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. Abstract

Many types of nonlinear systems, which can be solved by ordered iterative methods, are discussed .
in unified form in the present paper. Under different iritial conditions, some generalized ordered
iterative methods are given, and the existence and uniquensess of the solution and the cun7ergenca uf

the methods are proved.

5 8 S L Introductmn

" In this paper we conslder nonlmear systems o £
c@(w) =, o€ R, (1.1)
The partial ordering relation in R* will be denoted, as usual, by “<”, that is
pEYyeSnSY; ¢=1,2 < n
Yy =1, 2, ver,

| p(@) =g(@)+h(®)+e . (1.2)
where g, h: R*—R" are isotone and antifone mappings respectively, the problem has
been solved quite satisfactorily, The purposs of thig paper is to generahze the results
in [1]—[4]. & G
SBuppose there are f;: B X B*—>R, such tha_.t
@i(2) =f(Ad@, Bw), d=1,2, -, m - (1.8)

where 4,€ R™* B,C R 0<r, 8<n, fi(.Aim Bg) is isotone in x and antitone in
v when they are compa.rable that is, as <4/, y?y , Ty 'or yﬁm o' <y or y’ <o,
we have

For

- fi(Aw, Ba)<fi(Ad/, By), e:-'=1, 2, -, m,
Heample 1, For (1 2) we leot _
: S, y) =g(x) +h(y)+o,
-‘Pi(m) “‘-‘f i(—A-im Bim) = O (Aim) + fy (-Bim’) +6;,

.ld4='Bi'=IE.R"H' 'fr 1 2
Example 2%, F'OI' P bemg diagonally isotone and off-diagonally aniifone, we

E 33 *fi(-Aim; By) = (y+ (mi—yi)e),
(@) =f,(4d@, Ba),

ie-'b
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R = A L

Aj=of ER""' Bi=T6y, 03, *+*, Gi_1, 6131, ***, 6,)TC RO G==1, 2, oo, m, where 6, ==

[0, -+, 0, 1 0, +--, 0]'Cc R*
Emmpk 3':“-" p(x) =e—q '(») "¢ (x), where ¢ is order convex on & convex sed
DCER 1. e, -

g (ha+ (1~ W) ) <Ag (@) + (1~ 1)g(¥)
whenever &, y€ D, <y or y<z and A€ (0, 1). And if ¢ is G‘—dlﬁ'erentmbla, g (z) >
0, ¢’ (%) is isotone and g(=) =0, then

?l(m) =fi(-‘d-im): é=1, 2: see, 9,
Aj=1I, 3,=0, From

g (@) (z—3)<g(x (—7 —g (@) <g' (@) (z—1), 7<=
we can prove that ¢ is isotone. 4 | -
Most of the functions discussed in [1] (13.2—13.5) can be written in form of

(1 » 3) * o
For simplicity, we suppose A= A4, B=B, ¢=1, 2, :--, », and consider
p(w) =f(Az, Bz)=a. - .4
Clearly (1.4) is equivalent to (1.1). For other case, we can get Hlﬂlll&l' resulta.
We define an n—dimensional inferval vector : -

[z, z] = {ulm-guq:u}
as an order interval, z, T& .R" and define.
N“'{l: 2, NN “'}1
[, 2]1C LY, y] “;!fﬂf"ii <y,
[z, z]/< [g, gjiﬂgtﬁsﬁi‘ﬁéiﬁﬁi and !-H-gi};i“fk
W[_:I:‘_, 7] = (Ei_fii - E'“E“)!
|@] = (2|, |@al, +=, [2a])".
We will use the following lemmas.
Lemmal. ILet A>0 be an nXn matric, and p(A) be the speo#m! radius of the
mabric A, Then
1) Ahasa muwgat@w real e@gmalm oqua-! to its 3930#:‘:53 radius.
- {2) To p(A), there is a corresponding eigenvector w=>0. |
(8) p(A) does not decrease when any entry of A s inoreased.
(4) a>p(4), if and only if al — A i nonsingular and (al— A)"1=0.
(8) If A és an irreducible mairiz, p(A) inoreases when any entry of A inoreases.
This lemma is g conclusion of the theorama about nonnega.twe mstrices developed
by Varge™.
Lemma 2. Lei B=I—w(al—A), A}D, p(A) <a, and 0<w€mm{1/ (1—ay) },

Gy=6; Ae;. Then Bz>0 and p(B) <1.

