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" ON NUMERICAL METHODS FOR ROBUST POLE
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Abatract

Tt is ¥nown(-¥1 that selection of a well-conditioned set of vectors from given subspaces is the key
" step for solving the Tobust pole assignment problem. In thid paper we suggest two numerical methods
for selecting such st of vectors. The numerical methods, Method (I) and Method_ (II), are described,

.. and some numerical results are presented.

§ 1. An Inversze -Eigenﬁ'-a'lue Pro_blem

" The robust pole assignment problem in control system design may be formulated
ag follows (sag [2]1—[5]): L L |
Problem RPA. Given a real nxn matrix A4, a real full rank nXm matrix B
(m<n) and a set & of n complex numbers Ay, Ag, ***; A closed under complex
conjugation, find a real m X n matrix F and a non-singular n Xn matrix X satisfying
(A+BF)X=XA4, = (1.1)
where A=diag (A, As, **-, As), Such that the eigenvalues A, Ag, =, A of A+BF are
as inSensitive to perturbations in the matrix A-+BF as possible.
- Clearly, problem RPA. is an inverse algebraio eigenvalue problem, . =~
. Tt has been established by Wonham (1967) that there existd a matrix X gsuch
that the eigenvalues of A-+BF are Ay, Ag, **+, An if and only if fthe pair (4, B) is
controllable. Hence, we assume in this paper that the pair (4, B) is controllable,
i.e., for every complex number u the only vector x gatisfying
| o : _f.m?A??—-'me, ' B=0

is the zero vector. L hy L 8 - | : _— T

J. Kautsky, N. K. Nichols, P. Van Dooren and L. Fletcher® * have described
algorithms for computing solutions o problem RPA. The procedures all consist of
three basio steps: | | |

* Step A. Compute the deﬂﬂmpoéition

5=, v ) (1.2)
 where (U, U{®) is a real orthogonal matrix and Z non-singular; construct an
orthogonal basis, comprised by the columns of matrix 8, for the space |

L= N TP (A-M1))
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for Ay, j=1, 2, «++, n, where A#"(+) denotes the null SPHG&.
Step X. Select svectors z;= S, & L, j=1, 2, -+, n such that X = (w4, 24, ***, T )

is well-conditioned.
Step F. Find the matrix M=A+BF by solving MX =X A and compute F

explicitly from F=ZUF" (M- 4).
The key} step is Step X. In [3] four methods for accomplishing Step X are
described. The methods are all iterative and all aim to minimize a different measure

of the conditioning of matrix X.

The aim of this paper is to suggest two methods for accomplishing Step X. In
the next section we investigate measures of rebustness of the eigenproblem (1.1).
In Section 8 and Section 4 we desoribe two methods for selecting a well-conditioned
set of vectors from given subspaces. Numerical results are given in Section b.

For simplicity we consider in this paper only the case where the eigenveciors are

roquired to be real.
Notation. The symbol R™*" denotes the set of real m X n matrices and R" =R,

I™ ig the nxn identity matrix, and O is the null matrix. For a real symmebric
matrix 4, A>0 (A>0) denotes that A ig positive definite (positive semi-definite).
The superseript 7T is for transpose. A' stands for the Moore-Penrose generalized
inverse of a madrif¥ A. #(4) is the column space of A.]| |, denotes the usual
Euclidean vector norm and spectral norm, and | |» denotes the Frobenius matrix
norm,

§ 2. Measures of Robustness

Let - d
X == (mi: La, %y m-): Y_X-T-(yiy Ya, % !fn)- (2'1)

T+ is well known (see [10]) that the sensitivity of the eigenvalues A; of A+ BF to
perturbations in the components of A-+BF depends upon the magnitnde of the
condition numbers ¢;, where

03 fa;lays]a=>1 (2.2)
(In the case of multiple eigenvalues, a particular choice of eigenveotors is assumed).
Hence, every reasonable measure of the magnitude of the vector ¢= (¢, €3, **+, €))7

ig a reflection of the robusiness of the eigenproblem (1.1).
' Remark 2.1. If A, is a multiple eigenvalue of A+ BF and

then the sengitivity of the mgenva.lua A to perturbatmns of A+BF dapends upon
the magnitude of the number

