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ON STABILITY AND CONVERGENCE OF THE FINITE
DIFFERENCE METHODS FOR THE NONLINEAR
PSEUDO-PARABOLIC SYSTEM*

Du Ming-sheng
(Inatitute of Applied Physics and Computational Mathematics, Beijing, China)

Abstract
In this paper, we deal with the finite difference method for the initial boundary
value problem of the nonlinear pseudo-parabolic system

(*1)“!&: + A(m,t, U, thy,... 8 301 )u,:u.t = F(z,%,4,%3,...,48,3908 ),
ok (0,8) = or(t), u (L, t) = ¢1a(t),k=0,1, -, M~1, u(z,0} = ¢(z)

in the rectangular domain D= [0 € X < L,0 <t £ T, where u(z,t) = (ui(z, ¢), ua(z,
t),; 1 €m (2, 1)), #(2), Wor(t), Yia(t), F(z,t,%,%;,,..., %32 ) are m-dimensional vector
functions, and A(z,f,%,%x,...,%,2:m-1)} i8 an m X m positive definite matrix. The
existence and uniqueness of sclution for the finite difference system are proved by
fixed-point theory. Stability , convergence and error estimates are derived.
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The hnear and nonlinear pseudo-parabolic equations and systems often appear in pratical
research. There are many works contributed to the finite difference study of different prob-
lems for the nonlinear pseudo-parabolic equations. In this paper, we consider the nonlinear
pseudo-parabolic system

(—I)Mut + A(:I:, t,u te,..., umzu-—l)u,:ut = F(I, t, U, Uyp,. .., HIEH) (1.1]
with the nonhomogeneous boundary conditions
u:h(ﬁ,t) = '&Dk(t]: Uk (L, f.) = 1{)1]:(1;),16 =0,1,--- , M—-1 (1.2)

and the initial condition
u(z,0) = ¢(z), (1.3)
in the rectangular domain D = [0 < 2 < L,0 £ t < T}, by the finite difference method, where

u(z, t) = (u1(z, 1), ua(=,t), -, um(z,t)) and é(z), Yor(t), Yix(t), F(z,t, 4, uz, ..., tyan) are
m-dimensional vector functions.
The equation for the long waves in nonlinear dispersion

Uy + f(u):: — Uzzt

* Received July 31, 1987,
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is a simple special case of the system (1.1). Some evolutional equations of Sobolev-Galpern
type also belong to the system (1.1).

We make the following assumptions for the system (1.1)-(1.3):

(1) The system (1.1)-(1.3} has a unique smooth solution.

(2) A(z,t,po,p1,--.,P2m—1) is an mX m symmetric positive definite matrix for {z,t}) € D
and po,P1,...,pam—1 € IR™. Or rather, there exists a constant ag > 0, such that for all
e R™,

(A€, £) > ao|]’.

(3) A{z,¢t,po,p1,...,p20—1) i8 @ continuous function with respect to (z,¢t}) € D and it
has the first order continuous partial derivatives with respect to po,py,...,papm—1 € R™

and with respect to t € [0, T].

(4) F(zx,t,p0,P1,...,P2a) I8 a continuous function with respect to (z,t) € D and it has
the first order continuous partial derivatives with respect to po,p1,...,p2ar € R™

(5) Yo (t) € C([0, T]),¥1alt) € O“’([ﬂ T]) and $(z) € C3M) ([0, L)) satisfy the fol-

lowing conditions:

'vbﬂ'k(o) = ¢:.-:“ (0)1 'ﬁblk [0) - ¢;;#(L), K= D, 1, £ 3 ‘,M — 1.

Let us divide the rectangular domain D into small grids by the parallel lines z = z;
7 =01,---,J)arfl ¢t = t" (n = 0,1,---,N), where z; = jht* = nr,Jh = LNr =T
(7 =0,1,---,J; n =0,1,---,N). Denote the vector valued discrete function on the grid
point {z;,t") by vi (7 =0,1,---,J; n =0,1,---,N). For simplicity, we adopt the same
notations and abbreviatons as used in [1-3].

