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SOME DOMAIN DECOMPOSITION AND
ITERATIVE REFINEMENT ALGORITHMS FOR
ELLIPTIC FINITE ELEMENT PROBLEMS
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Abstract

In this contribution, we report on some results recently obtamned in joint
work with Maksymilian Dryja. We first study an additive variant of Schwarsz’
alternating algorithm and establish that a fast method of this kind can be
devised which is optimal in the sense that the number of conjugate gradient
iterations required, to reach a certain tolerance, is independent of the mesh size
as well as the number of subregions. An interesting feature of this algorithm
is that all the subproblems can be solved at the same time. The method is
therefore quite promising for parallel computers. Using a similar mathematical
framework, we then consider the solution of elliptic finite element problems on
composite meshes. Such problems can be built up systematically by introducing
a basic finite element approximation on the entire region and then repeatedly
selecting subregions, and subregions of subregions, where the finite element
model is further refined. We consider conjugate gradient algorithms where, in
each iteration, problems on the subregions representing finite element models
prior to further refinement are solved. This makes it possible to use solvers for
problems with uniform or relatively uniform mesh sizes, while the composite
mesh can be strongly graded. We remark that this work is techmnically quite
closely related to our previous work on iterative substructuring methods, which

are domain decomposition algorithms using non-overlapping subregions.
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1. Introduction

In this paper, we report on results obtained in joint work with Maksymilian
Dryja of the University of Warsaw, Poland. Our work began with the study of a
recent paper by P.-L. Lions in which a variational framework is introduced for the
classical, multiplicative (sequential) Schwarz’ method; see Schwarz [17] and Lions
[12]. As pointed out by Lions, the Variational framework is far from new; cf. (18],
2], [1] and other references given in Lions [12)].

In the second section of this paper, we introduce a framework similar to Li-
ons’ and also an additive (parallel) version of the Schwarz algorithm. While Lions
considered the continuous problems, we work consistently with conforming finite
element approximations; cf. [6].

In view of the interest in Parallel computers with many processors, we are
principally interested in the case of many subregions. Our main result is that we
can design additive methods of this kind which have rates of convergence which
are independent of the number of subregions and the number of unknowns. No
proofs are given in this paper; cf. Dryja and Widlund [8] for details. We note
that the technical tools used there are similar to those of our previous work on so-
called iterative substructuring methods, which are domain decomposition methods
with nonoverlapping subregions; cf. e.g. [7] and [19] and the articles sited in those
papers.

In the final section, we discuss optimal iterative refinement methods. This
work begun with the discovery that the so called FAC and AFAC methods, which
have been studied by McCormick and his Coworkers [13], [14], [15] and [11], are
structured quite similarly to the classical Schwarz procedure and its additive variant,
respectively. In our view, the central theoretical issue of the iterative refinement
algorithms is the design and study of algorithms for which the rate of convergence is
independent of the number of subproblems, i.e. the number of refinement levels, as
well as the mesh size. After introducing certain finite element models on composite
meshes, which can systematically be built up inside a framework of conforming finite
elements, we describe several algorithms, for which we have established optimality
in this sense; cf. [21]. |

Let us also note that we have discovered that the very interesting so called
hierarchical basis method, introduced recently by Yserentant [22], can be derived and
understood inside our general framework. We plan to return to this topic elsewhere.

Since the theme of this seminar is boundary intégral equations and boundary
element methods, a remark on a connection between this main topic and domain
decomposition algorithms might be in order. In our early work on domain de-
composition algorthms for regions divided into two nonoverlapping subdomains, we
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established that certain discrete boundary operators play a crucial role in the de-
scription and analysis of the so called Neumann-Dirichlet algorithm; cf. Bjgratad
and Widlund [4]. In the basic form of this algorithm, the problems on the differ-
ent subregions are solved one after the other, using natural and essential boundary
conditions in alternate steps. The resulting iteration matrix can be represented in
terms of so called Schur complements of the stiffness matrices of the subregions.
The Schur complements are obtained by eliminating all the interior variables in the
subregions. We can equally well regard them as the restrictions of the quadratic
forms, which represent the energy of the subregions, to spaces of discrete harmonic
functions. These boundary operators map the trace of the finite element functions
onto a natural approximation of the normal derivative at the boundary of the cor-
responding discrete harmonic function. By using finite element techniques, we have
established a bound which is a proper analog of a standard estimate of elliptic the-
ory. This bound is crucial in the proof that the rate of convergence of the iterative
scheme is independent of the mesh size.