¢1=max{os, 3, ** Cr}-
Hence, in this cagse we may refer to ¢, as the condition number of the eigenvalue A4

(see [11, 76—T771).
A number of different measures v of the robustness of the eigenproblem (1.1)

are considered in [8]—[b], e.g.,
i e lcﬂﬂu
vg= sy X )= HI HﬂﬂX-1|3:
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va= | X 5| X | z/m,
v3(D) = XD p| DX 5/| D|»{ D *1s,

‘where
D=diag(dy, dg, +-, dn), &>0 V7. (2.8
In thig paper we consider the following measures p: |
ve=|c|a/n"?, (2.4)
v, (D) = | De[la/ | D] », (2.5)
y=|| XX —I|p/~n(n—1), | (2.6)

n@ =L 3 &=y 3 a1, (2.7)

where the matrix D is as in (2.8), and

d= (dﬂ: d:lﬂ: i din: dﬂﬁ: dﬂi; sany dg., . d,._;t..)r, dy:‘?o Vﬁ, J. (2.3)
For », and »,(d) we assume that [z;[s=1, Vj.

Obviousdly, if we restrict that the right eigenveectors z; within being normalized
such that |z)|s=1, V9, then vy=y, and v3(D) =»,(D). But in this paper we remove
the restriction when we use the measures », and v,(D).

J. Kauntsky ek al.* have poinied out that “in essence, the aim of the robust pole
placement problem is o select eigenveoctors z; €.%;, such that ;] a=1 and the vectors

; are as orthogonal as possible to each other.” Therefore it is natural to take w», and
a(d) as measures of the conditioning of the matrix X,

Agsume that X is an inveriible matrix. Let
H=X*X -1T. (2.9)
It follows from
X*X=I+H, XX T=(I+H)?
that if § Hls<1, then
1 Xi<1+§HYs, | X a<Q—-}H]|2),
and thus we have

1+]H]. \/2
xa(X) <(5= Fiis ) : (2.10)
Assume that |z;}.=1, Vj. By (2.2) we get
6 = | sl 3 < Amax (T7Y ) =1/ Aun (X7 X'). (2.11)

Here Amar(*) and Ayn(e) denote the maximal and the minimal eigenvalues of a

matrix, respectively. Utilizing the Gerschgorin theorem we know that there is an
index g (1<<éy<<n) such that

[hein (X7 X) 0] < 3] |l

kniy

and thus
1— tz; | 28 | SAmin (X T X). (2.12)

i g

Consequently, if

1~ 3! |afa| >0, Vi,

Jn=
koui
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then from (2.11) and (2 12) we have . g
_#y n 1782
c;’%l/ 1 max g | :t:k|) ; ( )

lsi=n
K4

" Imequalities (2.10) and (2.13) show that if p, is sufficiently small then X is

We]l—eond.ltmned s o
Tha following mequahtlﬂs for Y1, Va2, Vg and vﬂ have been. prﬂved in [9]:

rﬁﬁpi, I-’1+\/I-’1 1@1’9, (2-14)
, . —2NN2—4
max{vs+ /%=1, w+~/ Vi~ 1} <vas it L 2)“/["'”3 e Him
'- ‘ (2.15)
~/1+fﬂ;‘lnﬁ /\/n QW% \/1+1In5-3 /*v’ n, = (2.16)
# ‘_”. :_ weRaM =] e} cﬂj:ﬁ:k

where |
: P e " :ﬂjﬂ e j -‘:“l 2
The inequalities (2.14)—(2. 16) show that the messures v, »s, va ﬂﬂd v, are

mathematically equivalent, and the four measures ‘ba.ke thelr minimal valuoes

simultaneousty when X ig real orthogonal.
In the next two sections we suggest two numerical methods for iteratively

"ﬁbnstrunting"‘ a - woll-conditioned sel of eigenveotors from given subspaces. Both
procedures aim, at each step of the iteration, to l‘BdIlﬁB tha valua of one c:-f the

measures v,(D) and v, (d).

