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THE RANK—k UPDATING ALGORITHM FOR THE
X ACT INVERSION OF MATRICES WITH
INTEGER ELEMENTS®

Deng Jian-:jdn
(Compuling Center, Academia Sinica, Beijing, China)

" In this paper, the numerical solution of the matrix problems over a ring of inte-
gers is discussed. The rank-k updating algorithm for the exact inversion of a matrix
is proposed. This algorithm is generally more effective than Jordan elimination.
The common divisor of the numbers involved 18 reduced to avoid over-swelling of

intermediate numbers.

§1. Introduction

' _ :
Solving such problems as arising in number theory, graph theory, coding theory,

statistics, linear programming and circuit theory require computing the exact INVersion
of a matrix with integer elements. The exact solution of a problem of a matrix also
plays an important role in numerical experiments. For example, when matrices are ill-
conditioned, the integral methods are more interesting. What is most difficult in integer
computation is the rapid increase of the numbers snvolved when the usual algorithms
are applied. So, first of all, an integer algorithm must be able to restrain intermediate
numbers from swelling. Many algorithms have been develc:pedu'ﬁ}, such as

(a) Elementary transformations method;

(b) Division-free Gaussian elimination;

(c) One-step J ordan elimination; |

(d) Multistep Gaussian elimination;

(e) Congruence method;

(f) Determinant and Gramer's rule.
In this paper, a rank-k updating algorithm for the exact inverse matrix and the exact
solution of a system of linear equat'inns is :p_roposed. This algorithm is generally more

effective than the Jordan elimination. The common divisors of the numbers involved
are reduced to restrain :ntermediate numbers from swelling.

§2. The Rank-k updating algorithm

‘Suppose that Ais a nonsingular % by n integer matrix and u,v are » by k rank-k
integer matrices. Then ot is a rank-k matrix and A+ 4t is a rank-k updating matrix. :

Y
EE
.l

. =
LT

H o P— ¥

* Received December 25, 1987.

=h



The Rank-k Updating Algorithm for the Exact Inversion of M;trices with Iﬁtegér Elerﬁents 297

It is easy to prove that the matrix A + wvt satisfies the following identical rglatiﬂnﬁ
det (A+UVY) = det(A)det(I +v' A w). (2.3

The inversion of matrix A + uv® can be represented by the fﬂllowing formula if the
determinant of A + uv? is non-zero: '

(A+ur)y'=4"" - A"yl + v A7 )P AT (2.2)
Define the following notation:

I i
n:m*k, A:(ﬂl,ﬂg,'“,a“),_ AU-—I,

Us = (€ikp1s ikt 2€Ga1k)s ¥ = (Qiners ik, seisp)y Vi=Vi— U3

where [ is an identity matrix, with i-th column as e;. With this notation, the following
representations are obtained: |

A= A1 + u;_lvf_-l, A= Ay, E= 1,2,.- -« 7L, (2.3)

The exact det (A) and det (A)A~" are computed by determining the sequence of det
(A;) and det (A,-)Ai'l. Formula (2.2) shows that

AT = (1 + uovh)™! = I — uo(J + vbuo) 0§, (2.4)

Let . .
dy = dEt(I -+ ‘Uf]ug), = dl(I + 115110)-1. (2.5)

From equation(2.1), dy = det (4;). If d; is non-zero, the relation (2.4) holds. It follows
that
dlAl-l =diI — ugwlvf,. (26)

The matrix dy Ai‘l is an adjoint matrix of A, so the elements of the matrix are integers.
Generally, there is no common divisor in the matrix, and the same is true with matrix
wy. From relation (2.2),

A7' = (A) + wol) ™t = ATV = AT (T + v AT ) T AT
= A7! " AT uydy(di + ﬂidlA;lul)*llel'l | (2.7)
Let dg = det (Ag).hfgppl}r‘_rela.tion (2.1) agqin to obtain
dy = det ..'(d1I:+ t:id;_A'l'lul). . | (‘28)

If wWa is defined as | .
wy = dy(dy ] + vid1 AT u1) 7, | (2.9)
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then equation (2.7) becomes
dody AT! = dydi ATY — di ATy wpvidi AT 7 (2.10)

