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Abstract

A method for constructing the C' piecewise polynomial surface of degree four on
triangles is presented in this paper. On every triangle, only nine interpolation con-
ditions, which are function values and first partial derivatives at the vertices of the
triangle, are needed for constructing the surface.

? §1. Introduction

In finite-element analysis, surface design and other fields, constructing an interpolation
surface on triangles is often needed. In many cases, it is necessary that the surface con-
structed be C! continuous, and it is desirable that the surface constructed is a polynomzial
and the degree of the polynomial is as low as possible because a polynomial is simple in con-
struction and easy to calculate. Now there are mainly three methods for constructing C
continuous piecewise polynomial surfaces on triangles. On every triangle, the first method
needs 21 inrerpolation conditions, and the surface constructed is a polynomial of degree five.
The difficulty in using the first method lies in how to find the second partial derivatives. The
high degree of the surface constructed is also unfavorable. Other two methods in [1] and [2]
need 12 interpolation conditions on every triangle; the surfaces constructed on every triangle
are C'! continuous piecewise cubic polynomial and quadric one respectively. The shortage
of the methods in [1] and [2] is that every triangle must be subdivided. The method in [3]
is suitable for constructing a C' polynomial surface interpolating scattered data points, but
the degree of the surface constructed is seven.

The method presented in this paper needs ouly nine interpolation conditions on every
- triangle, which are function values and first partial derivatives at the vertices of the triangle.
The surface constructed on every triangle is a polynomial piece of degree four. The whole
C'! surface is all composed of polynomial pieces of degree four. The limitation of the method
in this paper is that the degrees of all the interior vertices of the triangulation are odd.

§2. Basic Ideas

If a vertex F; is shared by m triangles, then the degree of P; is m (the degree of P, in
Fig.1 is 5).
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Suppose that the degree of all vertices {except those on the boundary of the interpolation
region) are odd. At every vertex F; (¢ = 1,2, --), the function values and first partial deriva-
tives {F}, (Fz)i, (Fy)i} are given. The procedure of constructing an interpolation surface In
this paper is as follows: |

(1) On every triangle, a cubic polynomial surface piece which satisfies nine given inter-
polation conditions is constructed. The surface has an undefined parameter. |

(2) Around every vertex of the triangulation, a C! continuous piecewise cubic polynomial
surface piece is constructed by the surface pieces, each of which has an undefined parameter.

(3} On every triangle, a polynomial surface piece of degree four 1s formed by weighting
the three C! continuous piecewise cubic polynomial surface pieces around the vertices of the
triangle. The whole surface 1s all composed of polynomial surface pieces of degree four on
the triangles.

83. Concret Realization of the Method

(1) Construction of a surface piece having an undefined parameter on a triangle.
Suppose that T is a triangle with vertices Fg = {(zg,yp)}, 8 = 14,3,k and 1ts number is

i see Fig.3. At the three vertices of T', there are altogether mine interpolation conditions
{Fg,(F3)p, (Fy)g}: 8 =1,7 k. Let (N:)g be the unit normal vector of the opposite side of
vertex Py, and ((L¢)i, {Lt);, (Le)x) be the area coordinates of T. Then

(Le)i = (Lelz, v))s = [ziwe — zayy + (y5 — we)a + (@ — 25)w]/ (250),

(Lo); = (Lo(z,9)); = [2aws — zive + (v — i)z + (z: — zi)y]/(25¢), (3.1)

(L) = (Le(z, y)i = |mivy — 259 + (% — ys)o + (25 = zi)y|/(25¢),

where S; 1s the area of T.
The cubic polynomial surface piece, which has an undefined parameter, on T 1s

Fi(z,y) = (Fi + Aij(Le)s + AL s Y(Le)2 + (F; + Ajk(Li)k + Aji(Le)i)(Le)3
+(Fr + Awi(Le)i + Ar; (Le) ;) (Le)F + (Ae)p(Le)ilLe) i {Le)s, (3.2)

where

Ay = 2F; + (Fo)ilzy — zi) + (Fy)i(y; — %)
A = 2F; + (Fo)ilze — zi) + {Fg)ilye — vi),
Aje =285 + (Fr)y (e — z;) + [Fy]:f(yk - ¥5),
Aji = 2F; + (Fo)ylzi — =5) + (Fy)s (o — w5),
A = 2F% + (Fo)elzi — o) + (Fy)i(yi — y),
Axj = 2Fy + (Fa)(zs — zx) + (Fy)lys — vs)-

It can be verified that f;(z, ¥) takes the nine given interpolation conditions { Fg, (Fe)p, (Fy)s): B =
1,7, k.(A¢)p is an undefined parameter. '