§3 Method (I)

The objective here ig %0 ﬂhmse veators x4 6.9",, j=1, 2, +=, n, 80 ag 0 minimize
the measure of eondltmmng Vo (D) daseussed in § 2 (see (2 5)) |

Assume that : |
Let ‘%(S;), Sjeﬁnxmr STS’=IJ J=1; wor, M R (31)
X = (ml’ Tg, **°y & “)! Y X % (Iylj Ya, **°, yﬁ): (32)
0 IV "
X = (21, >, Ty_q, Typ1, ***, Tu), Py=1 1 0 0 (3.3)
~ B 4 B, IR
and. o g o |
mjﬁ}gfwﬁ: w:ieﬁm; wj=‘(w;., -y WF_I,' w}"i'h ey wﬂ)!’ (3.4)
Then o

. _ X P = (m:f: X i) ;
Using the singular value decompoaﬂ-mn (SVD) we obtain

_I- . : .:J..

Xj—- (U,, 'H-j)( )I’T‘f_, ﬁjEﬁ E;ﬂa.lﬂrg(ﬂ'ﬂ, e, Oy, n-.'l)j (3'5)

~where (Uj, %;) and V; are orthogonal matrices, and
X =X§ (w.i): UJ — ('wj} y Uy = Uy ('w;f):r Ei = E.f (wﬁ): V5=Vf(w5)
Therefore
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Ule, SVE\T™
Y Pi(mh XJ)_ “PJ[(UIJ 'Ud)( jﬂ}f e J)]

'H«, m_; 1 R

; ‘& - T
0 = T i
=P,r( U Ty )(U:, ) =Pﬁ( Uy &g )1
V_{Z‘j .'.H- u'f | : W

and thus Yi=u;/ujx;, Or More expllmtly,

Yy ﬁui(wi)fﬂj(wi) '8; i, 5#1:-2: o 7
Hence for D= dmg (di, by, o+, dn) With d;2>0, Vj we have

. _ < . 2~ 87w s
NS d,;d"” P S we Pl AL CEL

2 (‘E’J)TS ;f@'i] g

'w=('w;': 'w%lr *s 'wn)T w! ('wl:l': "wﬂh ‘wm.f)reﬁm | .? 1 2 e “‘ (3.7)

o
where

and

BB, Vj,-'-;_‘,33=1. 5 2P (3.8)
=1

., ;d,

Thus, we must solve an unennﬂtramed oPtlmlza.tlon problem | L
minimize f(w), L | L (3.9)

where f(w) and w are defined by (3.6) and (3.7), wER’N and N =mn.
Let

o G T e A = X () X y(w)”. . (3.10)
Utilizing (3.5) we have S =

A; (w,-) (U; (wi) &y (‘w;)) (

RACHN' )(U;(éﬁa ) (3.11)
3 O ¢ i

0 w(2y)T

Assume that the matrix X y (w;) is of full column rank. Then the diagonal matrix
3, (w;) is non—singular, and u,e(wj) is'a unit eigenvector of A;(w;) corregsponding to
the smple eigenvalue zero. By Theorem 2.4 of [7] we know that the e1genvector'
u,(w;) may be defined 1o be a real analytio function. in in some neighbourhood of w,
and the partial denvatwes of 4;(w,;) with respect to wy can be represeniaed as follows:

b/ 4
. (i) _ ~ U 21Ci) U, B)* 2 (i) @), V45, 4=1, 3, -y m <3 12)
Since |
Aj<i?fj)= . SkWJaWE v
Y . %
we get - - ' )
3@3"” ~ 8, (w +eawl)RT, Ted o (3.13)
il o

where ¢, is the 3—th column vector of 7, Substituting (3. 13) into (3. 12) we ﬁbtn.m

-2y (w*)-—.l= - u;(w,) T8 (wmef —i-ﬂ:‘w ST U, (‘w:) By (w05) =T 4 (10y)"

and
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(ny (‘E’JD - ( 8(u, (0,)") 3(”1 (10;) T))

ow; owy Wiyt
g el sy 6187 o
= —|u@)™Bawd i || 1 |usGo)wlST [U;(w) By () U (w)”
enST/  \enST d
== - [%;(WJ)TSM:'I w4 §Tu, () w187 s (05) 5 (0y) ~*U 4 (w0;)T ER™",

