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Abstract

The Rayleigh Quotienmt lteration (RQI) ia a very popular ‘method for computing eigenpairs of
symmetric matrices. It is a special kind of inverse iteration method using the Rayleigh Quotient as

shifts. Unfortunatsly, poor initial approximations may render RQI to slow convergence or even to
divergence, In this paper we suggest two kinds of numbers each of which can be unsed instead of the

Rayleigh Quotient as a shifts in the RQI. We call the iteration using the new shifts the Modified
Rayleigh Quotient Iteration (MRQI). It has been proved that ths MRQI always converges and its
convergence Tate m cubic. _

§ 1. Introduction

- The Rayle:tgh Quotmnt Ieration is a very popu_lar mﬂthod for nomputmg
eigenpairs of symmetric ‘matrices. It is a special kind of inverse iteration method
using the Rayleigh Quotient as shifts. Let A bea N by N real symmetric matrix.,
Iis eigenvalues are Ay, A, **+, Ay, and ordered in nondecreasing order i.e. A Ay oo
<Ay. The unit wveotor m(m=1 2, -+, N) is the eigenvecior ocorresponding to
eigenvalue A,. ' '

The RQI for finding an eigenpair of A is as follows:

Pick a unit veetor z;; then for t=1, 2, -+ repeat the following:

1. Compute op={ Axy, 2¢)/ (@, wx).

2. i A—p, is singular, then solve (A4—p,)2y1=0 for unit veotor zy.s. (o,
#x,1) I8 an eigenpair of A and stop. Otherwise, solve the equation (A — p3)¥r1=24
for yua.

3. Normalize, i.e. z4,.1=

4. If |yu,a] 38 big enough, then (Pku: axe1) I8 an ﬂ.pproximata eigenpair and

1t was proved thai if lim o, =2 is an elgenventor of A, then the convergence rate

-"-I-Ili:ll

Is oubioc “*7¥. Unfortunately, when the initial vector z4 is poor, the sequence {}
will not have a limit. Although the sequenoce {g;} has a limit p, yet p may not be
an eigenvalue of A. If we give a small perturbation to the above initial vector wy,
and let z;+e be a new initial vector, then thesequence {my (w1+&)} will be
convergent. However, it converges very slowly.

The drawback of the RQI makes one consider some variants of the RQI and in
this paper we suggest two kinds of modified Rayleigh Quotient Iteration. One is
called MRQI-W and the other, MRQI-RW. The MRQI-W, MRQI-RW differ with
the RQI only in the shifis.
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The MRQI-W runs as follows:

1. Pick a unit vector oy, 1> k.

2. Compute py= Az, 23), ‘T'E—A% Pk-"’k: by = ﬂﬁﬂ

8. If b;< s then goto b. _

4. Oompute By= (.A.G‘:,;, ".";;) /.bk,*dk-——‘ Qﬂk_pn)/z,

— (sign dy) bi/ [ld| + (di+ ) 7]
~ Solve (A~ aml)a@,.i—-'rm for 3,4, where the number z; makes |wys]=1. 17+1

~»k goto 2. )

6. (o, mp) is an approximate eigenpair of A.

The MRQI-RW runs as follows: |

1. Piok a unit veotor #3, 1 > &%.
. 2, Compute py= (A, wn), fn—ﬁ—’bk Pielks br‘ [7i].

8. If by<e then goto 5.

4. Compute ap= (Ar, 74) / bz, dv=(ax—pr)/2,

= “ -A*?'J.;"—Wﬁ‘—bﬁ%"z"bm
Ok = Pr; lf Qbk{ﬂk:
O = oy = Py — (Ellgndm)b /[[d;,{ + (di+b3) V], if 2b2>cl.

Solve (A —0x ) a1 = Tm for .1, Where the number 'r;, ]Itakﬁﬂ Hmk{,il =1. *+1
—>& goto 2. ' B T S

5. {pn, o) 18 an a.pproxmate eigenpair of 4.