- Proof. From Lemma 1(4), af ~ A is nonsmgular and. (ol — 4)71>0, Therefore
a—a,>0, =1 2 +« n, and B=I—w(al —4)>0. Since I —B=w(al —A4), (I—B)~*
0. Let A be an e1genva1ua of B, and  be an elgenvector of B corresponding to the
eigenvalue A. Then

|A] || = Az —IBGIQIBI lml =B|a|
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(1—|a]) || =T -B) |«
A= |rpD T~ B)"‘[ml?lfﬂ
Since |o| %0, 1>[4] and p(B)<1.
Lemma 8, Let A0 be an n X n mairiv. If there exist € R*, >0, a>0 such.

thai
Av<ow,

then p(4) <a.

Proof. BSince A3>0, p(4) is an eigenvalue of A and there is an eigenvector y =0
of A corresponding to p(4). . T

Let _
' : t/=min ﬂ?“‘/ yi'__-miu-/ Ysiye
. : ; Y0
Then

g—uy=>0, o;,—uy,=0.

From 4>0, we have |
|  A-u)>0,

ox> Ar=udy=up(4)y,

N .
Therefore p(4) <a.

§ 2. Algorithm, Existence and Uniquenéu, and Convei'g_ence_r |

Soppose . = 5 Bpd - B |
Pls, 51— L7 (dz, BB, { (4, Bo)].
We consider five inifial conditions:
1. F[z° 2"1 = [2° 2°]. o ow E P : 5w |
2. [a:° x?] CIF[m“ %], ‘
3. F;[a;" m“]C[m“ zy], ¢€ T, [, :r:"]CZF,[m,, :1:,] jEJ INJ=0J, IUJ-N
4, F[‘-'?'" a:°]n[m“ 7°] = . -
B. f(Aw” B:_g")?g” 2°>f(As®, Bz®).
The other initial conditions will be discussed in the sequel of this paper.

Algoréthm 1. et B BE .
| [‘Eiﬂ.’ Z%¥1] o= F@', 741 N [En, zv],

Flsz*, z¥1=[f(As*, Bz*), f (4<', BL")].

Theorem 1. Suppose thai f (Aw, By) &8 conténuous én [2° 3°] and thero és PE
R, P20, p(P) <1, such that

f (4%, Bs)~f(4z, B) <P@E—2) ~ 2.1)
forany (v, z] = [2°, 2°]. Then, when

- F[2°, s"1[2°, 7] - (2.2)
wé have y
(1) There exists @ solution 2" of (1.4) in [2°, 2%].
(2) The sequence given by Algorithm 1 salésfies

[z**, 2**] C[2¥, 2¥], - (2.3)
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z E p [a:" &, (2.4)
g+l m"“ﬁP(m‘-—w‘) T Faw s ww (2.5)

[z% 2*] converges to *, which i uwique én [2°, =°].
- (8) The real iterative sagmaa

I+1='=f(Aw_k ' Bml)
converges to o” for any starting poini 2°€ [2°, 7°].
Proof. (1) Because F[z, ] =f(Az, Bz) and .
J(4y, By)<f(Az, Br)<f(4z, Bx)<jf(4y, Bsf)

for arbitrary [z, z] S [g! y], F is an inclusion monotonic interval extension of f,
Therefore we have

{f(4a, Bm)lmE [, ?J}CFEG" z°] = [, 2.