Let us construct the finite difference system

Tt — AMAM (yntl _ )
M3 3 n+o = Ay 71/ _ pn+ta
(-1 Lt g Aprer(o) 2 T8 ),
j=MM+1,- - J—-M: n=01,---,N-1 (1.4)

where
A;H'“(u] iy A(Ij_jtn+u’gﬂur}+a!Slv;}+a, ______ ,SM_IU;}+E,§MU?+H1 ______ ,EZM_IU;-"-i-ﬂ),
Frt(e) = Plzy, 19, 6%072 §ly7e ween o §M-Lynta sM nte . ... B gy

JtM—k k., n+l kN
i 1 1:':':. U - & .
6k”?+u: E (ﬂﬁ,{“) +hi: + i(ci) ;k‘):k=0111"':M_1:

i=y—M

| JtM—k k .n+1 k

- 3 A% v 4 ﬁ';
FrOrES = Z (c ii} +h‘: +ﬁ[ ) ) k=0, 1, <, M~—1,

s=3—M
J+M-k T+ M~k

> (M + 52 =1, Y (e B3 4 gy =1 k=0,1,---,M -1,

t=3— M t=y— M

vt =l T+ (1-a)0<a <,
) iItM—k Ak pr+ J+M—k
Frorte = %" B, i Y Bi=Lk=MM+1, - ,2M. (1.5)

J
1=1— M i=g~M
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The corresponding finite difference boundary conditions are

ALY AF v
h* h*

and the corresponding finite difference initial condition is

_ﬁgk! wlk] k=0]11"',M_1

ﬂgzg_f: j:ﬂll:”'jJ*

Suppose that the initial-boundary condition satisfies

M M-—1
> |o*(en - 5*"”3 + max > (|ug. - i +
k=0 k=0

n__"ull!-"-‘lN
n+1 m+t _ gn
Yor %k Yok Ok
+ -
n=0, 1 r
n+l __ un ¢n+1 n
1k 1k 1k
+
T T
where ¢p 1s independent of 7 and A.
o »
§2

The following Lemmas 1-5 are easily verified by direct calculation .

— Yik

)

Lemma 1. For any {u;} and {v;}{7 =0,1,---,J), there are the relations

— J
E u;ALy; = — E v;A_u; —ugvg + uguy,
2=0 _f=]_
J—1

Z Ui D Qv = — Z(&+“:'](f3+”j) —ugAyvg +uyh_v;.

j: 1 §=0

Lemma 2. For any {w;}{7 =0,1,---,J), there 1s the relation

Lemma 8. For any {w,} (7 =0,1,---,J), there i3 the relation

lwallz < 2L%||Swnlfz + 4L|wol*.

Ak Ak
When ;;,:un = thox and hw.r = 1%, k=0,1,--- M — 1, we have

M-1 M-1
165vs||3 < e1 (Ilﬁ”uhllg + Z Wox |© + Z |¢1k|2), k=01,
‘ k=0 k=0

where c; 18 tndependent of 7 and h.
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(1.8)

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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Lemma 4. Assume that the following statement 1s true: for any wy, = {w,|n =
0,1,---,N},
wo < Ao+ Bo Y wyr,n=0,1,---, N, (2.6)
k=1
1

where Ay and By are constants, Ag > 0, By > 0 and By < 5 Then, there 13

[whlleo < Aoexp(2B,T). [2:7)
Lemma 5. For any discrete function

AE A% w .
whz{w.fl ;;k : _\ﬁ'ﬂk: hk J ='f)1k=.k=0.1:"',M—1=J=U:1:"'=J}

there are the relations

k
k\ .
wi.::;(i)h‘¢ﬂi:k=0:1:"':M"1: (23)
= Ak
Wy _k =Z(-—1)'(_)hi¢1i,k=0, l,---, M -1, (2.9)
i=0 # :
MY e  EF M- EY
hkhl B ; 1- h ¢D,i+k—1:k: 1]2:*";Mp (2.10)
.&’i—lw;..M_pl T M-k g
e (Y ko1
=0
Lemma 8. For any discrete function ﬁh {vjl7 = 0,1,---,J} on the segment [0, L)

and for any given ¢ > 0, there ezists a constant K(e, n) dependmg only on ¢ and n, such

that
16%vnll2 < €l|6™vn|z + K (e, n){lunll2,0 < k < =, (2.12)

and
16% Vs [l < €l|6™ vnllz + K (€, n)||vnll2,0 < k < n, (2.13)

where K¢, n) s independent of vy, (see [3]).