Since daAg 1 is an adjoint matrix of Az, the elements of matrix dad; A5 I must have a

common divisor dj.
Generally,

ATY = (Ai+wdd) ™ = A7 - A7 (I + o AT ) AT
= A7 - A7 uidi(di + deiAflui)'lvEArl (2.11)

If d;1q # 0, equation (2.11) holds. The following matrix recurrence relations can be

found:
d;+1d,'Al-_ﬂ1 = dip1di A7 — d‘-Ai-'luiw,-vad;A:l; (2.13)

Reducing the common divisor, we obtain an integer matrix d;+1A;-'fl. There i1s no-
breakdown in the recursive process, if

' dj 75 D! J e 1127“' y T2, (2.14)

The exact det (A) equals det (A,,) and the exact det (A)A~! equals det (A)A?
finally. Obviously, there exists a permutation matrix P so that all leading principal
determinants of matrix PA are non-zero. Therefore, (2.14) can always be satisfied.
This condition is necessary for other eliminations too. |

§3. The Rank-1 updating algorithm

In the simplest case k = 1, the rank-1 updating algorithm can be described in detail
as follows.
Rank-1 updating algorithm.
(3-) Let dg = 1,' Ao = 1,
(b) For i = 1,2,---,m,
di = ald;y A} €,

interchange the i—til row and the (3 +_j)-th row, if d; = 0, for j = 1,2,---,0 = i 1f
d: = 0. Stop (A is singular). -

CdATY = (didi1 AT - dica AT ei( AL - e)dia AT ) diea (3”1

e
-, & o . i

(c) According to the cha.ngiﬁg of the rows in (b), interchange the cnrrespﬂndi__:ﬁ:,
columns of d, A1, - ;%
(d) Let det (4) = det (An), and det (4)A7" = det (An) 4,7 Stop.

-4
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§4. Discussion

The Rank-k algorithm can considerably reduce the amount of arithmetic for some
matrices whose non-zero elements are distributed specially. Particularly, for the Rank-1

algorithm, the pattern of non-zero elements in A;_; and d;_; A"}, appear as

* ®* ® ©® @ *|=* %= # & & & w s =
* % @ @ @ =%|=*x %= & & @ & * " =®
e 8 © © ® o|® ®» 8 & ® & & & =1
*x ® & @ & =] ®* & & & 2 ¢ & =®
& 1 Ty .
1
1 2 .(3.2)
|
&
i n—i+1
&
1
1 —1 n—i+1

Since the elements from ¢ 4+ 1 to n in the column d;_lA,-'_ll e; are all zero, only the
first 1 rows of the matrix should be updated. If 7 < 3, the first 1 — 1 elements are
non-zero only in the column d;_1 A7l e;. If 7 > 1, the first : — 1 elements and j-th
element are non-zero only in the column. So the main arithmetic is only concerned
with first ¢ — 1 elements in (af — ef)d;_lA;ll. The number of multiplications which
transform d,-Ai_l into d;1 A:_i_ll is about 3 * 7 ¥ n, and the number of divisious is t * n.
If the number of divisions was the same as of multiplications, the amount of operation
in the algorithm (3.1) would be NR ~ (4 # 03 + 6 + n)/2. In the Jordan elimination
algorithm, the corresponding amount is NJ ~ (8 + n® — 12 * n)/2. The effect of the
algorithm is the same as Jordan elimination on the ‘intermediate word swell’. So the
rank-1 updating algorithm is more efficient than the Jordan elimination. Furthermore,
the Rank-k algorithm is more efficient than the Rank-1 algorithm for special types of
matrix with special distribution of non-zero elements.

§5. FORTRAN Routine -

A FORTRAN routine LR‘ﬂNKFiﬁ designed.by the Scientific Software Methodology
and Technology Deptartment, Computing Center, Academia Sinica. The routine im-
plements the rank-1 updating algorithm (3.1) using MP-system[!). It can be used in
FORTRAN compiler environment of a variety of computers a.nci be applied to com-
pute exact det (A)A~!, where A is an n by n-matrix with any word-length integer
elements. In practice, the scale of the computing problem is limited by the capacity of
‘the computer. ~
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