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Abstract

The Chebyshev polynomials have good approximation properties which are not affected by boun-
dary values. They have higher resolution near the boundary than in the interior and are suitable for
problems in which the solution changes rapidly near the boundary. Also, they can be caleulated by
FFT. Thus they are used mostly for initial-boundary value problems for P, D. E. ’s(ses [1, 3—4, 6, 8—
117). Maday and Quarterom(®ldiscussed the convergence of Legendre and Chebyshev spectral approxi-
‘mations to the steady Burgers squation. In this paper we consider Bur gors-like equations

. 3#;_1.._!?(-“)’ V=20, -1l 0<iCT,
u(—1,t)=u(l, {)=0, O0<Cis T, (0.1)
4z, 0) =up(x), —1<rs1,

where P& C(R) and there exists a- positive function A € C{R) and a constant p:'::-]; mmh fhat

|Fe+y) —F () | <4(8) (jy| + |y|9).

‘We davelop a Chabyahav spectra.l scheme and & pseuduspactra.l scheme ;Fur solnng (O 1) a-ncl establish ~
4heir generahz&d stability . and convergence.

 § 1. Notations and Leinﬁia_s “

Let I=(-=1, 1), and let L*(I) be equipped with the inner product (-, +») and
- 1. = (] —g®)"1/2 geot

Li(I) ={v. I->R|v is measurable and (v, v),<oo},

where

(%, W)m=J u(e)v(@ow(z)de, [u).=(u, vl

For any positive integer m, define

|ultu= B |-, H2(T) = (v€ LED) [ [0 mu<oo},
Hi,w(I) ={ve Hi(I) [v(—1) =v (1) =0}.

For any posittve integer N, let 8y be the space of algebraic polynomials of
degree at mogt N. Set

: VH={'¥’€SNI‘P( 1) =) =0} =8y NHj,. (D).
Let Py:Li(I)—>V » be the Li-orthogonal projection operator, i.e.,

(Pﬂ'vr ‘F’)wn (‘IJ, ‘?’)wr V@EV};,
and Py, y: H}, . (I)—V 5 be as follows: |

((P:;.:Nw""y)m (W):) =‘0, VIPE VN.

Denote by {z;, w;} the nodes and weights of the Gauss-Lobatto intepration
‘_'_ Received August 26, 1986.
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formula, where m,=cm%j({}€j§N);;:o§.=hw=-' QE.ZFV andm, I\T’ lﬁjﬁN ~1. Then

[ f(m)m(m)d;;i Hadw] VFe®gds o o 00

Let P, O(I)—>Sx be the’ mterpulatmn operator: P (m,) =yu(z) (O<I<N).
Introduce the discrete inner product and norm

(% W) wa= 3 U o@ay, | O

The constants ¢ in. the follﬁwing lemmag are independan’s of N and of the
function o, which may be different in different cases. | |

Lomma 1. If o€ H}, (1), then | I |
[ro?le<|v]i 0 e ® o (1.2)

Prﬂof Let g(2) =t~ r £ (s)ds. We get from Thaarem 4 1 in Ohapter 8 of 7]

-

G50 RECIRRE A j HOIL s
Set i =1+42; then

]9(1+W)l’(1+m)"1""3a"< ]:Eiﬁ I |f(1+m)|’(1+m)'”’dm

Now take |
{*u.(m) -—1<m<0,: *.

f(1+m) ,.
0, a>0. L
Then g( 1+2) = (1+a)™ j f(L+E)dE = (1+2)v(a) and s0
[ 0@ 0 @)aa<Z VT [ (0@ 1Pw(a)da

Similarly we gﬂ’ﬁ the remﬂt od the interval [0 5§ B Therefore
[l <3 VT [v]he,

which leadﬂ to lim o (m) w® (m) =0, and wo get from mtegra.tmn by parts

L w,(m),dFL_ |gu.]=mdm-__;. j (’14-__2&)&:%%, . d (1.8) |
j mn(fum)cdw"'J [ (ve0) ¢ | *0 1dm+—:-l‘§- L Viw’dz, :[:_(1-.4)

Subtractmg (1.4) from (1.8) yields
j lw,[’mflm—jj (1+2%) 2%6° dm#L | (90) .| 0™ da3>0,

and so (1.2) follows.
Lemma 2. IffvEH ,m(I), then | |
‘ j i;,(m),dm% (012, _ ' (1.5)
Proof. We get from (1.8) and (1. 4) '

J w.(mm),dm=%-j ]w,]’mdm+4 J “dm-l——-j [(wm) I"“ ldm?aﬂ% [v]3 s



50 JOURNAL OF COMPUTATIONAL MATHEMATICS Vol. 6

Lemma 8. Ifu€ Li(I) and vC H},.(I), then |
| (u, (vo)e) | <2]u]u]|?]1,we | (1.6)
. Proof. We get from Lemma 1 S T
| (2, (vo)o) | <|(y, ‘v-) |+ ] (», m‘!»"ﬁf»’).n...l
<lulu|v]sut[u]ofoo] o <2fuu|v] 1w
Lemma 4%-%, If y€c H3(I), then