These operators can be regarded as discretizations of what most appropriately
have been called the canonical integral operators; cf. Feng [9]. The same bound is
available for these boundary integral operators and their discretizations as for the
finite element operator. We can therefore apply the Neumann- Dirichlet algorithm
to coupled finite element, boundary integral equation models. In particular, if the
same boundary space is used for the two subproblems, we can establish that the
rate of convergence of the resulting method is independent of the number of degrees
of freedom.

2. An Additive Variant of the Schwarz Alternating Method

We consider linear, selfadjoint, elliptic problems discretized by finite element
methods on bounded Lipschitz regions. We assume that £l is a region in R", that the
differential operator is the Laplacian and that we use continuous, piecewise linear
finite elements. The theory can equally well be developed for any linear elliptic
problem which can be formulated as a minimization problem, and we can also use
arbitrary conforming finite elements. The continuous and discrete problems are of

the form -
a(u,v) = f(v), VweV,

and
a(up,vy) = flvp), Vv, eV* (1)

respectively. The bilinear form is defined by

a{u,v) = f Vu-Vuds.
0l
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It defines a semi-norm |u|g: = (a(u,u))'/? in the Sobolev space H1(f1). For sim-
plicity, we assume that we have zero Dirichlet boundary conditions. All elements of
V and its subspace V" vanish on 912, the boundary of {1. We introduce the trian-
gulation of {l in the following way. We first divide the region into non-overlapping
substructures £);,1 = 1,--- ,N. To simplify the description of our algorithm, we
confine our study to triangular (simplicial) substructures. In such a case, the orig-
inal region must of course be a polygon (polyhedron). We also adopt the common .
assumption in finite element theory that all substructures are shape regular in the
sense that H;, the diameter of the {1; divided by the radius of the largest inscribed
sphere in {Q; is uniformly bounded. All the substructures {); are divided into ele-
ments. The elements are also shape regular in the same sense. Since Schwarz-type
domain decomposition algorithms use overlapping subregions, we extend each sub-
structure to a larger region {1}. We assume that the distance between the boundaries
d0); and 9fl; is bounded from below by a fixed fraction of H;, and that 9{2. does
not cut through any element. We make the same construction for the substructures
that meed the boundary except that we cut off the part of (3! that is outside of .

We remark that some of the more intricate issues in the analysis of the Schwarz
methods arise when the boundaries of the different subdomains {2} intersect at one
or several points; cf. the discussion in Lions [12]. This happens for example if the
region is L-shaped and is partitioned into two overlapping rectangles. We discuss
this matter in our more complete paper on this subject.

Our finite element space is represented as the sum of N + 1 subspaces

VA=V +VE4+.. .+ VR

The first subspace V', which we also call V¥ is special. It is the space of continuous,
piecewise linear functions on the coarse mesh defined by the substructures £);. We
use this space provides a mechanism of global transportation of information similar
to the role of coarse grid solvers in multigrid methods; cf. [8], [19] of [20]. It
is quite easy to show that without such a device, any additive schwarz method
would converge no faster than the cenjugate gradient method applied directly to the
same coarse finite element discretization. The other subspaces are related to the
subdomains, in the same way as the traditional Schwarz algorithm:.

