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THE DRAZIN INVERSE OF HESSENBERG MATRICES"

Miao Jian—ming
(Shanghai Normal University, Shanghai, China)

Abstract
The Drazin inverse of a lower Hesaenberg matrix is considered. If A is a singular
lower Hessenberg matrix, and a; ;4 # 3, =1,2,---,n—1, then AP can be given, and

expressed explicitly by elements of A. The structure of the Drazin inverse of a lower
Hesasenberg matrix is also studied.

§1. Introduction

The Drazin inverse A” of A can be characterized as the unique matrix satisfying the
three equations

XAX = X, ' (1.1a)
AX = XA, (1.1b)
k+1y _ 4k -
» AT X = A%, Index{A) = k. (1.1c)

-

If k =1, then the Drazin inverse of 4 is called the group inverse of A and denoted by A%,

The Drazin inverse has been shown to have numerous applicationsl!l. In [2], it is used
to give a closed form for solutions of systems of linear differential equations with singular

coefficient matrices. In [5], A¥ is used to study finite Markov chains. See [1] for an extensive
discussion of the Drazin inverse.

Since an arbitrary square matrix can be reduced to Hessenberg form by means of unitary
similarity transformations, and the Dragin inverse is well behaved with respect to similarity,
that is (P~1AFP)Y = P~ 'AP P, the study of the Drazin inverse of a Hessenberg matrix is
. 1mportant.

Yasuhiko Ikebel4l studied the structure of the inverse of a Hessenberg matrix. Cao Wei-
lu and W. J. Stewart!3 generalized some results of [4]. Miao Jian-ming!® presented the
form of the group inverse of a Hessenberg matrix, and also generalized the results to more
general matrices, called block upper (lower) s—diagonal matrices.

In this paper, we shall present the form of the Drazin inverse of a singular lower Hessen-
berg matrix with a; ;41 #¥ 0, =1,2,.--,n - 1.

§2. Notations and Preliminary Results

Throughout this paper, let A = {a;,;)T be a lower Hessenberg matrix of order n, and
aii+1 70,8 =1,2,.--,n~1, Let A be partitioned as

411 12
¢ B
A= = ( o d° ) (2.1)
Qp—-1,1 Gn—-1,2 Qpn-1,n
Oni dnp2 ﬂn,ﬂ
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Clearly B is a lower triangular matrix, and .B~! exists. Let

i ( P g) _ ¢ (2.2)
z=.( 3 ) (2.3)

y* = (—d*B~1,1). (2.4)

Then we have
Lemma 18!, Ifo, =d*B ¢ —a 9’-' 0, then A 33 nonsingular, and

A7t = T a; zy'. (2.5)
If a; =0, then A 15 ssngular.
Lemma 2. Let
=d*"B ¢c—a, a=y'T"2z, i=2,3,---. (2.6)
Ifa =ag = ---=ay =0,ax4; # 0, then Index{A) = k.

Proof. By [1, p.138|, Index[A) = k is equivalent to saymg k is the smallest nonnegative
integer such that the limit

’ lim X*(4 + A1)~ | (2.7)

]

exigts. Now using Lemma 1 gives
(A+ M)~ = T(A) — a7 t{(A)z(A)y* (A). (2.8)

where Pn}] T(A) =T, }m}_’ z(A} = =, }in}]y'[k) = y*. Hence k is the smallest nonnegative
integer such that the limit

Jim A*aj?(2) {2.9)
exists. Let Jo € C(n—1)X(n=1) and 1, fo1 € C{n—1)X1 denote the matrices
0 0
1 0 T -
Jo = e i ' fl"_"(lsnz"':ol rfn-l‘_"(o:l"':ﬂ:l) ’
0 1 0
Then
a;(A) = (d* + AfT_WB+AJ) He+ Afy) —a (2.10)

Let N = B~1J,. Then N is nilpotent of index n — 1. Hence
(B+AJo) ' =T+ AN) 1B ' =[I-AN+X3N?—... 4 (—1)"2A""2N"" ""’]B'1 (2.11)
By use of (2.11), (2.10) becomes
a1(A) = a3 — far + B5A% — - o + (=1)"Bny1A", (2.12)

where

B3 =(d*B Jy— fT_)B~lc—d*B71,, | (2.13a)
B; = (d*B 10— fI_)N"2B~YJoB c—f1), 1=8,4,---,n+1  (2.13b)
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By definitions of z,y, Jy, f1 and f,_;, we have

d*B™ o — fa_1 = —(3, 45,1 ¥n)s (2.14)
JoB e~ fi = —(z1,%2, -, Zpn_1)7. (2.15)

Then from (2.13a), we have
Bo=y"z = aj. (2.16)

Since from (2.6), we have

- F o X 0 o 0 0N/ o0 o
e Bl D Bt 0 )*FY¥ o N B! o J°®

= [0, (y3, ", Y )N* °|Tz = (3, - - ,y;)Ni—SBi’ﬂlm
o= (y;: " B y:‘)Ni-EB—l(mh R mn—l)Tr 3 = 3:4: R
ther;efnre _ ,
Bi=a;=y*"T "%z, 1=8,4,---,n+1. (2.17)
Hence by assumptions, we have
lim Moy (A) = (—1)*/ax41.

