W!'>W and |V - V'I+|W' W| = m. (6)
(i1) The Ieedmg eeeﬁesent matriz ef the denommetor M ¢ g
B UZ lj)’“ - | M “_‘L)(V, v, W)T ML W)T]
is nansmgular | 5%5“ g ._
..z(ﬁ) and W” > W" nnd (V, U+1, W" .satwfymy (1),

eeeee

(iil) For | %48 W' ?;i _‘

the matriz, R
| - AHNe A% N V U + 1, W" VY |

w-') 0 -
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is nonsingular.

Proof. (i) For N € ZR**, define
0D = (B, Bryins O] > 1) = = [Bayms +* Bnyonycs I Brsimpnn Orjing |

where 8, € C9** is a zero matrix. For N; € Z8i=0,1,---,k,and No < M1 <
oo < N, let

Ig)— * 0(1) T ef(\ﬁ-m_:

. (7) (1) . ga)
L(J)(NU,NI,-“,N;:)= 9?‘.}1—1"-’11 IN’:-—NI_ ' BNk—Nh—1

ggl)-—ﬁu egz—ﬁi Tt Iﬁk—ﬁk—-l

and
L(No, Ny, + -, Ni)T =[LO(No, Ny, -+, Ni)¥ L@ (No, N1y, Ni)*
® | . ‘e L(”)(Nu, Ny,-- -_,N;.;)T].
Then | .
HV' +1L,U+ LV +1)
HV' +1,U+1,W + 1) =LV, V,WW) | BH(V+1LU+1LW+ 1) (8)
. HW+1,U+1,W +1)
Let

T e T .
I(U) = [ag; i A 2 I (/A R [13’ o - 1™ aT],

where 8y € c1%W! i5 a zero vector. Then
ra,nkH(V’+ 1,U +1,W* + 1) = rank {H(V'+ 1,U +1,W' + 1)[I(V) M(V,U, W)}
[ H(V',U,V) H(V'+1, U+1 V+1)M(V,U,W) ]
rank

H(V, U W) 0
HW,UW") HW+1,U+1,W +1)M(V, U,W)

o ' N(V,U,“{,V')
= ra.nkH(V,U,W)+_ra.nk [ E(V,U,W,W’) ] .

Now (5) follows from (9) and the I-normality of f.
(ii) Let

(9)

v, U,w)t =MOw,u,w)T - M (v, U, w)T
e MOV, U, W)T oo M=V, U, WHT).
Then |
rank H(V + 1,U,W +1) = rank {H(V-i- 1,U, W + 1) [I(U - 1) M(V U, W)]}
= rank [H(V,U - 1,W) H(V+1 Uw+ )MV, UW)]
= rank [H(V,U - 1,W) - - [c\v,u,w)---C™(V, T, W)] Mbe(V,U, W)

i o
ri.,_,-’. k; g
+

0
— Mhe(V, U, W)l

rank {[H(V U - 1,W) C'(V, ", W) c"'(v U,W) [ I}
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1 0o
= rank { H(V,U,W)| WI-m -
- { ( )[ 0 —Mh(V,U,W) }
¥ 0 |
- k| (WW-m
L e —Mevuw) |

where

vy —~u 41
CiV,U,W)T = [Tt () - T b ()]
Hence conclusion (ji) holds. |
(iii) Let . .
' MMV, U,W) - M}”(V, U+1,W")

MM, U, W) M{““(V U+1,W"y
| 1‘-'-1+1 (V U i 1 WH)
MI(V, U, W) =
MV, U,W) - “)(V U+1,W")

MV, U, W) - M(““‘](V U+1,W")
) ME WU + 1, W)

Noting that M(0) = I and that the leading coefficient matnx Mhe(V, U + 1,W) is
nonsingular, we have by (8) that
rank H(V',U + 1,W") -
= rank {H(V',U + 1, W) [My(V,U,W) J(U)}}

N(V,U W,V - N(V,U + 1,W", V") H(V', UV))
= rank | 0 - HV,U, W)
| E(V,U,W,W') H(W,U,W") _
N(V,U,W,V") NV, U + 1, W, V") |
= k - - ’ .
ran {[ E(V, U, W, W") ] [ 0 ‘ + rank H(V,U, W)

Thus conclusion (iii} holds.

Corollary 2. Suppose f is I-normal. Then

(i) E(V,U,W,W’) is nonsingular, when W’ > W and [W' - W| =m

(ii) N(V U,W, V") is nonsingular, when —1 < V' < Vand [V - V/|=m

These are two special cases of conclusion (i) of Lemma 1.