For self-adjoint elliptic problems, the finite element solution is the projection
of the exact solution onto a finite-dimensional space. Different variants of Schwarz’
algorithm, in particular the additive from considered in this paper, can also conve-
niently be described in terms of projections onto subspaces related to overlapping
subregions which cover the region. These projections are orthogonal with respect
to the symmetric bilinear form associated with the elliptic operator. The compu-
tation of the projection of an arbitrary function onto V¥ involves the solution of a
standard finite element linear system of algebraic equations which has on the order
of N unknowns. This coarse, global approximation of the elliptic equation is of
the same type as the local problems associated with the subdomains. It is often
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feasible to handle all these linear systems of equations by a direct method such as
Gaussian elimination. The only real difference between the problem related to the
first subspace and the others lies in the way the right-hand side of the linear system
is generated as weighted averages with weights determined by the basis functions
associted with the coarse mesh. We note that if we make the dimension of all the
subspaces approximately equal, then we have N + 1 linear systems , each with about
than N unknowns, to solve in each step of the iterative solution of a linear system
with about N? unknowns. In this algorithm two mesh sizes are used, but we could
also introduce additional, intermediary finite element models.

The subspaces, V*, which are related to interior substructures, are defined as
VA HYQ). The space H}-is , as usual, the subspace of H! functions with zero
trace. It is well known that this space can be extended continuously by zero to the
rest of {2. After such an extension, we can regard 1/:-"‘ as a subspace of V*. We
construct subspaces related to the boundary substructures similarly.

The projection PV‘_;. — P: is defined, for all of V* by the unique element of

V}", which satisfies
ﬂ(Pf_U}H ¢h) — ﬂ('l}h, f,bh), tih = V;h- (2)

Lions [12] has shown that the error propagation operator of the standard
multiplicative variant of the Schwarz method can be written as

(I_Pﬁ)(I_Pl):

for the case of two subregions. We can therefore view that algorithm as a simple
iterative method for solving

(P + Py — PaPr)uy = ga,

with an appropriate right-hand side g5. We note that the operator is a polynomial
of degree two and thus is not ideal for parallel computing since two sequential steps
are involved. If we use more than two subspaces this effect is further pronounced,
even if the degree of the polynomial representing the multiplicative algorithm often
is lower than the maximal. Thus, products of projections associated with subregions,

which do not overlap, vanish.
The basic idea behind the additive form of the algorithm is to work with the

simplest possible polynomial in the projections. We thus solve the equation
Pup=(Po+ P+ -+ Pn)un = g}, (3)

by an iterative method. Since the operator P can be shown to be symmetric and
positive definite, the method of choice is the conjugate gradient method. We must
make sure that equation 2 has the same solution as equation 1, i.e. we must find

the correct right-hand side. Since by equation 1, we have

a(up, dn) = f(Pn),
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we can construct the right-hand side g} by solving equation 2 for all values of ¢+ and
by adding the resulting vectors. It is similarly possible to apply the operator P
of equation 3 to any given element of V* by applying each projection P, once and
adding the results. Most of the work, in particular that which involves the individual
projections, can be carried out in parallel.

It is well known that the number of steps required to decrease an appropriate
norm of the error of a conjugate gradient iteration by a fixed factor is proportional
to v/x, where « is the condition number of P; see e.g. Golub and Van Loan [10]. We
therefore need to establish that the operator P of equation 3 i8 not only invertible
but that satisfactory upper and lower bounds on its eigenvalues can be obtained.
We have proven the following theorem; cf. [§],

Theorem 1. x(P) s bounded by a constant.

Here, and elsewhere in this paper, the constants are independent of the di-
ameters of of the substructures and the individual elements but they vary with the
shape of the elements and substructures. Thus, in two dimensions, they depend on
the minimum angle. As becomes apparent by examing the proof, the constant in
the theorem grows if the overlap of the subregions shrinks.

We have discovered the additive algorithm independently, but its origin 18 not
clear. Wr are quite interested in finding out about any previous work of this nature.
We have found an algorithm quite similar to ours, in a paper by Nepomnyashchikh
[16] on iterative substructuring methods on regions subdivided into fixed number of
subregions.