F

i

Thus we conclude that Index(4) = k.
Note that T is nilpotent of index n. Therefore a; =0 fors+ > n + 2.
Let ¢;1,¢, denote the first and the last column of the identity matrix I,,. Then we have
Lemma 3. Ifﬂl =g = """ = Qp =0,u:k+1 #0, then

i) Az=0,AT'z=T"12,i{=1,2, -, k-1, AT 2 =T* 'z — aprien;

(i) vy*"A=0, y"'T':A =y'T =12, k-1, y'T"‘A = y*T* ! — agyie7;
(iii) A*T*z2=0,s=0,1,---,k—1;

(iv) ¢*'T*4*=0,1=0,1,---,k—1.

Proof. Since
Az = —a;e,,
ot fo1 O Ty 0 - - ,
T — d"’B-I 0 ™ I—[I— y. ]T &= 7" I—C[,'+1En,l=1,2,”'

by assumptions, we have (i).
The proof of (ii) is similar to that of (i), and so is omitted.
By using (i), we have

ATz = A Tz = ... =A%z =0, §=0,1,. . ,k—1.

(iv) is similar to (iii), and is omitted.
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§3. Representation of AP

Theorem 1. Let A = (a;;)T be a lower Hessenberg maingz, a§1i+1 #0,1=12,---,n—1,
and A be partitioned as in (2.1). Let a; be defined by (2.6). Ifay = ag = -+ = ay =
0, ax4y # 0, then Index(A) = k, and |

& k—1
AP =T +r ET‘&:y"‘T""i + 1o E Trzy* T 1+ g2y, (3.1)
1 =0 1=0 1 )
where
ry = —1fapqa, &
{ Yp = _[rlak+F+r2ak+p—l+”'+rp—1ﬂh+2)/ﬂk+1’ p=2,3,---,k+ 1. ( y )

Proof. Let X denote the right-hand side of (3.1). We shall prove that X satishes the
three equations in (1.1).

By Lemma 3(i), we have

k
I 0 s p — * —3
AX = (d*r‘hjl 0 ) — rQk416nly + 11 E :T lmy T*

=1

k—1
+rqg E T lay* TF 17" 4 oo+ 2y’

1=1
% k-1 | |
=T+ Erﬂlmy#Tk—'I + 1o Z Tﬂlﬁy*Tk-l_' 4t rzyt
s=1 i=1
By Lemma 3(ii), we have
| 0 0 k-1 _
XA = ( B—lﬂ I ) = rlak+1mef ol i | E TIy*Tknl_‘
n—1 sty
k—2 |
trg Y Trzy*TF 27+ 4 ey’
=0
k—1 k—2 : |
=I4+r z T‘:t:y"'Tk_l"' + o Z T‘:ry"‘Tk—z*"+ cor e rrxy”.
t=0 1=0
Hence we have
k-1 k-2
AX=XA=TI+n, Z Tzy" T 1 4y Z Trzy* T2 + .. 4 rizy”. (3.3)
1=0) 1=0 *

Now, using Lemma 3(iii) together with (3.3) gives

AFFLY — AF(AX) = AF. (3.4)
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Finally,
k-1 k—2
XAX = X(AX)=X+n Z Pl PRI Ly Z T g9 4 oo o iy’ Tay®
i==0 i=0 -
k—1 k—1 k=2
+ri (ﬂk+1 D PP I s Y Tag* T Lo, Y Tlzy T2 4 .. )
=0 =0 1=0
‘ k—1 k—2
+rar) (ﬂtk+1 Z T‘Ey*Tk_l“i + ag42 Z TiIﬂ' =AY ) + 10k 2y
1=0 1=0
k—2 k—2 k—3
et (ﬂh+1 E_Ti+lzytTk—2-i g Z T2y * TF 2% 4 oy, s z Té 2y T35 4 . )
3=0 1=0 =0

k—2 k—3
+r3 (ﬂHl E T zy"T* 23 + ap 4z E T zy* T3 + .. ) + oot rrrzogazy’
1=0 1=0
+ -+ rirg (o1 Tzy* + aggozy™) + roreagy 1 2y”
k—1 k-1

=X+ (1+rnegn)n ) THay T 4 (riakga + reaega)r Y Toay* T 1
- 1=0 . b=
+ o+ (riezktr +racok + 0+ rRpr 0k )rizyt
b k-2

+(1+ riog41)ra Z Prrlrpk-2-t g (riagqe + rzagg)rs z T® gy* Tk =3
3=a =0

s AR (rlagk -+ Yolagp_1-t+ -+ fkﬂ!k+1)fg$y* i
+(1 + ak+1]r;,T::y" =+ (flak+2 + rgc:;,_.+1)rk::y*.