In this paper it is proved that the sequence {(p,,, a:;,)} pmdnﬁed b}r MRQI—W.
or MRQI-RW always converges t0 (A, %), an eigenpair of A, and the rate of
convergence is almost cubio or oubic respectively. Estimates of the bﬁund of lp,, Al

and sin @, are also given, where cos &= (s, ¥.)- o
The norm and inner produet (&, ¥) are in tha ﬂense of ﬂpaﬁe I, The vector Hc; is
the ¢—th column of identity maitrix of order V. > -

§2 Mam Results

l' 3 L

Let {3} be a réal number sequence. We uall the following algorithm MRQI-

{Ei} ’ : :M.f‘i-—ﬂ{ § %, s 'L'
1. Piock a unit veotor aa, 1—3-k s

3. Compute py= (Awy, ), 4= Ay~ puts, bx—ll‘-"ml
ﬂk-—(-ﬁﬁ: ‘Tk)/b Ux ﬂﬁ'ﬂk Mn—bmkaﬂ/bna T
8. If b,< s then goto b. ' )
4. Solve equation (A — aﬂ)m;,{.i-—'rm for a;g.,_l Tha number 7; Mmakes ﬂm;,.,_l'[l ——-1
k+1-—>k goto 2.

5 (Pb.l mi‘r) 18 an 3pprﬂxlmﬂ-tﬁ Blgenpﬂll' Gf ..A. a-ﬂd E.bﬂpt e _l'["l_--i G | .i s | g4 sl
When g,=wy=p— (sign dy)bi/ [{d] +(d%+ p2)1/a] MROI { e} is MRQI—W an d
whel{'u o |

il g B 25,,-::% a,nd d o=, = o if 2bimad

MRQI‘“{B];} is MRQI-'RW
For any initial vector o, there is an orthogonal matrix

W = [, 39, sey, 8y
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where a4 is the first column of W such that

" (1) ﬁiﬂ
3( 1) ﬂgi) ’351}
WT.A.W o T1 r - “a 2
’ o, B
R T

is & symmeiric tridiagonal mairix. We can get W and Tif by using the Lanozos

Process.
For any {ex}, we apply the QL algorithm to 7'y with shifts s, as follows:

Ty— el = Quly,
Tp1=InQy+ el

where @, is an orthogonal mairix and I is a lower triangular mairix. I+ is weld
known that the {T"} i2 one of sequence of symmeirio fridiangonal matrices. Let

o B T

B o AP
Pyp=} -, ", T :
| L e i
Bn--i “E-m J

There is a relatwnﬂmp between MRQI-{¢&;} and {T';}.
- Theorem 1, I f no & ¢ an asgmmhw of A, then the _follafmng propoaiﬁom
hold for k=1, 2,¢
1. py=af®. |
2. by=|rf =BP.
8. ay=(Ary, 1) /(P4 i) =af?, if 190,
4. o= | Ary— apry— biayl /b, =B, if 10,
5. Lot Py=WQ1Qs - Q. Then my,y= Pres.
Proof. When k=1,

of” = (T:Lﬂ:u ﬂ:t) == (WTAWE:L, 61) = (Aa'-i, 51) - P:h
vy = Ay~ pswy= AWes — pWes =W (W AW e~ pies) *:
= W (Tiﬂi — “5.1}31) = W(D:Bin: 0? *4*s 0) !'.I'."'. h

8o by= |ri] =B{" and Sn=‘l'1/Hﬂ'1:ﬂ'
From WTi=AW, we have

B8z = Asy— a5Psy— Bi 24,
Hence - .
BSL = | Ary — ayry — bimd || / | 4]
By the QL algorithm, we knowt® Lemaa 12
(Ty— e.1) g =1De,

where gi¥ is the first column of Q1 and Y is the first diagonal element of L,. So
(WEAW — 8,01)¢{° =1V es, H |
(A—a . D) Wai’ =17 Wes =17z,
and zy=Wqi =W Que;.



No. 1. THE MODIFIED RAYLEIGH QUOTIENT ITERATION g

Therefore all propositions of Theorem 1 hold for &= 1 Now suppose they h olti“
when £=4. We prove they are valid when £=j+1. -

Tiv1=Q  Q_1Q]—2- QT T1Q: Qs --Qy= P{ AP, (1)“’
a1’ fl) = (L5104, €1) = (AP {1, Piey) = (42y,4, $J+_1) = Py
From - - \ - ) | | - *
ripa== Avyn— ps41051= AP 1 — P11 se1= P, (TJ+161—¢‘§’+1}31) - J
-PJ(O:! ﬁl(.J-H): 01 sy O)T:.

we have
| B = [£s4a]| = by 1
and |
, ri1= BTV Pieg,
Gip1= (Are1, T j41)/ (P31, 7 i41) = (AP s, P :‘3.1)
= (T 14169, €3) = aff 9, .- |
From (1) L
o B+OP ey = APjoy— o *VPrea— BY+ Pres :
="‘-"5!-‘-";;+:L/ drspa] — ot ra/ H‘Tﬂiﬂ — B Vmypa
i ('A'rﬁi_ dﬁ’“}fm e b.?+1ﬂ’j+1) / H'T J+:|.I s
Hence