By Brouwer’s fixed point theorem, there exists a solution z* of (1.4) in [2°, 2°].
(2) Olearly (2.8) holds. From the inclusmn. monotommty of F, a8 "€ [5%, 2¥],
wo have

z"=f(As", Ba") € F[2*, z¥],
"€ Fla*, 2] N [2*, 7] = [2**, 22*1],
From o€ [2°, 2°], (2.4) holds.
For (2. 5) because of (2. 2),

2%, 2] = F[s°, 2] N [2°, 3] = F[2°, #] [, 7.
E-‘F' %] = F"[I_t_-:l. P [_,51:41_ Z¢-17

Let

Then
[2"*%, %] = F[2* 2*] ] [2*, 2*] = = F[s*, m‘] ﬂﬁ'[m""1 E"‘l] -F[:c" E‘]. )
Therefore we have
= 24— g** = f (AZ¥, Ba®) =~ f (Ao, Bz?) qP(m*—z*)
From p(P) <1 and (2. 4) , we have
11m Wz*, 5"] =ﬂ

]Em[f'_r Ei] =_m‘t
(3) If *E€[2* 7, then - .
k+1 =f(Amk B‘.’U“) EF[m“ Ek] e [:FH.I. ;.H-I]

Since 2* and " aTe in [:.-.: z¥], we have lim a*=2",

E—boo

- Corollary 1. Suppose that f(4%) is continnous in [2°, 2°] and
F[a° o°] = [2° 2°].

Then, there exists a solution o* of (1.4) in [2°, 2°] a,nd the saquenoe given by
Algorithm 1 satisfies

: Eg}aﬂi Ek+1] = [Ek, . mk]’
P>3", Tz,

2", £* are minimal and maximal solutions of (1.4) in [2° £].
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F_-_ — =

Algoréthm 2 (Convergence accelerated by the overrelaxation method).
[5h+1 5%1] -1 [mk “k] N [:z:" E"‘] - o .
Lo[2, #] = [2*+w(f (Az*, BP) —5*), P+w(f (47", Bs*) ~ E")], wER, w>1,
Theorem 2. Suppose that the conditions o f Thewam 1 hold and there ewisis 0<8
< min {by}, bn--e‘ Pa;,a-uoh that

1-::-::’ : :
f (Aﬂ»" By) ~f (Aﬂﬁr By’)?ﬁ(m m*)

for ali comparable @, y and o, y', o=, y'>y. Thmthemw}ummofﬂ’hewmlhold
Lot -w-l/(l—B), the 86q Uenco given by .Algwﬁthm 2 swta-sﬁos

: [zy-l-:[ ;.k'l'l:lg_"_:l:m EB:I L |

=P, (@8

e Rl
Pt — i O (2" — a:"), - {2.D

whore 0=1 10 (I—F)>0, p(0) = p(P) ~ B(1~p(P))/(1~B) <p(P)<L.

The real slerative sequence g . -
- ¥ = bt w (f (42", Ba") — a:-") (2.8)
oonverges to o for any starm_q powf s [w" z°]. .
Proof Let |
3(@ y)-w+u’(f(ﬁm Bsr)' ~@).
Clearly (2, ) =2 and (1.4) are equi?alent For any comparable &, y and 2/, ¢/,
& <w, y<y', we have - :
Fon Z(m, y) —I(a: y’)?m z +w,8(m—w)—-w(m-—m’)?=0
Hence I(o, v) is isotone in the first vector variable a.nd antltona in the Eeuond one,

when they are comparable in [.'50 z°].,
Because .

L.u[w ] == D(-’ﬁ r?) 1(z, z)],
| u[m ;l?] —Z(:L'r ﬂ})
i(y, ¥) <I(z, 7) <I(3, ) Ql(y, )

for any [, 21<{y, y], L is an inclusion monotonic interva.l exfension of I
Because of (2.2), |

P10, B) = —u(f (4a®, BE) —a%) <0,
2 —1(2°, %) = —w(f(A42°, Ba®) —7°) >0,

L,.[2°, z°] < [2° 2°].
According to the proof of Theorem 1, (2.6) and (2.7) hold, and the ﬂaqueme

given by (2.8) satisfies 2* € [7, 2°]. i
From Lemma 1(4) and 0<8<min {bu} we have