Therefore, using (3.2) gives
XAX = X. (3.5)

This completes the proof of Theorem 1.

Note that if we consider a singular upper Hessenberg matrix with ;415 F Gt =
1,2,---,n — 1, and apply Theorem 1 to A*, a similar result on the form of the Drazin
inverse for an upper Hessenberg matrix is obtained.

Theorem 2. Let A = (a;;)7? be an upper Hessenberg matriz with Gix14 F (i o=
1,2,---,n— 1, and A be partstsioned as

11 @12 - @1,n-1 - G1n
‘ & &
A= G21 Ga2 - G2 p-1 : a2n = B ! (3.5}
B ¢
Gn.n—1 . Gnn

Clearly, Bis an upper triangular matrix, and B~ exists. Let

e 0 E—l
re( B -
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__ D&=lx
5;_—_( 51 ¢ ), (3.8)

= (1, —&"E*l) ' - (3.9)
& =dBY%-a86=§T2% i=23, --. (3.10)
fa)=ag="'+=a =0,axy1 #0, then Index(A) = k, and
i —1 .
AP =T +n ) TEgT* 7 +r ) TigT- "'+ + iy (3.11)
i=0 +=0
where
r1 = —1/Gk+1
| e i i (3.12)
rp = —(ri@r4p + re@r4p—1+ -+ rp-16x42)/Gky1, P=2,3,- kb +1.

If Ais a lower Hessenberg matrix, and a; ;;; = O for some t, then A can be partitioned
as a lower block-triangular matrix, and the following formulari!! is applicable:

c o\° (ecP o
B D Tk X D
where C, D are squaré, Index(C) = 1, Index(D) = k, and

(DD)E[Z(DD) BC"](I ccPy + (I - DDD)[ED‘B(C'D)}(Cﬂ)z—DﬂBC‘D

1=0
§4. The Structure of AC

In [4], Yasuhiko lkebe showed that the upper half of the inverse of a lower Hessenberg
matrix has a simple structure. He proved the following theorem:

Theorem 3. Let A = (a;;)T be a lower Hessenberg matriz and let a;,41 # 0,8 =
1,2,---,n— 1. Let A~! = (a;;) exist. Then two column vectors £ = (z1, - :t,,)T nd
v = (Y1, ,yn) exzist such that the upper half of A=Y equals the upper half of zyT, s.e.,
Qiy = T4 Yy Jorv < 3.

Using Theorem 1, we can obtzin the following theorem on the structure of the Drazin
inverse of a lower Hessenberg matrix, which 15 a generalization of Theorem 3. Let

=Tz3i=0,1,--,k, (3.1)
yr=¢y'T,i=0,1,-- k. (3.2)

Then we have
Theorem 4. Let A = {a;;}7 be a lower Hessenberg matriz and let a; 549 # 0,8 =

1,2,---,n— 1. Let Index(A) = k. Then there are two seis of column vectors {z;}5 and
{v:}& such that the upper half of AT equals the upper half of

"1 Z '.'r'lyk—l + r2 Z Iiyk feg T T rk-ll-lxﬂyal (3'3)
t=0

where r; are defined as in (3.2).
Note. By the definition of T in (2.2), the first (last) ¢ cnmpnnents of z;(y;) are zeros.
For the special case that Index{A) = 0, A” becomes A~!, and Theorem 3 is obtained

from Theorem 4.
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§6. Example
Let
1 2 2 0
A=-1 2 2 2 ].
2\2 2 1
Then
1 1 O 1
C=(1), B=(1 1)’ ax =1, dT=(1,§
Thus

" 1 0 0 0 O 1 - 1
B =(_1 1): T = 11 {:: g y &= _01 y Y =§(_11_1!2):

e b
aj=d* B l¢e—a=0, u:2=mi=D, gy = TT:::=_—§.

0 0
k=2, so=2, =mi=Te=} 1 |, m=T2z=] 0 |,
-2 1

- 3
yg == yT: yf = yTT = (_Elll{]]l yg‘ = yTTg = (110:0):

£ 8

2
—., rqa=ri{rio s ;
TR 3 1{r1 5 -+ raag) 198

2
ri=—1/ag = gy T2 riag =

Then we have

e ] 8 B 4
2
AP =T + ry(zoy2 + 2197 + zayg ) + ra(zoy? + 2193 ) +razoyd = — | 12 12 6 |.
125\ 10 10 5
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