§3

Now we are going to prove the existence of the solution v (7 =0,1,---,J,n=0,1,---, N)
for the finite difference system (1.4),(1.6),(1.7) and to get a series c-f a priori EStll‘l’latEE of
the solution. Assume that u(z,t) is the solution of the system (1.1)- -(1.3). Then, we have

untl _ yn AMAM(yrt! . yn)
(M A ) e = ) 4 B, 2
k k |
S = g+ O(), 225 — gy 1 O(), k= 0,1, M~ 1, e

uj = ¢, | (3.3}
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where the truncation error R = O{f + k).

Let w? = u? —v? (7=0,1,---,J;n=0,1,---,N). From (3.1), (3.2), {3.3) and (1.4),

(1.6), (1. '?), we get

ntl _ .0 il o P

(_I)M J - J | A?+ﬂ(ﬂ)§2M 7 : )
M-—1 n+1 -yt
+ z: (E )n+u[u u)gk ﬂ+ﬂ!62M J 7
k=0 ;
2M—1 ﬂ.-l-l —yn
+ Z (E n+to (u ‘-U)Ek n+a62H J J
k=M ¥
M-—1
= Y (GK)*{u,v)85ult 4 Z (Ge)2H*(u, v)d* w?** + R, (3.4)
k=0 k=M
A% &"‘ w” g
0 = Y — PO+ O(R), =L = 95 — P + O(R), k=0,1,-- M~ 1, (3.5)
w) = $; — ¢s, (3.6)
where
#
2 4 o 1 3‘4 L n-t+o 0. . n4o
(Ex)?t(u,v) = [, 3 —— {2, t"F 2, ABPuBE 4 (1—A)E%unte, o
— 1., n+o rAM -1 n+4+a M n+a M nta
ASM 1u1-+ & & (1--1)-‘5 1Uj+ ,},6 uJ.+ —|—(1—A)6 uj-l- S
AGRM-Lynta | (1 — \)F2M-Lyntey gy k=0,1,--,2M — 1, (3.7)

R : ok o 0, n O, nt+a
(Gk)j+ (‘H,U) fﬂ ap (Ijrt - A6ﬂuj+a+(1—*k)6ﬂﬂi+ C moring

AgM—lu;}+a+(l_ )ﬁM 1 ;1+u AEMy, n+u (1__’\)5.&4 n+u

AGIMynta (1 - N)E2Myrta)dy k=0,1,--,2M, (3.8)
EEMW?H““’? _ AYAY (wpt! — w}) 3.9
T - TheM ' 13.4)

For simplicity, we write (3.4) in the form

wttl
(—I]M J > ] + Lo+ La+ Ly =1y + ra + R, (3.10]
where
n+1 —_ g
LZ e An+n(u)52M b ) ,
T
+ ck g Ui — Uy
L i E g u 5 n+a6 ’
5 == Z( )i (%, v) -
2M—1 uﬂ+1 y”
Ly = Z (E )n+u u u)ﬁk n+u‘52M 3 b

T
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<

-1

2
i
(]

n+a ck.  nta
(Gk)_f+ (HIU)E wj--l-

2
&

(Gr)FT* (u,v) 6 wite. (3.11)
k=M

0
1

Now we will get a series of a priori estimates for the solution of the finite difference
system (3.4),(3.5},(3.6).

Making the scalar product of the vector 62w ;“"“hr with the finite difference system
(3.10) and summing up the resulting relations for j = M, M +1,---,J — M, we get

J—M J—M
()M > (*Mwite,wltt —whh+ Y (82Mwite, Lo)hr

1=M I=M
J— M J—M

+ 3 (PMulte Ly)hr + Y (62Mwlt?, Lo)hr
J=M =M
J-M J—M J—M

(E2Mwl* e r)hr+ D (BPMuwi e m)hr+ > (62Mw?Te R)hr. (3.12)

=M ) » =M =M

First, repeating formula (2.2) and the finite difference boundary condition (3.5), we
obtain

f

J—M /
M E : EIEM ﬂ+L‘I‘ ;_1+1 _ wr_:.)h :
=M

7

1 1 rn n
= SIMWRH IR — ZI6MuR (3 + (o~ 2)IM (wpt - wp)IE + By, (3.19)
where
&M&M k whta