(3.14)
Let Vf(w) be the gradient veotor and let

af (w) ﬂ(af:(w) af(w) .. df(w) )T' 7 2 eee, m, (8.18)-
3‘!1); 3w11"'3'wﬂ:’ ’3‘201“; ,_.’

fhen

Vi = (ALY, (LWY, .. (@YY, @10

O
From (3.6) and (3.15) it folluws that

af(w) _  28any _ 25mTwSTu(w)
ow, Loty (22r) T8au]® [ (201) T8 ] ®
o Swiwy & (us ()™ ” s, )
2 8 i=1, 2, n. (8.17)
- 7 21 [uy (w;) T8 ywy] 3 Oy o

Substituiing (3.14) into (3.17) we ob'lia.]n B
2k aE:f) -23:[101 = qu'; i (w;) / [ty (201) T 8]

W ('!-‘-'?:) T8 n;

+2?; o Y 5:(w) S ZJ(WJ)SJWJ/[%f(Wf) T8pnw;1?, =1, 2, <y n
“J(wi) T8, '

(8.18)
where |
Y, 1(w) =, () TS a0y I+ STy (105) wf (3.19)
and
Z(10y) = U (ig) Z5(wy) U ()7, | (3.20)

This proves the following theorem.

Theorem 3.1. Suppose that X,(w;), U,(wy), u;(w;) , Zy(w) and f(w) are
defined as in (3.1)—(3.8). Assume that the matriz X,;(w;) for j=1, 2, -, n are of
Sull column rank. Then the formulas (3.16) and (3.18)—(8.20) give the ewpression
of the gradient vector Vf(w).

The Davidon-Fletcher—Powell method is now applied to solving the optimization.
problem (3.9):

Inétialization Step. Let e>>0 be the termination sealar. Choose an inibial vector
w® = (w{®", 0", ..., WONTERY with w{® €ER™, V4 and an N XN positive definite.
matrix Hy (e.g., Ho=I?),

Main Siep.

(1) Lot k:=0.

(2) Compute g,=Vf(w™), py= — H,g,.

(3) Determine w®¥? =™ -2, pp by means of an approximate minimization.

f(®+hepr) =min f(w®+apy) .
e}
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(4) Bet dw™=w® o™ Tf |4uw®|,<s, then w*=w*D iy an approximate
optimal solution; if |4w™|s>s, go 1o Step (B).
(6) Compute g1 =V (™), gri1~ go="y,

| dw{hj ﬁw(:ﬁ] T H THT
Hyp1=HyA (dw(.;m)fhf i ;;?Ehﬂh:

and
Pruir= — Hyr10u41.

Replace k by %41, and repeat Step (3).

It seems that the above mentioned procedure is rather mmphea.'l;ed but it gives
good solutions in practice, and it can lead to rapid convergence (see § 5).

Remark 8.1. At the Initialization step, if we choose an initial vector w® such
that for some j of the indexes 1, 2, ---, n the matrix X;(w{®) has a very small
singular value, then we must choose another initial vector anew.

Remark 3.2. At Step (2) we compute 'i?f (w'®) b}f formulas (3.16) and
(3.18)—(3.20), in which the SVDs of X;(w®), +--, X.(2®) are obtained by using
standard routines. But observe thai the matrix X ',(w}f’") is obfained by a rank-one
update of the matrix X, ;(w{?;), hence it is necessary io develop techniques for
updating SVD (ref. [1]). |

Remark 8.8. At Stop (8) the line search techniques based on curve fitting
procedures, such as cubio fit and quadratioc fit, are feasible in practice.

§ 4. Method (II)

The objective here is to choose vectors o; €.%; with |#;]a=1, V4, 50 a8 to minimize

the measure of conditioning »,(d) discussed in § 2 (see (2.7)).
Suppose that %; and §; are the same as in (3.1), and N =mn. Let

S={w=(wi, -, w;)T €ERY: w;ER™, |w;]a=1 Vj}, (4.0.1)
a A= 7uSi 8y, 14 (w) =y Ay, Ay(w) =ry(w) Ay, Visk], (4.0.2)
an
CISI _AH(W)' ey —.A.;,.('HJ')
gl w3 T,
A(w) = T Mu : , a>B, (4.0.3)
: 5 ‘ ' a7 "— A1)
""A:u:(‘w)T . — Ap_g,0(w)T vt o
where
Vis= s/ \/ 1:2-:- diy >0, H‘g}“ﬁf-l (4.0.4)
and
B=" Efiﬂ (81, ***5 Bu-1, Sxza, ===y 8) sy ‘]”"'ma-jx Yise (4.0.5)