1zd<n

o o 1eBe>0, 0<(1-b)/(1-B) <1, $=1,3, -u;n.
S 0=I-I-P)/1-R)>0,
From Lemmsa 1(1) we hava

that is .
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p(O) ~max ((—8)/(1-8) _ M/ (1—B)) =0,
where A is a real eigenvalue of P. Hence |

p(O)=(—B)/ (1~ ﬁ)_+-p(P)_/(1—B)-' n
Because of Lemma 1(3), B<p(P),

0<p(0) =1—(1—=p(F))/(1—B) =p(P) —B(1— P(P))/(l—ﬁ) <p(P)<1.
Algorithm 8.
| - [o**, &1 = D, [#, 5"] N [z* 24, |
D, [2*, =] -[m"-i—w(f(ﬁa? Bz¥) ~ m") *+w(f(Az*, Bz*) — E")],
where wE B, w>0. -
When =0, that is, f(Bz) is an antitone mapping, we have
Theorem 8, Suppm that f (Bw) is continuous in [2°, 2°] and there are a, >0,

such that
_ - B(z—2)>f(Bz) — f(Bz) }u(m-a:) - - - (2.9)
for my [:n ] [a:“ 2°]. Then, when ;& 3
FEO<E, P<fEP) | (2.10)
wehcwe 3

(1) There exists a solution o* of (1. 4) b [m" m“]
(2) For any we (0, 1/ (1+8)]1, the ssquence given by Algorithm 8 satisfios
[xb'l'l k+1:| c: [w?ﬂ P]'

&" G Qﬂ (7%, 7],
P (-2, O-c:g'—l—w(1+a)f:1._ - (2.11)
The real éterative sequence | "

T o ¥ 1 ( f(w) —¥)

oonverges io o for any stariing poini 2°€ [2° ©
Proof. Let

d () =w+Mf (Bz) —m)
Olearly d(a:) =z and (1.4) are equivalent, and
d(z) —d(%) = (1—w) (z—2) —w(f (Br) —f (35))
= (1—-w(l+8)) (z—2) =0

for any #<z. Hence d is isotone, and D, [:v r] = [d(m), d(z)] is an inclusiom
monotonic interval extension of d. From (2.10) we have

d(@) — 2= w(f(B2’) —2°) >0,
d(z’) —2°=w(f (Bz°) —2°) <O,

Dﬂ[fo: Eu] g@lio]' |

i.0.

From (2.9) we have

WD 2, 2] = (1~w) (& —2) —w (f (B2") — f (Br")) < (1 —w(l+a)) (Z*~7").

Following tha proof of Theorem 1, we can easﬂy complete the proof of this
theorem,
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Algorithm 4,

[2¥*1 1] =R, [o*, Z¥] N [2, 7], . . '
R, [2*, 2] = [Z*+wQ(f (4, B*) —z¥), 5“+WQ(J‘(A2”' Bﬁ)*“?“”:
wE R, 0<w<1, Q€ B Q>0.

Theorem 4, Suppose that f (.A.m By) ‘2:3 conlinuous in [3°, 2%] and for ony
comparadble z, y end &', y'

f(Az, By) —f(42', By) <Py —y)+ (z—2"), Vy'=y, o=,
- Q(f(4s, Bo) —f(A%, Ba)) >a(o—a), Va>d,
- p(@)<a,
where P, QE R Qisa mmgat@fw nonsingular, left subinverse of P. Whm
e S [2% 2?1 S F[2°, 2] - o B (2.12)
we hm (1) Th&q'e em@sts a ungque solution z* o f (1 4) i [::;0 1.
(2) Let

0<fw%‘£mm {1, 1/(a— gu)}

l<ésn

Then the sequence given by Algorithm 4 satisfies
[§k+1’ 5‘%1] = [E.Fh: ";’H]:

= ﬁ [, 7*];

7 :1:""‘1-%”(}1(5”—-:1:”),
where G- =TI —w (ol - Q) >0, p(G){l ,
" (8) The real sterative WGUONCE 2
"t =" wQ( f (Ad¥, Bm") a;")
oonverges to " for my stariing point a:”'e [a:° m“‘]
Proof. Let
7 (@, y) =m+WQ(f(A% Bz)—y).
'ﬂlaarly' r{z, 2) =2 and (1.4) are equivalent, and for any comparable , ¢ and m’ y’
o>, y<y,
r(@, 4) —r @, ¥') =o— o'+ wQ(y — y) wQ(f(4y, Ba') —f(Ay, B))

>a—2 +wQ Y —y) ~wQ(P(z—a) + ¥ — ) >0.