&k 1{wn+1 — T )
M—k Whe -k M~k
Z( 1) E L2M —k r rhk—1 )7
k=1

&M&M k iu &k—l(wn+1 w? ~ )
_E( 1) kz( B2 = kJ e :_1111 L (3.14)

Using Lemmas 5 and 6, we have

B, < sz{ |62M wptal|? 4 [|sMwp+ea | + ¥ H%f’ — Vo Yol — YR 12

5

k_

‘ﬁ’"“ Vik ¢'“+1 - Y% |2

T

| +o)},

(3.15)
where ¢, is iIndependent of r and A . '
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Similarly, there is

J—M oM
Z [52Mw;%“,1}g]hf =5 E [52Mw'?+1,A;?+“62Hw;?+l)h

3
=M =M

IJ-M
M_n n+acZM_ n
e 2(5‘3 wi, ATt 52M )5

1 = 1 14 ] n 7 8
+(a — E) z (6*M (wpt! - wi), AFTOE2M (wit! w?)})h. (3.16)
=M

Moreover, we have

J—M
| 20 (67Muwpte, La)hr| < es(A)rI62Mup o + 6Mwp+ |2 + 5™ w2
=M

M=-1
+ D0 (U6 ~ BB+ 190 — B0 + W0 — 5 + 95, — 90 P)] + rO(R2),
k=0

, (3.17)
where c3(A) is independent of 7 and & , and
dA n+4
A= ; Soi” " : 3.18
ona BB, (u ~en |22 n o llg—ll) (3.18)

Similarly, we have

J—-M

l Z (62‘“ nta —Le+ri+ro+ R)hf’ < cy(A, F)r[||62M yp+)2
=M

+]|6Mw n+1”2+”5Mwh”2+E (166" — 0o + |9 — $6i 2

+YEEt — 952 + [9F — 90 ]?) + B2 + rO(R?), (3.19)

where c4(A, F) is independent of r and h , and

S ca I La  TL

Substituting (3.13),(3.15),(3.16),(3.17],(3.19] into the relation (3.12), we obtain

J— M

1 n I'I- n-raoa n
3 (IMun 3+ 37 (67 uptt, z+e()s™wp+ ) - 1 (oM up |2
=M

b3 (%M, AT ()M u)h) + (o — D16 (wp - up)|
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J—-M
51 E [52M(WF+1 . ﬂ-‘}'): A;!""“ (u}&zﬂ[w‘;}"'l _ w;‘])h]
= M

< e (A, PYr(l8™Mup |3 + 6™ uwp 2 + 6M wp |2 + @7), (3.21)

where c5(A, F) is a constant depending only on 4 and F , and

M-1 ri n n 7
Qz=Rz+Z[‘\"3f1" ok _ %kl +| 'H“'»t'u: P! - 'r""i‘kr

¥

+HIWBE — WO + [958k — 98 + VI — 5T + e - ¢1k|2]+0(h*l
(3.22)

We assume
1/2< a< 1. (3.23)

Thus, according to the assumption (2), there is

J-M
(x— -] [ [|6M (wptt - w}':]“: + z (%M (w}t! — w?), AT (0)62M (Wt — w;‘])h] > 0.

(3.24)
Hence, we have *
J—M
_(uguwﬂ+1“2+ 2(621\! n+l A"+“+1(u)§2M "+1)h]
y=M
1 J=M
~3 (I RIE + 3= (67Mwg, 45 (5)6% w )
< c5 (A, F)r([|82Mwp*e||3 + [6Mwp* 3 + |6Mwp]i3 + Q%)
J— M nt+a+l n+4 a
T 26, nt1 j — Aj 2M, . n
+(§),§;(*§ W A {9.25)
Let T
o= lloos fl 5 lloos -~ | leo
B pg ap1 Opan—1
A o nfﬂfﬂﬂ?‘fﬂ;l An+a+1 _ An+ﬂt | (3*26]
Py T
A+ oo | o
Then, we have
] J=M
S(I5Mwp [+ 3 (62wt A7+eti(v)62Mup+1)h)
=M

J—M
1
—S(I6MwplZ + 3 (82Mwf, A7+ *(v)8%M w})h)
=M

< co(A, F)r(ll6*™ witt |13 + [182M wi |1 + 8™ wi* 2|13 + 16™ wp )3 + Q7).