Bg L) o lA‘-" jpea— o f+1— bf+1¢j+1“_/ H"'Hin == Cigte
By the QL algor:lthm we have S | |
(T 41— 3:!+1I) gty = z{”l)ﬁi - (2)
where gi*" is the firsi oolumn of Qm and 3 s the first diagonal element of L1,
Usi:ng (1) wa ga’i e * - |

[

(PP, D) g+ = 1%
.0, S E
(A— 8)uT) P+ =1+ P,
(4= 84,1 T) PQpaer =W Vs

PQ;,181™= Pyy161 =245 &
Theorem 2. For any unii shitial veotor @4, $f 70 wy #s an eigenvalue of A and
? Bagm {(on, @)} produced by MRQI-W, then there és an a@genzmr (M 1) af

such that

L3

 Lim (pi, @) = (b 90)-

Furthermore, : - |
|a—2] <bi/o, - “where g=min [A-pl, o
4 : dep 0 A B
sy “bk/‘ﬂ' Whmm&h'(ﬁh Yi) .I |
and

Bim b, =0, bm-ﬂnba%/lﬁs —ayly IR
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where M, i3 @ bounded numeer, | M,| <constant.
Proof. For matrix 4 and vector x4, there is a symmetrm trldmgonal matrix:
1’1, such that . .

whrer W = [z, ;sﬂ, -+, 8,] is an orfhogona.l mafrix. By -'.[;heoi_'em 1, implementation of
MRQI-W it0 A means that of the QL algorithm with shift oy 1;0 T1 Becauﬁﬂ

wp=px— (Signdy) by /[[dn|+(ﬂn+52)”’],

av=ol’, dy=(af’ —a") /2, By=pBP, g
o, i8 just the Wilkinson shift [4] B}f ‘Wilkinson’s result [6], [1], we have N

ﬂﬁ{k}_}o " =
By the result of [1], we have
BED = M(BP)*(BE)/ | o — cou
1.e.
-Mn(bn)a(ﬂk)ﬂflﬂb ﬂ}nl

where |M,|<constant. Because p, is the Rayleigh Quotient of A and :n,,, frﬁm
Ay — prn= 1y, we know there is an eigenpair (A, y;) of 4, such thai™?-2222

| |oe— M| <ril®/o=bi/fo (3
where o =min [A;— x|, and [sin 6| < |r]/o=0/0

Xgot Ay
where cos &)= (%, ¥.).

It is known from [1] , [2] that for % large anough 2.; in mequahty (3) ;.a
I.}ldependent of k. So using b,— 0 we have

'} (owr @)= (4, ). o G § . »
| Thaoram 8. For any wnit initial vector x4, if no 5, 2 an eﬁgmalm of: A tmd

the sequence {{py, a)} 3 prodwed by MRQI—RW thsn thare is an etgenpair (M, %)
of A, such that

- r

hmb,,—ﬂ

b]”.i =25 .Mkbk, l .M],—,l 'ﬁﬂﬂnﬂtﬂ-nt
b‘-l-i":: bkj if bh* D ﬁ_.?

: : EE_ (owr 2) = (Msy 20)
Furthormors ' -
|ow— A <Bi/o, where c=min |, —p,,l,

Az d g

|gin 8, | <by/0, where cosl,=(my, ¥.). .

Proof. In the case of MRQI-RW, s; =&, where 3, is just the RW Bhlft of tho
QL elgorithm™, By the result of [8], we have

llmb,,-ﬁ and by.1=Mb3, | M| <oon51ia,nt

Now let us prove b,,1<by if by 9= O. From [3].
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HI --_. ke T I i

ViU /{g51+ g1+ g51)

< [(1 k)*Bi+ (1+k)Bz1 81/ [(1+1’ﬂ)ﬁ1+ﬁz] =81 (4)
where . f
.10, if 283< 83,
- { 1, if 282> 82,
and ‘
B =V(ght+ahit - +g2). - - (B)
There are two cases only: gri+qh+---+¢2#0 and P ow
g+ giite-+ga=0.

In case 1, from (4) and (5), I e A

“:Bi: 1o, by <by.

In case 2 from gy =0, we have g3+ gh+++gi =1 and A= Fi On the other
hand .