Corollary 3. Suppose f is I-normal. If U satisfies fu; — uj| < 1 Vt, 7, U1 :> Ug >

.+ > U, then the two types of MPA problems are equivalent.

Proof. . From gongl usmn (ii) . nf Lemma 1, it follows that the leading coefficient
matrix M* of M (g nonmngula.r Muluply (N, M) from the right with M*¢ and the
leading cueiﬁmeﬁiﬁﬁ ﬂ,fr f:M will become the unit matrix. Then the denominator is
ma.de C1 ca.nomcal On the other ha.nd [V U, W] exists uniquely, since H H(V U, W)

=H I(V +1, U, W + ;)* 'I‘hen the equ;vglency is proved
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This is the reason why we do not have consider the computation of MPAs of type

I1.
Theorem 4. Suppose m 2 p and f is I-

(1), and W' 2 W, W - W|=
(i) There ezists a nonsmgular mutm QV,U,W,W') € X

V +1,U 4+ 1,W +1] = 2[V,U,W]Q(V, U, W, W+ [V +1, U.W+1], (10)
QV,U,W,W') = —-E(V,U,W, W')“E(V +1,UW+1,W +1). (11)

normal. Then, for given V,U,W satisfying

such that

(i) FW' 2 W +1, there exists a rank p mﬁtriz.D(V, UW,W" e C™*™ such that
vV +1,U+1,W +1] |
= [V, U, W]|D(V,U, W, wh+[V,U + 1, W), (12)

D(V,U,W,W') |
= _E(V,UW,W)'HW +2,U+2,W + 2)M(V,U + 1,WH. (13)

(iii) If W' > W +1, there exisis a rank p matriz T(V,U,W,W') € C™*™ such that

[v—-1 U+1,W 1) =[V,U,WIT(V,U,W,W')

+ [V, U + 1,W')(I - T(V,U,W,W")), (14)
' -1
n o N(V,U,W,V-‘1)—N(V,U+1’WF!V_1)
T(Vj FT? Wj W ) = [ E(V, U, W, W! — 1)
x N(V,U+1,W',V —1). | (15)

(iv) If W' > W +1, there ezists @ nonsingular matriz S(V,U,W,W') € C*™ such

that
V-1,LU+ 1, W' -1]=[V,U, W] + z[V - 1,U,W-— 115(V, U, W, W), (16)

[ Nv-nLuw-Lv-2) |7 NBUWY -1
S(VUWW)__[E(V-I U,W - 1W'-‘-2)] [E(VUWW'—1)]'(”)

Proof. (i) Let (Nu, My) = (V,U, W], (Na, M) = [V + 1,0, W + 1], (N2, M5) =
V + 1, U + 1, W’ + 1]. Then by their definitions
fMy— Ny =0("*), fMy-Np= O(ZWH] and fMs— Na=0(z""*%),

Q(V,U,W,W') satisfies , o G . | __
E(VUWW')Q(VUWW’)+E(V+1 UW 4+ 1,W +1) =
From Lemma 1, (10) and (11) hold and Q(V U,w W') is nanmngula.r
_ (ii) Similarly to (i), D(V,U, W, W) satlsﬁes T
E(V,U,W,W"D(V,U,W'W)+ HW'+2; U+ 2, W‘+2)M(V U+1, W)=

_E"E
f:a

d
’.i.!
ﬁ
g
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From Lemma 1, (12) and (13) hold, and .
rank D(V,U, W, W') = rank [H(W +2,U + 2 W’+2)M(V U+ 1 W]
— HW42,U+2,W'41)
- HW'+L,U+2,W'+2)
0 o
HW+2,U+2,W +1) | "
(111) Since T(V, U, W, W') satisfies
N(V,U W,V - D)T(V,UW,W)+ NV,U+ 1, W,V - 1)I-T(V,UW,W")) =0,

] MU + l,W')}

=ra.nk[

E(VUWW’—I)T(VUWW') 0, | |
it follows from Lemma 1 that (14) and (15) hold and that
rank T(V,U,W,W’) = rankN(V,U-{—l,W’, - =p.
(iv) Since S(V, U, W, W') satisfies | | |
NV, UW,V - 1)+ NV -=1,U,W — 1,V — 2)S(V,U,W,W') = 0,

E(V,UW,W - 1)+ E(V - 1,U,W — 1,W' — 2)S(V,U,W,W') = 0,

it follows from Femma 1 that (16) and (17) hold and that S(V,U, W, W') is nonsingular.