(3.27)
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Summing up the resulting relations (3.27) for n = 0,1, - ,1, we get
1 T~ 1
SUEM i I + Y (52wl 4+ (0)s?Multh) - L(isM w2
=M

=0

J-M i+1 (
+ D (6%Muwl, 43 (0)8*M w)h) < er(A, F)(D_ (6™ wp 3 + 16MGR 2)r + §2),
=M

(3.28)
where ¢;(A, F') is a constant depending only on 4 and F , and

n=ﬂ,1,-— 1

Q=R+ max ) (|¢0k 'f’ukl‘*‘ll"m 'J’u:‘)
k=

-+ max
n=0,1,-- N—1

1 i
"f’"+ — Y% PRt - YR

i

M-—1 1 7% 7
3 ( Yor  — Yo _ Yo | — Yo

iF ' ¥

k=0

) +0(n). (3.29)

Using the assumption (2), we have

J—M
||45Mw’+1”2+ E (52M I+1 Ai+u+1(u)52M I+1]h >k ("52MWE+1“§+"5M IT+1||2)Ir

=M .
(3.30)
where cg > 0 is a constant independent of r and h . Hence, we have '

i+1
6% wiF |3 + 62M wit 13 < eo(A, F)(Y_ (116%™ wp|i3

=0

HgM w137 + 1624w |13 + [[6M wRfF)r + @), (3.31)

where ¢g(A, F) is a constant depending only on 4 and F.
From Lemma 4 , when r is sufficiently small, we get the estimate

max _([16Mwp |2 + 82wl |3) < cro(A, F)(I65™M w2 + I5M wl|2) + ¢7),  (3.32)

n=0,1,--,

where ¢10( 4, F) is a constant depending only on 4 and F.
From Lemmas 3 and 6, we obtain

n-—ﬂ 1.1 o

2M
"6k ”g < cll(‘ll F)(Z "‘5!'-”2”3 +¢), k=01, --,2M, | (3.33)
{=0

where ¢; 1(1{, F}is a Eﬂnstant depending only on A and F.

‘ wn+1 w”
Now we estimate §*(—2 k), k=0,1,--,2M. Similarly, making the scalar product
wttl — w; |
of the vector §2M (2 ? )h with the finite difference system {3.10) and summing up

-
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the resulting relations for 7 =M, M + 1,---,J — M, we get

J—-M n+1 n+l __ n+1 W

— w? wl

1 M EZM J 2 J J A gﬂM 3
(—1) Z( —— Jh + Z( AT
xd n+1 n+1 — ™
Y e L Lg)h+ 3 (m ——1 L)k
=M =M
J—M. wl?-l-l w n ﬂ+1 —
£ Z(sﬂM J . ,r],)h'l' z:(é‘ﬂM J : J,rz)h
i= =M |
Wit - w? |
+ Z (6 —, R)h. (3.34)

First, using Lemma 1 and the finite difference boundary condition (3.5), we obtain

J— M ' n+1 n n+41 n
w, Tt —w, Wit —w whttl _ n '
—1\M 52M 3 3 i ] __llcM Wp h (12 ;
-0 3 2 ] T)h= MRy B, (3.35)
where _
M g i
B "( I)M Z (&M&M k(w +1 _wM k)- &k l(w +1 wM k])
2 rh2M - I: g hk 1

_(_1).&4’-!{2 (&MﬂM k(“"““ — wh_) &i_l(wr}iil-l-l WJ—M+1))

£ TheM—k ! k-1 |
(3.36)
Using Lemmas 5 and 6, we have
w"‘"‘l w whtl n+1 ¢
5l < (o B T ) 5 (2
_ 3;1_¢3k|2 : l'f’i'fl“"ﬁﬂ P — 7y |2 )+O(h2),
T T T
(3.37)
where ¢;5, ¢13 are independent of r and A .
Moreover, we have
n-l-l wr;
Iz (52M 2 T ’,—~L3—L4+r1+r2+R]h‘
oM Wh'l —wh o 2M 2
( 2)|ls — 2 + cra{4, F)([|6* w13

+16M wpt 3 + ||6Mwhuz+2 att = G P + | va, — 9P

HWIF — B + [0 — i‘klﬂ)+Rf’] +O(h?), (3.38)
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where ¢;4 18 independent of r and A .
We take ¢; , such that