Then minimizing the measure »,(d) may be reduced to solving the followmg
nonlinear programming problem with congiraints:
maximize w® A (w)w,

4,0.6
subjeot to w & S. 5
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In. this: seotion we develop an algorifthm, called P-SOR algorithm (i.e., the
Power-Successive Overrelaxation, see [8]), for ﬁnd_mg a global optlmal 5011:1131011 i
of problem (4.0.6). - # S & g '

4.1. P-SOR Algorithm.

A summary of the algorithm ig given below.

Initialization Step. Let ¢>>0 be the termination scalar, & be a positive number
near zerc and ¢ be a positive number less than the unity. Choose an initial vector
w® = (W™, wi™’, «o, wP)TEST, i, )

Main Step.
(1) Let %:=0. _ Sy
(2) For 4=1, 2, ---, n, woe compute g S
ZO4D ,w{m g 0™ A e+ A_H,wjk+1} 2] fw{"" A A, ’_,w{t) | (4 1.1)
| ¥ _frf"")-=f‘zf"+1*‘uﬂ - ~ (4.1.2)
and S '1) o " A R R
n:+ :
' zili+13‘ 5{ / )’ 1f Ty }-?0! (4'1-3)
- : s L ’Iﬂfm,“ : if rF)TO' . i
If vP<Ca®— B* then choose |
o L |
o % , T e ._e[g +9, 2]: v 5 - (4.1.4)
if 7{® >a?— B® then choose
g, i g
%) | =
x PE[5H cE BEJ] ot B
" Compute e - |
: gi[k+1:~= (l m"“)w“‘)—i-m”‘)z“‘*” | S | ._ (4.16)
1O = |y g D (4.1.7)
| Wit myFD o (4.1.8)

(8) Set Au®=w®L —uw® If [Aw®],<s then w'=w* ig an approximate
optimal solution; if || 4w™®|a>&, then replace ¥ by k+1, and repeat Step (2).
By (4.1.1)—(4.1.3) and (4.1.6)— (4 1. 8), we have

r::)“flr.) £t+1)=(1 0 ))Tk}wm

- "

* % 0T "
e m{ )( o) — ; WO A oD A D — w8 A, Aﬁw“‘})
. k. x =i+l

ie.,

k) . (ki (k41 o2 T e .
IR oD 4 ;0 ;w( 07 4 w}ﬁﬁnﬂ D — m{k} ﬂ (WD — ) TA{wak+1)Aijw§k+l)

=1
= (1— o) 5w + w®{ a4 = E w4 wﬁm . w(k})
§=i+1 '

| e =12, ey, k=0,1,9, -, % ) - {4.1.9)
We set : = - _ |
W™ = (WP", WP, oo, WL,

AP =ry (W) Ay, 8, j=1, 2, «, u, (4.1.10)
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S R s s o e =

0 A - AP

.-' = {F:J:
T o A | (4.1.11)
\ () 0
AW =B —g® T (4.1.12)

aﬂﬂ i (wlll:k+1) E = ‘wfm)TA;jw}kH}, AE}:H} i SE}:H]AH; 1'@3’{ é.'gnu, (4 T 13)

/AO O

(+1)
21

" (4.1.14)

k+1 x+1y
\ Anl ? T A.‘E’i,ﬂ—i O

T® = diag (I, ... 70T (4.1.15)

i , M® =diag (ufPI™, --., p&1em) (4.1.16)
an

QP = diag (P I, ... @@Tm). (4.1.17)