3. Iterative Refinement Algorithms

Finite element models on composite meshes can systematically be built up
inside a conforming finite element framework. Conforming elements allow us to use
a number of technical tools otherwise not available. We build our models systemat-
ically by first introducing a basic finite element approximation on the entire region
and then repeatedly selecting subregions, and subregions of subregions, where the
finite element model is further refined. We consider conjugate gradient algorithms
where, In each iteration, problems representing relatively simple finite element mod-
els on the original regions, and the subregions, prior to further refinement are solved.
We can thus use solvers for problems with uniform or relatively nuiform mesh sizes,
while the composite mesh can be strongly graded. We call these the standard prob-
lems. As shown in [21], it is also possible to solve the standard problems inexactly.
This type of algorithms is of interest when we wish to use adaptive meshes to in-
crease accuracy locally. It is also important to note that ¢ld industrial codes can be
improved relatively easily by adding refinement regions in this manner; cf. [5].

We study teo families of algorithms which are multiplicative and additive
respectively in the same sense as before. The additive algorithms are particularly



208 Journal of Computational Mathematics Vol. 7

well suited to parallel computing since.. in each iteration step, we can simultaneously
solve all the standard problems corresponding to all the different levels of refinement.
Synchronization between the processors is required once in each conjugate gradient
step when the residual 18 computed and assembled. One or a group of processors can
therefore be assigned in a straighforward way to each of the standard suvproblems.
We introduce some notations. Denote the original region {2 by {2; and let {); C
{li_3,t = 1:--k, be subregions of subregions of the original region. As explained
further in [21], we impose certain mild geometric conditions on £3;_1\0;. Let V¥ ¢ =
-+ k, be a family of conforming finite element spaces such that V*-: n H}(f};) C

V"' C HJ(9);). Our goal is to solve equation 1 using

Vh=vhM 4. Vi,

The fundamental building blocks of our algorithms are the F:f,i < 3, the projections

onyo the spaces V* N H}(1;). We note that if § > ¢, then we solve a problem on {1;
with a coarser mesh than if V*/ were used. Such a problem is therefore relatively
less expensive.

We can now describe a basic multiplicative refinement algorithm. The oper-
ator corresponding to this method is symmetric and we can accelerate it with the
standard conjugate gradient method. In each of 2k — 1 substeps of a basic itera-
tion step, we compute the residual, using the just updated solution. The bilinear
form corresponding to this residual now serve as a right-hand side. By solving in
the subspace VP we compute the next correction as the projection of the cur-
rent error onto this space. In each iteration, we carry out these steps in the order
s=kk-1,---,2,1,2,--- ,k— 1, k. In [21], we establish the following result,

Theorem 2. The multiplicative steralive refinement algorithm has a condition
number which 18 mndependent of k and the number of degrees of freedom.

When we now turn to additive algorithms, we note that the most natural
algorithm would amount to using the projections P!, defined above, in equation 3.
However, it is relatively easy to show that the condition number of that algorithm
grows linearly with k. A very promising method, for which to our knowledge the
uptlma.llt}' has not yet been established, is based on using P' P‘_H,: < k-1 and
P} as the basic projections in a.lgunthm 3. It can be shnwn that these differences
of projections are projections and that the composite finite element space V* is the
direct sum of the corresponding subspaces. The difficulty experienced when trying
to establish that the sum of these operators is uniformly well conditioned is related
to the lack of flexibility in representing a given elements of V* as a sum of elements
of the subspaces. If we however modify our projections, we arrive at an algorithm
which we have a proof of optimality.

Theorem 3. The additive method defined by the projectsons P‘ P'+::' <
k-2, P::ll and Pf has a condition number which is independent of k und the number
of degrees of freedom.
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M

We note that it is easy to show that the corresponding subspaces are larger
than in the case of the previous method. This makes our proof possible. While the
other method is believed to be faster, we have shown that the condition number of
the method is believed to be faster, we have shown that the condition number of
the method of Theorem 3 is bounded by twice the condition number of the other.
For details, see [21]. We also note that a convergence proof was outlined in [5] for
the multiplicative algorithm in the case of k = 2 and that proofs and discussions are
given for both additive and multiplicative two level algorithms in [3] and 13].
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