€1€12 < —, _ (339)

Substituting (3.37),(3.39) into the relation (3.34), we obtain

n+41 n+1 i
MWR T =Wy o QOvpneams Wn  — Wy 10
o2 2h " 2 4 (20)grm Th Tk
< c15(4, F)(||§2H rre)2 + [|6Mwpt 2 + ||5Muwl |2 + Q2), (3.40)

where c15(A, F) is a constant depending only on A and F.
From (3.33), we obtain

5% w;:-l_l - w;: 2

s EM .
. < c1s(4, F)(Z 6" whll3 + Q), k=0,1,---,2M, (3.41)
{=0

n—_ﬂ 1 N ”

where r:m['zi, F) is a constant depending only on A and F.
Hence we’have the following theorem.

Theorem 1. Under conditions (1)—(5) and (3.23), assume that the solution u of sya-
tem (1.1)-(1.3) has |6*u}| < M(; = 0,1,---,J;n = 0,1,---,N;k = 0,1,---,2M), and
un+1 u”?
|6% -2 - z | < M(5 = U L, Jsn=01---,N;k=0,1,---,2M) . Then, whken r and
h are sufficiently small, there exists the solution {w?ti =01, -, J;n=0,1,--- ,N) of
system (3.4)—(3.6), suck that |5’°w;-‘| <M{GG=01-,J;n=01-- N k=0, 1,---,2M)

wtt — w? _
und|¢5" ' = jIEMJ {j=U,1,'“,J;ﬂ=0,1,---,N;k=0,1,--*,2M].
Proof. For any discrete functinn:a':{z;-‘fj=0,1,-~,.f;n=0, 1,---,N}, we construct

the following mapping @, which maps z € R™JH1IHN+1} gnio w € RMITHIHN +1),

n+l _ ..n | n+1

()M L M gnagy gppam B Y
T T
M-1 yn+l _ on
+ Z(E );“*’“(u u — z)5*w n+n62M 9 : s
k=0
2M -1 ntl _ g0
+ z (Ei)7t(u,u — 2)6Fwlt*s2M % - 2
k=M
M1 2M
= 3 (G (wu—Bupt 4 3 (GR(wu - Fupte LR, (3.42)
k=0 k=M
K .0 k
&I:?u = Yor — Yor + O(h), &h wy _ Yo — ¥ +O(h), k=0,1,--- M —1, (3.43)

w

3= ¢; = éi, | (3.44)
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where
n-4 o L GA n-l-a S’D n+a 0 nta
(E'j,)j [u, .!‘) —_ Iﬂ 3P (IJ, ’ uJ- = (1-—-—)&]5 zj. L
S'M—-lu;}+u = ( }‘)SM i ;1+u EM n+u: (l - A)aM n-!-a _—
FAM <Ay mbn () A)ﬁ*”‘lz'?“]dl, k=0,1,---,2M — 1, (3.45)
oF «

[Gk];_l'i'“ (u,u—2) = fﬂl 7 —(zy, t" T, 50y, n+-r.: ~ 1= A)aﬂz;}+a, i o
tM—1,n+a a oM M n a
s M 1u3.+ (1—)&)5” 1 ;I'-'l- & n+a (1_4\)5 + e
§2Mynta — (1 2)52Mante)d), k=0,1,---,2M. (3.46)

Let |

1= {z={z;?}l|6"z;‘|5H,(j=U,l,---,J;n=U,1,~-,N;k=0,1,~-,2M),

n+l zn

1] i 2 B, Ty 1, v il L N; k=0,1,---,2M
I T |— :[J_ 3 3 s = U, 1, 3 3 —‘0:1; ,2 ) . (3.47)

Repeating the prgcedure of the proof in §3 , we can obtain

2M M ntl _n M
_max S *upfla+  max 3" [skZ2 Blla < Ky (A, F)(Y 6 wlllz + Q)
147" = -ty y B et

{3.48)
where K (A, F) is a constant depending only on A and F. When z € {1, from the azsumption
(3) and {4), the relations (3.26), [3 20) can be replaced respectively by the following

0A oA
" "ml " ap ” A " ap "m,
- (3.) €D M=t < K; (3.49)
I» ll"‘"i[l': i |£1ﬂ R
oviraae s 98 | A, | 55 o
and
F aF
= (Il gty le) S Koo (350
[0 s [Paad 1€ 30 PaM

Consequently, there are

+1

Z"J"w la+ _ max - 2”5*“’-‘* k..