Thereupon the iterative formula (4.1.9) may be written as
(T(h} M® Qch{H-:tJr) w® L) Q) 1), (e +1)
= [(I— Q@YW Q@ (o] _ U”‘:’)] w®, (4.1.18)

where T7®»0, M® >0, Q®~>(,

4.2. Convergence properties of P-SOR Algorithm.
Let
B={w= ('wi': w3, weny apn )T ERY: w;Eﬁ“, H‘Zﬂjﬂﬂgl, Vj}. (4.2 1)

wWe can prove 'ea.sﬂy that the programming problem (4.0.6) is equivalent to the
following programming problem with inequalify constraints:

maximize w? A (w)w,

subject to w & B. a0
Let . '
D= {T =diag (2,7, .., 7, I™); 7:=>0, Vi}. (4.2.8)
We consider a multiparameter eigenvalue problem
Al{w)w=Tw, TED, wes. (4.2.4)

Using the Kuhn-Tucker optimality conditions™ we oan prove that every solution
to problem (4.2.2) is necessarily a solution o problem (4.2.4).
We define

o(w) =wTA(w)w, wCS, (4.2.5)

where A (w) is defined by (4.0.8). Now we discuss the convergenoce properties of the
" P-SOR algorithm.

Theorem 4.1. Lot w™ end w™ L be the b-th and the (k-+1)-h iterative solutions
generaied by the P-SOR dlgorithm, respectively. Then
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0 (w®HDY) — 4 (™) %
22 (w* D) _ gy T[ (o2 — B T+ QO T® (M@ T — QFY] (®+D ™), (4,2,6)
Proof. From (4.2.5), (4.1.12) and (4.1.18) we got
P (,w.:kﬂ}) s gD (AT — [TE+D) _ [T HHDTY g (ot1) |
e gy WHLF [T — [T HD | QUIPITIR gy Qe (710 L 8Dy (QUNTTUe+DTY ] gy 1)
= 02T — g R ITTGA L) (1) o Gt 1ITQOIMTIC) Jf (), (H+1)

— gy BHIF ARH L)y (k1) o (BT () ( A s QUGJ) TR gy %)

e 2y R () L (R LITT ),y (R
and

P (W™ =@ (BT — [T — [THITY
=@ [ (I — QWNT® L QW (G2 — TP TQW — ([ — QW)W QMT __ [TE 4
e gy B LY JLGO I 400 L o LI T Gok L, ()

— B EDT AR+, 0 T (T QU PHIOQMI2 gy M) ) (7T 0

thereby
| e (w*t 1)) — o (wW*) = o 4 o (0 (4.2.7)
where ’
P = w{h-!-i}"gﬂﬁ};T{iF} MU (quBHD)_ g 0) | (qp®) — gp®*+DYTQU™ (T QW)W (4 9 8
130 == o] — DT FED gy BH1) _ 2, (B0, W) o T[T g O T (4.2.9)
and | | ;. |
1§ = T JRFD® (00 1)) L g e+ DTT M) _ o hEDILT M1, (4.2.10).

First, it ig easy to see thai
n (k)
Ti")*g Ti( (1P +1—®) (1 — wF+D"®)
= m‘

= %_ (™D — w{k})fgmﬂTcm ( M® 47— g{b}) (,w(iﬂ) _ .wm) : (4.2.11)

Then, from

o (,w{k+1}) e P (wm}) em ) (,w{h)!'U(m 20 — w(kfi}’U{k-!-i}w(HI) (4 "9 12)1
and |

(W *HD — gy B)T (0D _ 3y} e O (i — qp @+ DTy )
it follows that | |
o = 2 [p (™) — p(0™)] + 5 (u*D— u®)T (WP —u®).  (4.2.18)

Finally, we congider r{”. Let .
ry(k, ) =w® Ay, i, j=1, 2, <o, m, k, 1=0, 1, 2, +e, (4.2.14)

then .
P=— ST (™ — ) Aguf0]°
1 <n
+ ,wEEJ’A WEE)WEJ"I_IJIA ,wglr-J wEk+1)’Aﬂw}'k+1}w{i+1}'A wjit}
1g< 1<icfn
" ‘2 [T;;(k—l-l k+1)+tori(+1, k) —ry(k, I;)q‘;;(k+1 &)
=] L et -

—ry(b+1, b+1)ry(h+1, &)]
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e i——== TF N T e i T PR e e e T,

e -_-2_1..-.;42-:1- [ru(k+1, B+1) — gy (41, k):ln—_—%-l-:gqn [ra(h+1, k) —9i(E, B)]2