T—LQ—I—SI o ) g e R
‘We. have 51"';1_1_?13, S0 I!Tiﬂl =1 and Ja= T €j. In this oase g1=qﬂsg+§m€3 and -

31 =i qu - (gmﬁﬂ 9‘3133) ( T oe+ ﬁiﬂa) = =+ Bi¢a-

80 if [gat|<1, then Bi<By; if |gm|=1, g31=0 From the third equation of (P-8I)
¢11=}1e1, we obiain ;

Baga+ (a3 —8) gar+ ,33911 - .

Thus 8,=0 and 28%>83% holds except when B,=0. Hence k=1, zn-o aﬂd 51-0.
This means that B2< B%i.e. by, 1<<by. ;

The other part of the theorem ocan be proved similarly ‘as Theorem 2, ~ --% "
Comment. If sy(wy or 8;).i8 an eigenvalue of A4, then Tpsa commted from

‘equation _
(-A o 3191.) Tyl = Tbmh

in the practice, i8 an approximate eigenvector of A. (py,1, Zxy1) I8 an ﬂppmxm
eigenpair, This will be ﬂluatrated by an example in tha nex.t seotion, E

§ 3. Numerical Examples -
A=HDH, D=disg(l, 2, 8, 4, b, 6,7, 8,9, 10)
where H =1—2u?® and u is 2 unit random vector, :
w= (0.0761801 0. 0235906 0.1520617 0. 2882951 0. 2825532
0.2212344 0. 3890589 0.6627968 0.2806246 0.2900421)7,

We want to find an eigenpair of 4. The computational results at Honewell DPE’n-S
at single precision are as follows:

"1, @y=(0.3287396, 0.0828171, 0. 4509322 0. 4133724 0.0329908 O. 4545829
0.8441579, 0.0963668, 0.4240890, 0. 0363405)7,

o1 =T .1257992, ﬂrill =-51—'2 24620670
8. Ube RQL, -afior B iterations we get = |
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06 =6 .9999999,
o= (0.0592882, 0. 0183563 0.1183141, 0,2242781, 0. 210859
0.1721465, —0.6972663, 0.5157341, 0.2253620, 0.2256869)7,
[re] =0.00000027.
b. Using MRQI-W, after 4 iteration we get
Pe=7 .9999998,
@e=(0.1009176, 0.0812715, 0.2015587, 0.3820692, 0.8745506,
0.2932668, 0.5157844, —0.1214010, 0.8839247, 0. 3344776)"
fref =0.00000095,
o. Using MRQI-RW, after 4 iterations we get
. pa='T.9999999,
. me=(0.1000176, 0.0812715, 02015588, 0,3820693, 0.8745507,
0.2932670. 0.5157841, —0.1214007, 0.8839245, 0.3844780)7,

2. @,={0.6968704, 0.7087799, —0.0214433, —0.0406473, —0.0398475,
.. —0.0811999, —0.0548676, —0.0934718, —0.0408447, —0.409036)",

| : p;“]. 5 ﬂ‘l’1"=bi=‘=0 b.
(1. .8 Using RQI, after 1B iterations we get -
5] =0.49883967.

I4i seems 1o be divergent or very slowly convergent.
- b.:Using MRQI-W

-

i

is an eigenvalue of 4, but from equation (4 —wil)@s=7121 we got

! - wy=(—0.9884084, 0.0035919, 0.0231514, 0.0438852, 0.04302186,
0.0336852, 0.05692382, G. 1009176 0.0440983, 0.0441619)7,

pa=1,

(p, %g) i85 a good approximate eigenpair.
o. Using MBQI-RW, we get the results similar to that vsing MRQI—W

8. (Give a small perturbation to the vecior o of 2.
@y = (0.6964550, 0.7088226, —0.0212273, —0.0403840, —0.0398228,
—0.0807639, —0.0544837, —0.09338525, —0.0402345, —0.0408472)7,
p1=1.5000284,  |ry| =0.50008509,
a. Usmg RQI, after 13 iterations we get s =0.00000004 and
|  Irial =0.00047257, - x
- -~ pia=2.00000000,
"y (—0.0085919, 0.998870, —0.0071740," —0.015988, —0.0188812
—0.0104381, —0.0183563, —0.0312715, —0.0136648, —O0. 0136845)",

b. Using MRQI—W after 2 iterations, we g’
ps=1.0000000,

@s = (0.9884084, —0.0035919, —0 0231514 —0.0438852, —0.0480216,

-
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—00.0336852, -0,0592882, —0.1009176, —0.0440983, —0.0441619)T,
[g] =0.00000002.

o. Using MRQI-RW, after 2 iterations we get pg, @3, fo:] which are the same as
produced by MRQI-W.
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