( Z [6*wgllz + @).

"ﬂl n=0,1,
(3.51)
Here Ko, K3, K4 are independent of A and r .
From (1.8), we have
2N 2 ot — g
H_E’ﬂlﬂ.i N ||6"WK "2 + max ”5" h || < K,ﬁ.(f+ h)’ (3'52)

—
o

n=0,1,--- - N—-1
k=

where K i8 independent of h and 7.
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From Lemma 2 , we get

2M 2M _— "
“ulleo +_ max 3 lerPa T Unl < g4 ad). (359
H=E‘H.,N§”‘5 vl + _ max, 3 —>| S Kl +hb). (s
Taking
} & M o M 4
A2 ke T S 3Ky |3:54)
we have the following estimates:
[f*w?| < M, =0,1,---,J;n=0,1,--- ,N;k=0,1,---,2M (3.55)
and
wittl — 7 "
5% 2 > LM, j=01-,Jin=01,---,N;k=0,1,---,2M. (3.56)
Therefore ,
.= &(02) c 1. (3.57)

| In addition, {1 is a convex set and ® is continuous. From Brouwer’s theorem, the mapping
P has at least one fixed-point w , such that ®w = w. Obviously, this {w?} (7=0,1,---, J;
n=0,1,---,N) is the solution of the system (3.4)—(3.6). Theorem 1 is proved .

Corollary 1. Under the same assumptions as in Theorem 1, the finite difference system
(1.4), (1.6), (1.7) has at least one solution {v7}(7 =0,1,---,J;n =0,1,-- ., N). Moreover,
we have the estimates

6*u}| <2M, =0,1,- .-, J;n=0,1,-- ,N;k=0,1,. .-, 2M (3.58)
and
pittl _ yn o
§* .2 . ~1<2M, y=0,1, -, J;n=0,1,--- ,N;k=0,1,..-,2M. (3.59)
§4

In this section we shall derive uniqueness, stability, convergence and error estimates .
First, we can obtain the following uniqueness theorem.

‘Theorem 2. Under the same assumplions as in Theorem 1, the finite difference system
(1.4),(1.6), (1.7) has a unigue solution {v?}(=0,1,---,J;n=0,1,---,N) .

Proof. Assume that {v7} and {57} are two solutions of the finite difference system (1.4),
(1.6), (1.7). Let wi=v}—90r (5=0,1,--,J;n=0,1,---, N). 'We can obtain



b4 DU MING-SHENG

tﬂ'-"+l — w w'."""l —_ Tt
M 2 z nta(sy\f2M 2 J
(—1) ” + AT (0)6 -
M-—-1 . ﬂ’?+1 = u’.‘
+ 2 (B)7*e (v, 0)8 upt st L2
k=0 L5
2M —1 pntl _ yn
n+ Yok n4oc2M J
+ Y (Ba)2to(v, 0)8*wltes -
k=Af
M—1 2M
= ) _(G)* (v, o) Wit + 3 (G, 8)6*w?t™ + R, (4.1)
k=0 k=M
AX wl A* wh
hk =4, hk =0,k=0,1,--- M -1, (4.2)
wi = 0. (4.3)

Using Lemmas 1-6 and Corollary 1, and repeating the procedure of §3 , from (4.1)-(4.3),
we have JE

2M n+l

2M - 2M
W o 2 NEulat  max 57 |stZE—UA) <k (3 f6*uRlatq), (44)

n=0,1,- N-1
k=0 k=0 k=0

where K¢ is independent of 7 and A . From (4.2) and (4.3), we get

] ]
ﬁj-

v', 7=0,1,---,J;n=10,1,---, N. (4.5)

Theorem 2 is proved .
Now we derive the following stability Theorem . .

‘Theorem 3. Under assumptions (1)-(5) and (3.26) and by choosing sustable r and h,
the solution of the finite difference system (1.4), (1.6), (1.7) ss stable with respect to the initial
boundary value ¢, Yor, Y1x and nonlinear coeffictent A and F .