Hence r (¢, ¥) is isotone in the first ve-ctor varmble and antitone in the second omr
when they are cbmparable.

By the proof of Theorem 1, we only have 1o prove the following
(a) R, is an inclusion monotonic interval extension of r,

(b) R,[2° 2%} C[2° 2°].
(¢) WR,([2°, s°1<G(z—2), p(@) <1.
For any [@, o] C[% v], ¥
r(y, ) <r@, 5)<r(z, D <r(y, 9,
S Rylz, 2] =[r(2, 2), r(z, ©)],

R,z o] =r(x, )
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e

hold, i.e. (&) holds.
Because of (2.12), . . - %
| > +uwQ (f (42°, Bz°®) —2°) —2°<0,
2+ wQ(f (4a° Br°) —2°] —3°>0,

i.e. , -
RW[EO: EO] g [fOJ'EO:I.

For (c), we have | _
WRy[3, 7] = (I+wQ) G—2) —wQ(f (47, Ba) —f (A2, BZ))
<T-w(ol-Q)E—2).
From Lemms 2, G=1I—-w(al —Q) >0 and p(G) <1 hold,

Accdrdmg t0 Lemma 1 and Lemma 8, we have |
Remark 1. For p(Q) <ea, we only have to dBGldE whether or not there i3 &

ﬂﬂlu’ﬁmn for the linear sysiem -

Qr<lax, «>>0.

For theoretical determination of an optimum Yelaxation factor, we have
p(I~wi (o —Q))>p(I—ws(al ~Q)), wy<ws<min{l, 1/(a—gw)}.

If Q is an irreducible matrix, then .
pI—wy(al-Q)) >p(I~ws(al —Q)), wi<wy<min{l, 1/(a-—-gu)}.

Algorithm b.
[a*1, 1) =F [m" 7*] N R, [, 5“] N [&*, 2*].
Theorem §. Suppose that f(Ax, By) s cmmm i [2°, :l:°] tmd ﬂwro are
0<g<1, 0<La, p;>>0, such that

fi(Aw», By) — f,(Aa’, By") <p;(y;— y,)+(m,—m,), i
fi(Aw, Bx') f;(Am, Bw) ?‘_‘Z’ﬂ(%‘"ﬁ’j); Py Lo @,
Sfi(dz, Bz') —f (A2, Bm)-@g(m;—-mi)

for any comparable a, y and o, y', 224, y<y/, and $E1, jeJ, IUJ =N, InJ-ﬁ.

When
F‘ [Eﬂ: m|:’:| - [:.Eio: ﬂ:’l '8

[E{;J E‘!}:l CF 5 I:Eo.r E‘:}-]

weé have
(1) Threre ewists @ unéque solution z* of (1.4) én [2° 2.
(2) Let

. 0<w<x;ﬁ}1{l, 1/ (a—p7D}.
in{

The sequence given by Algorithm b satisfies
[EH'I'J., EU-I'I:I E [Ek: EI]’

o= () [2*, 7,
k=0 :
PH—g*igg (-7, 0<g<Ll,
The real iteralive seguences

ML LA Il LN L TR O AT A e e el e
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Pt et (¥, 2)

comverges to a* for any starting point 2°C [2°, z°], where
. i Am, B 5 %EI

ri(, ), jJEJ.
Let the interval function
Filz, 5], $€1,

T=, =] E{Rm_.[?f, 51, ged,
g =max{l—w(a—p;"), ¢}
Using Theorem 1 and Theorem 4, we can complete the proof.
Remark 2. From the inclusion monotonicity of ¥, D, R, T, L, we have
(1) If P[2°, 2°] N [3°, 3] =@, then &*E [#*, 3].
(i) If Dy[a®, 2] N [2°, 2] =, then 2*E [, 7°].
(i) If Ry[2° 71 N [0, 2°] =, then 2"€ [2°, 2°].
(i"i") 1f F[EO: 50] an[Eaj EO] n [_mo: 50] =@: then IE'E [:'20150]-
L.(3, Z) CFz, 71, as w>1. Fig, 5]S[8, 5.
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