[ Pyr—v]a<eN*[0]mpur (1.7

If 0<j< m,m>1/2 and v€ H2(I), then . b i &
[Piv—vfpu<eN¥ 0| ma. - (1.8)

If m>1 and v € H3,.(I) N HE(I), then, | T
lP:l.rj!F'l’ wﬂ,,m‘EcN’ ”‘H*vﬂ..m, j O 1, - .(1_9)

I.emma 5 I f v 8y, then |
AR Hn-'&’;N"*"’ﬂ*vﬂﬂ FERLE (1.10)
Proof. Let Th(z) be the Ohebyshav polynomial of degree kand
t‘v o
3 J . (ﬁ) ;1 ‘/ Gﬂ-’g(m), -

where cn-z =1 (k>1). Because ﬂ(m)|<1 we have

Mt (“* ﬂﬁt}{xz “F"}q? :
Lemma 6. If u, uE;S'H, then |

olu<lolsm<vTloli, T T ety
| ¢, u)ﬂ,,. (u ﬁ)HIQcN‘“ﬂuﬂ_,ﬂlvll“ . (1.12)
Proof. Let gy(a) = T;.(m), c,-z & =1 (E>1), u-;: m;.(m) and o= é

bven (). We got from (1.1) P
(ot | S+ v o 110 3] s ’+?\wlf-}l*§;l£+ jaxl®
Thus (1.11) holds. Also we have - i
|¢N| - W——-— j_iu(m)TH(m)m(m)dm 5 ‘ J——j u(eme)emmde]
- ]75_; J_mu(coaﬁ)e'w'dﬁl — Nm’ j 3%(005 6)e" *Hﬂd&|<m—--ﬂunﬂ.m _

Therefore

16 D Wy 0ol = |axby] <oN-*[omofolue
Let = be the mesh size in variable ¢, and u*(a) ==u(-.-n k%), which 1'3 denoted by
v fur Elm];:.llclty We define u?=--—(u7‘+1 u°), 'uiu__(u" — oY), «u,f_. (uTﬁ'Fi_uk-i),

and ub (u’“”-i—u”‘i) and mse the notations

ol z- = max | Hullm,mwmaf 17 P

-

Iiemma:'lm I f the fanmamg conditions fold
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(i) p, My, M; and p are positive constants, p>1 and B* is a nomagatws Sfunction,
B—1 . .
(40 B <o Moe B84 My,

(i) E°<p, pe T <M,
Thew for all e <T, e ow |
§ 2. The Stability and Convergence of the'Spectral_Sc'hGIne?

The spaqtra.l pcheme for problem (0. 1) is to ﬁnd u" in ¥y such that
u?;f+PNF(U§).-Pqu;m=D Iﬁ?‘l -, __ y
uy-Pﬂ(%+fr@m(0)), _. | 5 | (2.1)

u%ﬂP '."-,.'*-fﬁ-;' e

Now we consider the genaralized stab:hty of (2.1). Suppose that'wly and i
righ} term in (2.1) have respectively the error u* and _?"E V. Then

SR
LR - - R

(E&? "P)w (Fb (‘F"m) l) "l“l-'(ﬂ-., (@(ﬂ) #) ('j.’ﬂ ‘;5') w V‘Pe VN: (2 '2)
where F"—F(ﬂ.r+§") —F(u%). We take p=1u" i (2 2) and get from (1.5)
L g 1h: + 248 < (7, .5 @ @y, (23;

Summing the formula (2 3) for all 1<k<p-—1, we haye sy e e
@+ it iae 3 11 <Fli |2 +4«§{(P "‘).,-h(ﬁ" @),

g Sg owmTh 3 Taaet L T e T A - I (2 4)
- We gat from (1 6) and (1 10) w0 ';.--J - S
A @) | <snﬂ[rmiaﬁh,m<—u"‘~*ul.m Bippr o
<—lu [1,ut+e(A(d), @(ME’F[{HNF‘J]}E*HEL ~ (2.B)
anda.lsowe hava 55 T W o T ol B o BE .- W Wi i

4P, @al<LAPRH PR [P (e
vaided v<1/2, it mmes tmm (2.4, (2.5) and (2.6) that /' .

E” H2+— . ? 1,m§2 ("uﬂﬂm'}‘ "ﬂlﬂm']‘zwgﬂfkﬂi) .

' +r§nﬂmﬂz—,‘r) (ﬂﬂll +N"‘iﬁ ﬂ”') A wEE (23)
p"-2(ﬂﬂ“||m+ Hu‘llm+2—rEHPL). o E $ et Bl
g o ﬂ”+ 57 2@ .y W g
2k ¢ ¥ lz 1 % . g ow ! Th)
Then (2.7) leads to v .

n—1

<ot e ) c(ﬂuﬂp P) (E"+N"‘1(E7‘)’)

k=1
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Finally we get the follow,lng regult by Lemma 7;:

Theorem 1, If v is suitably small, then there ewmist pos-atwe camtwn.ts ¢ and 8
depending on |exlz- and » such that when P ILENL, we hawe for adl ne<<T

B phe™T,
We next consider the convergence of (2.1).