Proof. Suppose {v?}( =0,1,---,J;n=0,1,-. -y N} satisfies

G .Y AMAM (241 — yn)
= T -y A rh;M - tony Fpre{u),
AE o8 AF ié

;—kﬂz"ﬁgj” hklqu?hlk:D:l:"',M—“l, [ )
Uf B ‘if’;:
and {ﬁ;‘}(:’:ﬂ, 1’-. .,J;ﬂ. =Ol ]_,:N) satisfies
gntl _ on i &M&M(.ﬁry+1 5 ﬁ") 3
M n+af~ + — ¥ s

=4 ; T Bk A"+ (2) rh2M - = FJF+ (9),

Atgr . Akge
:kﬂ = Yok th =¥l k=0,1,---, M~ 1,

9 = 4.

(4.7)
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Let w? = o} —~ o7y =0,1,- din=0,1,---, N). Subtracting (4.7) from (4.6) yields

(—1)M Wit —wy : A?+u(ﬁ)5ém i
MH: 0 bl 5~ n+u52M T.;Hl u;‘
+ 2 (B)37(v,9) n
2M -1 Sl _ gn
+kz;‘ (Ek);""“[u u)&"‘ n+a52M it - J
M—1
Z[Gk]"+“(u u]ﬁ" R | Z (Gx )"*“[u u)ﬁ" n+ta L Ry, (4.8)
k=0 k=M
Ak wd en AY w_,
ok = Yor — Yo = PP ~ Yl k=01, , M —1, (4.9)
wi = 4; — ;, (4.10)
where
Ry, =A{AT*e(5) — A% (§))s2M ' HT i Fpte(s) ~ Fpte(s). (4.11)

Using Lemma and Corollary 1, and repeating the procedure of §3 , from (4.8)-(4.10), we
have

n+4+1

Eua*w fla+,_,max jla*‘”h
n—ﬂl, N

; n=0,1,---,N— 1

=

<K [E Ha*m ), + _max Z;j (198 — 98]+ 5% ~ 5]

n=01,---.¥
4+l 1 in+1 T
y - ("p{’n — Y0k Yox & — Yok | + ik — Y0 ¥IE — ¥ )
n=0,1,---N-—1 T T - T
+ max |[An+a _'Az+a||nn ” n+a _ ﬁ‘:+allm],

n=0,1,---N-1 n=40, 1, ,N 1
- (4.12)

where K7 is independent of 7 and h. Thus, the theorem is proved.
Obviously, using the results of §3 ,we also have the following error estimates and conver-
gence.

Theorem 4. Under the same assumptions as sn Theorem 1, we have

[|.5'= Ma < Kg{r+h),k=0,1,---,2M, (4.13)

ﬂ'llll1 - N

_max [§*wllee < Ko(r+h),k=0,1,---,2M -1, (4.14)

n T
n=f|!,lff.,y ||52M‘{-'h||=n & Km(ﬁ + h), (4.15)
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R | S o S I (4.16)
n=01,--- N—-1 T - i ¢ L 3 ' .
max, PR VR ¢ ot By k= 0.1, o 20 —1 (4.17)
n=0,1,.--  N-1 T oo = £3i] | y y Ly ; y ;
Mwn-l-l — r | '
nmo Py, 167 =2l < Kis(o1 + h1), (4.18)

where K;, 1 =8,9,-.-13, are independent of r and h.

Corollary 2. Under the same assumptions as in Theorem 1, the solution of the finite
difference system (1.4),(1.6), (1.7} has the following convergence results: When r — 0 and
h—0,forall k=0,1,---,2M we have

6k[uh-—uh)||2—rﬂ, n=0,1,---, N, | (4.19]

n+l __..n n+1
U Up Y

L an
16% ¢ )lg ~0, m=0,1,--, N —1. (4.20)

T T

Whenr—bOandh—rU,fnra.llj=0,1,---,J, and k=0,1,---,2M — 1 we have

|6¥(u? — v?)| = 0,n=0,1, -, N, (4.21)
ur}+1 P ur}+1 — gt
|65 (2L —2L —~ L ) —-0,n=0,1,.--,N—1. (4.22)
T T
When f-?—rﬂa.ndh——bﬂ,fnra.]lj=0,l,-~,J, we have
]62M[u;? -/} =0, n=0,1,---,N, ‘ (4.23)
yntl _ g n pttl _ gn
|62M (-2 1 -2 ) —0, n=0,1,--- , N —1. (4.24)
T T
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