The proof of the theorem is now completed. | |
Formulas (10), {12}, (14) and (16) can be written in matrix form. These matrices

are the coefficient matrices of numerator and denominator. For example, (10) can be

written as
N(V+1,U+ 1, W +1,-1) = | N(V,U, W', -1)Q(V,U, W, W")
+ N(V + 1L,U,W +1,-1), |
M(V +1,U + 1L,W' +1) = | M(V, U, W)Q(V, U, W, W")
+ M(V+1,U,W +1), |
where .

N(V,U,W, V') = (6% NOW,U,W)T - NV, 0, W)F
6T N(O)(V, uw)l.. -N!E,"P}(V, U, w7,
| M(V U, W)T = (67 M “‘"(V v,wy ... ‘“ﬂ(v U,w)T

0T MOW,v, W)T - MV, U, W)T]
For the coefficient matrlx of the residual, there is a similar formu]a.. Therefure furmula.s
(10)-(17) can be used to compute the MPAs recursively, prov:ded two approximants
V,U,W] and [I}+l I}W+1] or[VU W] and [V, U + 1, W] are known If all the nu-
merator dégrees dre'the'same, ie., U € Z,, we can start from [V 0; V] (FfV)(2), I,)
and[v+1ov+1]—-(f{"+ll(z) ¢ S
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From Theorem 4 we know .that, if p = m, all the‘pa.l.rameters* Q,D,T,S are nionsin-

gular. ;
Now we establish some recursive relations among the parameters Q,D. T8

Theorem 5. Suppose m > p and [ 15 I-normal. Then, for given V, U, W satisfying
(1), and W' satisfying W' > W41, |W —-W|=m, we have for the matrices appearing
in the previous theorem the following relations:

D(V,U,W,W") = Q(V,U,W, W= S(V +1,U,W+ LW +1), (18)

T(V +L,U,W+1,W +1)=Q (V,U,W, w"\D(V,U,W,W’). (19)

For W' <W and |W 4+1-W" =m,
S(V+2,UW+ 2,W’__+ 2) = Q(V,U,W,W') — D(V + 1,U - 1,W/ ,W+1).

 For W< W and [W +1-W" =m,
W' W+ 1) =T(V +1,U-1,W,W+1)QW1 w,w’). (21)

D(V+14,U-1,
Proof. (i) In formula (16), changing the parameter (V,U,W,W’) to (V+1,U,W+

1,W’ 4 1) and subtracting with formula (10), we get
[V + LU+ LW+ 1] - [V,U +1,W]=2V.T, wiQ(V, U, W,W')

(20)

LY

—S(V+1,U,W+1,W’+ 1)]- |
It follows from (12) that the right-hand side of the above equ

D(V,U,W,W"). Therefore relation {18) holds.
(i) Eliminating 2[V,U, W] from (10) and (12}, we get
V.U +1L,W] = [V + LUW + 11Q7 (V,U, W, W)D(V, U, W, W)
+V+1,U+1,W +1)lI- Q~N(V,U,W,W")D(V,U,W,W).

Comparing this with formula (14), we get relation (19). .
(iii) Since |

ality is just AV, U W] .

p - m | P ' p
Y+ )+ (ui=1)=) witp-m= > v
' 1=1 ' =1 t=1

=1 .
(1) holds for (V + 1,U — 1,W"). In formula (14), take the parameter (V,U,W,W’) to

be (V +1,U - 1,W',W + 1). Then the conditions on conclusion (iii) of the theorem -

hold. (14) now becomes. |
v, Uu,wWi=[V+1U - 1, WINT(V.+1,U — 1, W', W+1)

FV 4+ LW A1 - T(V + 1,0 - LW W+ 1)

Substituting it into (10), we have’ i |

-

P MU ; :',..-F‘:F-:_'__
e L LT .:.-L'u,r_'ﬁ_'.;;.-;.j.;‘_-_-;_r__,-__'-h J Ty LT .