Theorem 2. Ifuc(O¥0, T; Hi, )N HI(DYm=1) and 3%6&’1(0 T Lf,(I)),
then there exist positive constants ¢ and & depending on ¥ such that when v 48 ma-tabty
small apd. '+ N-"<INY2 we have for all ne<T

HuN—WI!mes;c{T%N-M}
Proof, Settmg w“ Pi, wu" and & =u% ¥ we gﬂt from (0.1) and (2. 1)
(e, @)o— (F(wP+e*) = F(uh), (f;f-'w)a;)-!-v(ﬂm (p2) )

= @ —ul, 9)ut (FOA) ~F ()~ T, o)), VoEVw  (2.8)
By Taylor’s formula we have = _

= 310 - whfi<er F (Jout- u"ﬂ”+|lu‘~’——P1.w$HJ |

Looow

QO‘:"H aauﬂf-f"i“ rizy+eN 7 ” at“" so.TiEmy; ¢ 3
i HF(“k)ﬂﬂwﬂﬂ(ﬂ“]f W0, T; Y, (ﬂ%hw T La) +1)
Moréover g
| F (") "-F(%") lws<e(fee] s, 2 mas) | Pa, st — o o <N uf .y - -
- ﬂ‘f’?i_'rﬁﬁ"iP{%T%Hw"PuPiim_%"mQﬂ'_N-m”uOHmrm .
"31 wg-" ﬂ“ﬂw+'r|! (P.N—Pi x)ar%(ﬂ)ﬂ +% TﬂﬂPipNafunL'{ﬂ.T;La}

Qc("uo" ™ ) " 31-‘“ (D) Hm. w3 ” atﬁ"L‘(D.T La..}) {Ta"]_N_m}

Fina.lly we apply 'I‘heurem 1o (2.8) and use the triangle i‘n_elquali_tjr and (1.9) to
ml:nplete the proof.

P

; | |
§3. The Stability and Convergence of the Pseudospectral Scheme
'I‘he pseudospeciral scheme for problem (0.1) is to find «f in Vy such tha.t
Ut(@s) + (PoF (ul) ) a(@s) — vilpn () =0, 1<jcN -1 k=1, - .
U (ﬂﬂj) =%(=’U;) +-:.-3;u(m,, U) 0%3 QN . 3 (3.1)
(@) =g (ay), O<j<N.

: Now we congider the generalized stab.lllty of (8.1). Suppose that «* and the
right term in (3.1) have respectively the error #* and 7*C¥ 4. Then

(uf? WJNIU—'"(P&FH (qsm),)-[-p(u,, (pw),) = (.?k ﬂ’)..!nm YeCV y, 'I (3.2)
where F¥=F (u} +u*) — F (14*). We have from Lemma B .-

| PSS 0 <o(A@), ») (fi¥2+ N2 a2,
Lot pr=a(i@lz e S 1 P2)

Eﬂ_ "'H- _"E' Eﬂaiulnw

=}

5
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Lo o]
i

By an argument similar to that of Theorem 1 we get the following result.
Pheorem 8. If v is suitably small, then there ewist positive consiants ¢ amd O
depending on Hu,m;,- tmd vy mck that when p“‘f 3N, we hcws far akl M";T

B < pte™

Theorem 4. I f the conditions of T'heorem 2 are fulfilled, then there exist posmm

constants ¢ and 8 depending on % such that when 7 8 smtabldy small and P +N "<
8N ~3, we have for all e <T

||u;‘—u"||w€c{'r”+N"“}n

Proof. Sotteng w*= Py.yu* and ¢*=uf —w*, we got from (0.1) and (3.1)
(&, @) 3.0— (PolF (WP +6*) —F(*)), (po).) +v (e, (pe)e)

= (04, P)u— (4, @) xo+ (PF @) ~F@®) —57°F (D) (p0)s), VPEVr.

(3.3)
Amﬁrﬂjng o -(1 .-12), we have '.
@, @)u— (W, Paw | <| @}, Pul ] (W] Pu— () P xial
< |owt — |2+ cN 2 k)t | ]G
Moreover .
| PF(0*) — F() | <|F () = F () [ 3,0+ | PF @) — F () |
| <0(H%”ﬂ:t.m)N""ﬂu”ﬂ,.....+cN""HF(u") I{m-mﬁﬂ(ﬁ’w’“ﬂm)N' Huiﬂmm-

The remaining work is gimilar to that in the proof of Theorem 2.
Remark, Ifu(—1, {)=ga (t)and u(d, t ) =g:(2), ‘Theorems 2 and 4 still hold
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