(2) Construction of a surface piece F;(z,y) around vertex F;.
For vertex P, without losing generality, suppose that its degree is 5; see Fig. 2. The
surface pieces corresponding to (3.2) on the five triangles are Fi(z, v}, Fz(z, %),  Fe(z, y)
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respectively; the surface piece F;(z, y) around vertex P; should be composed of F; (z,y) (+ =
1,2,3,4,5). In order to make the surface F;(z,y) € C* continuous along P, P, P, P, P,P,, P.P,
ELIld PPJ, the coefficients (A;)p (z = 1,2,3,4,5) should be chosen prﬁperly as follows. To
determine the surface piece F;(z, y) amund vertex F;, (A()p,(A2)p,  ,{As)p are labeled
as (A1}p,, (AQ)P', -, (As) p, respectively. '

Since (3.2) is a cubic polynomial and satisfies the given interpolation conditions at the
vertices, surface pieces Fy(z,y) and Fy(z,y) are C*! continuous on the common side P, P, as

long as
AF (z,y) 3F,(z, y)

B(N); liz = AN =y e
where (z', y') is the midpoint of side P, P,.
From (3.1) and (3.2) we have
d Fy(z, y) (. Ak | Ak (L) - Ak ik 9(L1)
(M), === = [+ y )6‘(N) + (B 2 )a(m)
+(Ai:r' + Ag; + ( 1)1 /‘:1 (3:5)
where .
j((fLVj; = (o — we) (w5 — yk.) + (2 = ze}(zy — 26)] /(251 Dir ),
§{§§= ~afidie (3.6)
S = ok = )5~ ) + on — )2, — 21/(25:Dur),
Dige = ((z: — zx)? + (v — m)?)V2
From (3.5) and (3.6) as well as symmetry we obtain (3.7) and (3.8):
dFs(z, y) _ Ari | A\ L2k A | A (L)
3(Ng) lz2=2 (Fk i 3 )3(N2)r | (F . ; . _) 3(N2);
d(Lz)
Ay + A (Ag)Pi)a(Nﬁ)i /4 (3.7)
where A;; and Ajy; are defined by (3.3) and
At = 2F + (Fo)wlz — zi) + (Fy)u (v — wr),
A =285+ (Fe )iz — zi) + (Fy)i(y — ),
S = [tvs = ) ) + (s — ) (o2 — 7)1/(252Di),
aa((ijZ]): = — D/ (285), (3.8)
a(Lz2);

50w, = (9% = 9ok = w) + (2 = o) (a1 — 2|/ (252 Du).
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From (3.4}, (3.5) and (3.7) it follows that

(3 22t + (e 5+ ) aem,
s gy /= (e 5 )
+(F£ + A;k + A:i) g((;j: + (Axs + A + (‘42)’:’*)2((;2])1; /4]. (3.9)
Substituting 8(L1); _ _ D . L2l _ _ Du oo, HEEY sl Y] e (B8 we

I(N1); (25;) (N2 (28)

obtaln

ide, , (alr, _ g (5 22 4 22) (F55E + 50 )

+(Fk 4 B fan ) (géi{})’: 4 2&1})": )] / D; x

2 4
_ ftij 4 Ax;  (Aw + Au) _ (3.10)
S1 5o
Let G(4,7, k,{) denote the right-hand side of (3.10); then (3.10) can be written as
(A)p./S1 + (Ao)p /82 = Gl 7 kD). (3.11)

Similarly, we may obtain the other four equations to make the surface piece F;(z,y) contin-
uous along every side with a vertex F; of the five triangles

(Ag) i‘f'Sg o= (Ag)F! /Sg = G('E., k, I,m), )

(As)p,/Ss + (A4)p, /Ss = G(3,1, m, n),

(A‘i)Fi'/S‘l i (A'E')FI:;{SE = G(i‘., m,n, .?.]:
)

{A5 P./S-E' T [Al)Pi/“gl = G(i,ln,j, k) );

-ﬂ

> (3.12)

The coefficient matrix of the simultaneous equations {3.11) and (3.12) is nonsingular; the
solution of (3.11) and (3.12) is

" (A)p /S ] [ 11000 ° G(z, 7, k,1)

| (A2)p,/S2 01100 G(3, k, 1, m)
(A3)p./S3 | = [ 00110 G(z, 1, m,n) ; (3.13)
(A4)p, /S 00011 G(i,m,n, 7)

(As)r/Ss | [ 10001 ] | Gli,ng,k) ]

(3.4)-(3.13) illustrate that if the undefined parameters of the five surface pieces on triangles
in Fig.2 are defined by (3.13), then the surface piece Fi(z,y) composed of the five surface
pieces around the vertex P; is C' continuous.