VLU~ LW + 1,0~ LW W DQVUWW)

ks

o W _ o % :

+ AV +LUW I -T(V +1,U -1, W' W +1)|Q(V,U,W, w') ;
+[V+1,U,W +1]. . B | | );

i
[
-
5

- (22)

HY
[
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In formula (16), changing the parameter (V, U, W, W’) to (V+2, U W + 2, W’ + 2), we
have

V41, U+1, W'+1] = [V42,U, W+2)+2(V+1,T, W+1)S(V+2, U, W+2, W'+2). (22)
Comparing the coefficient of 2 of the denominator on the right hand side of (22) and
(23), we get

Q(V, U, WW')+M(1)(V+ 1L,U,W + 1) = M(U(V-e—z UW +2)
+S(V +2,U,W +2,W +2), (24)

where M()(V, U, W) denotes the coefficient matrix of z in the denominator. In formula
(12) , take the parameter (V,U,W,W') as (V +1,U — 1,W",W + 1). Then we have

[V+2 UW+2]—::[V+1 U—-1, W'DV +1,U-1,W'W4+1)

+W+L&W+u
It follows that N o | -
MOV +2,U,W +2) = D(V+1 U-=1,W W+1)+MO(V +1,U,W +1).

Combining it with (24), we get (20).
(iv) Compa.rmg the leading coefficients of the denomma.tor in (22) and (23), we

have
MMV + L, UW +1) [T - T(V + L,U - 1,W",W + 1)] Q(V, U, W, W')
= MMV + LU,W +1)S(V + 2,U,W + 2,W' 4 2).
Since MA(V + 1, U,W + 1) is nonsingular, | |
S(V+2,UW+2,W +2)=[I-T(V +1,U - LW",W + 1)] Q(V, U, W, W’).
Using (20), we get (21). The proof is completed.
If p= mand VUWW W'e€ Z,,ie, V=0, U =4 W=uw W =,
W'=z=w" thenw=v+u, v =w+1, v’ =w. Let
Ur=8(V+1L,U-1L,WW+1), T,=T(V+1L,U-1W,W+1),
E'=-D(V-1U-1W-2,W-1), Q\=-QV-1,U-1W-2,W=1).
Then we have the following relations for these matrices:

Corollary 6. Suppose f is nornml Then with the notation just introduced, we get
the foﬂowmg qd-hke mlatwm'

Ei=Qu+ a'"-l  v2Lu2l, - (25)
Ur'=Er_, -QY, v>1lul, (26)

ﬂﬂ- = (T"“)"E"'” v>1,u> 1,, (27)
T‘"’l = (Qu)-q E:, 03 Ly 21, _ | (28)

Eg:ﬂ, v=1,2,---, | (29)
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Proof. All the formulas in (25)—(28) are spe
or © = 1 in (26), because the parameters Qo

Therefore, the only thin

XU GUO-LIANG AND A. BULTHEEL
Q1i'=¢:1¢.u+11 v=0,1,--+, _(30) |
Q?;::ﬂ*r ‘u=2131”" : : (31)

cial cases of Theorem 5 except forv=1
and E¢ are not defined in Theorem 5.

g to be verified is that the initial parameters given in (29)—(31)

re correct indeed. From the definition of QY, we have

Qg = -.Q(t:l —'1,0,‘0 = 1,11)

— E(t} — 1,[],:11 — l,ﬂ)—-lE(tJ,ﬂ,ﬂ,U -+ 1) = C;.lﬂu.q.l,

i.e., (30) holds.

If u=1and v > 1, we get from the definition of Uy ™",

U{""l = S(U,O,ﬁ, v+ .1)

je, Ot = —QV~L. Therefore, (29) is correct.

- _N(w-1,00-1,v-2)'N(s,0,0,v—1) = B

1

If v =1,u > 2, from (12) and (16) we have

Hence

Equating the coefficient of z in the denomim

Since M0, u,u) — MO0, u —
Using the formulas given in the corollary,
sively from the initial parameters.
" From the previbus corollary, we 1

Corollary 7. Suppose f is norm

,u—1,u = -2z[0,u—2u _ 9B}, 4+ [0,u—1,u—1],

0,x, u] = [L,u - 1,u] + z[{]!“—“ 1,u— 1]U2
»

[[_I,"u.,u] = —z{0,u — 2,U — 2]-E1_1 4+ 0,8 —1,u— 1} + z[0, v — 1, u — 1]UE.

ator, we have
[ = EX i+ [M(l)((], u,u) — M®(0,u - 1,u— 1)}

1,u— 1) = 0, (31) is correct.
we can evaluate all the parameters recir-

:  mediately get the following.
al. Then

E’ = QY+ Bl -1 p>1,u> 1,

u—-1-—~ %wu

v, = (EDQLENY, v2Lu2 1,

where

[

This is the analogue of the qd ﬂgorithm for the

1 __c:lcﬂ-‘l'l: “-20111“'; Q-?; = 0, o= 2,35 "

EE=G,.T?=1,2,“'; § ==
classical Padé approximants.
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