For every vertex I’s on the boundary of the triangulation, undefined parameters of
surface piece Fy(z,y) around Ps cannot be defined solely because of lack of one equation.
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For this case, one solution is to add one equation according to the concrete case. Another
method is that the surface pieces around boundary vertices are defined by those around
interior vertices. For example, in Fig.3, suppose that Py 1s a boundary vertex. Surface piece
Fi(z,y) should be composed of surface pleces on three triangles whose numbers are 1, 2 and
3 respectively. The undefined parameter (42)p, may be ({A2)p, + (A2)p,)/2. When (A2)p,
is defined, undefined parameters (A4;)p, and (A4s)p, may be defined by (3.11) and the first
equation of (3.12).

(3) Construction of a surface piece on a triangle.
For every triangle T, whose number is ¢t and vertices are F;, P; and Py (see Fig.1), the
surface piece E,(z,y) on T is defined as follows:

E't(:':,y) = (Lt):'Fi(-T: y) + (Lt}J'F}'(I: !J] + (Lt)ka(I: y), [3-14)

where (Lt);, (L¢); and (L;)x are defined by (3.1), and Fi(z,y), Fi(z, y} and Fi(z,y) , around
F;, Pj and P respectively, are defined by the previous method. From (3.2) and the construc-
tion procedure of F;(z, y), F;(z, y) and Fi(z, y), it is easy to know that on T, F;(z, y), Fi(z,y)
and Fi(z,y) are respectively

Fi(z,y) = f(z,9) + (Ae) P (Le)i(Le) ;(Le ),

FJ‘(IJ y) o= f(I, y) + (Af)Pj(Lt)i(Li)J'(Lt)kl (3'15)

Fi(z,y) = flz,y) + (Ae)p, (Lt): (Le)i(Le)x,

£

where
Hz,9) = (F; + A (L); + Air(Le)e)(Le)] + (F5 + Aji(Lo)r + Aji(Le)i)(Le)?
+{Fr + Aki(Lt)i T (Akj)(lft):')“:'t)g'

From (3.15) and (L.); + (L¢); + (L¢)x = 1, it is obvious that (3.14) can be written as

Bz, v) = flz9) + ((Le)i(Ad)ps + (Le)(Ae)py + (Le)n(Ae) o (Le)s (Do) LoD (3.16)

E.(z,y) is a polynomial of degree four because (L¢)i, (L¢); and (L, )i are linear polynomials.
A whole interpolation surface E(z,y) is defined as

El(z,y) = Ei{z,y) when (z,y) € triangle 7. (3.17)

We are now going to study the continuity of E (z,y). For the surface piece E:(z,y) from
(3.14), there are |

Et(mry)l[Lt)j=U = {(Lt)iFi(I: y) EL (Lt)ka(m: y)}I[Lt}j=ﬂ (3.18)

and

_ : a(Lt}I FB.F,‘(I, y) : :
=0 ™ VB g+ LS + B

aEt(I: y) ’
B(Nt}j

(3.19)
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on the side (L;); = 0. Since F(z,y), F;(z,y} and Fi(z,y) have the same function values
(see (3.15)) on the side (L¢}; = 0, and (L¢): + (L¢); + (Le)x = 1, then

(Fin ) o) by (o) ST+ Pl 5 ) o

~ { o) g (Bl + (B0 + (B =0

So (3.19) can the written as

T

OE:(z,y) (3.20)

S(Nt)j

i3 _ : aFk(.’c,y)
(Le);=0 {(Lt)‘ d(Ne); el 3(Ne); }I{Lt}j:‘f"

For triangles showed in Flg.4, let ((Ll),;,(Ll}J-,(Ll)k) and ((L2)i, (L2),(L2)n) (see
(3.1)) be the area coordinates of the two triangles respectively and {z,y) be a point on
the common side P. P of the two triangles. Then

(Li(z,¥))i = (La{z, y) )i, }

(3.21)
(Li(z,y))k = (L2(z, ¥))x-

(3.18), (3.20) and (3.21) illustrate that if every surface piece on a triangle is defined by
(3.14), then two surface pieces on neighbouring triangles have the same function values and
first normal derivatives on the common side.

Therefore the following theorem follows:

Theorem 1. The interpolation surface E(z,y) defined by (3.17} s Cl continuous.
It is easy to prove the following theorem:

Theorem 2. The polynomial precision set of (3.17) 1s

{22, 2%y, 2%, %, 2y, ¥*, =, ¥, 1}, (3.22)

Fig. 1 Fig. 2
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4. Triangulation Satisfying all the interior
Vertices Having Odd Degree

There are two steps to reach the goal. The first step 15 to triangulate the given points.
The second one is to modify all interior vertices of even degree into odd degree. The principle
of modification is that if the degree of a vertex P to be modified is 2m, then the degree
of F; is modified into 2m — 1 or'2m + 1, and the smallest angle of new triangles obtained
by modification is made as large as possible. As an example, for a vertex *P; of degree (see
Fig.5), its degree can be modified into 5 (as modification A) or 7 {as modification B). The
modifications for all the interior vertices of even degree can be completed by a procedure
from inside to outside.

Fig. 5
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