2 Iczqn ['T” (}G“{"l ]ﬂ"l“l) T{_f(k }F)]

e 1( FHDT A (D gy ]2 K+1) __, (D\T %) 9)
TN o, [0 Ay (D — )] + 2, [P —uP)T 4]
ES %_(w(kJTU{k}w{k} - T Gt 1), ot )Y - (4.2.15)

Utilizing the Cauchy inequality we have
1‘;;‘“ [w§k+1)!Aij (w§k+1) - w;k})] ﬂ__l__ I{E‘m [(,wER‘+1) - 'L[JEE]) TA”,w;kJ] b

S s, (W0 — 0P AL Ay (00— )
HE;H (wi(k+1}__ w}k}) iy AH Aﬂr (‘HJEHH - w‘{m)

L
= ‘; (D — w}k))r AT A (afEFD — wi®)

i §

=g[ (,w{n:HJ w(k))r 2 .A.ﬁA (w(k-l-i}__w;k))]_ (4.2.16)

H-J

But from (4.0 2) and (4.0.5),
2 Audj = Z'}’ﬁsj SuST Sj“§7’ﬂlsr(2 S;ST)

$ix]
d el '- ¥y

Q?ﬂ" (Sir "'!'S!-lr Si-!-i.i B Sﬂ) HE'I=£EI' '

Consequently,
Z[(w“’“’ —agy)T E A;.Aﬂ( e — "”)]*Q,B’Hw“"“’—w“’ 3. (4.2.17)
i+:f |
Combining (4.2.15)—(4.2.17) with (4.2.12) we get
>3 Blu* D —u® it Loy —p@m.  (4.2.18
Substituting (4.2.11), (4.2.18) and (4.2.18) into (4.2.7) we obtain inequality
(4.2.6). }

Theorem 4.2. Lot w™ and w™ pe the k—th and the (B4 1)—th tterative solutions
generated by the P—SOR algorithm, respectively. Then

p (w™D) — p (w™) >2¢ (a®— B?) |u®+D — w3, (4.2,19)
Proof. First we rewrite inequality (4.2.6) as
p (™) — p(w™) >3 p, (4.2.20)
i=a

whore

pi=2] o3~ g2 "'m (P +1~ o) [ —w®]2, §=1,2, v, 0 (4.2.21)
If o<1, then clearly
(k} . L&) . :
pi2( o~ B+ T HE ) D — w320 (a8 — 9w — w3, (4.2.22)

If w21, then by (4.1.6) and (4.1.7) we have
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U = (1 o)+ o9 — 2o (wof® = 15
S (1— o)+ o — 20 (P —1) =1,
ie., p®>1. Therefore, from (4.1.4) and (4.1..5) we know thatd if v <a?— p? and
1<wi®<<2, then

(R) |
o o T (U +1- o) g (= B,
{
and that if 70 >a?— B2 and 1<w® <2¢{/[#" — (1—q) (a®— B*)], then
(%)
o B B (P 1) e B (1= ) (o B = (= B):
¢

Hence the inequality (4.2.22) is also valid in the case w{®>=>1. Substituting
(4.2.20) we obtain the inequality 4.2.19). Rk

Theorem 4.2 shows that for any vector sequence {w™} generated by the P-SOR
algorithm the sequence {p(w™)} is monotons increasing. But on the other hand we
have

1
o (w®) =na™ — ?_‘, (T Agwi®)I<na® Vk.
§,.5=1 '

Consequently we get the following corollary.
Corollary 4.1. If {w™} is any vector S5quence generated by the P-SOR
algorithm, then there exists a real number ¢ <no® such that

lim p(w®) =r.

K=o

Moreover, by Theorem 4.2 and Corollary 4.1 we can deduce the following
corollary easily (ref. [8], Corollary 3.2 and Corollary 3.3).
Corollary 4.2. Let ! be any fixed natural number. If {w®} and {T'®} are
sequences generated by the P-SUR algorithm, where
T® =diag (ZPIM, -, TOIM™),
then
lim [|w®t® — ™| 3=0, lim | 7%+0 —T®],=0.

k—oa o—» o0

The following two theorem clarify the relation beliween any vector sequenoce
{y™®} penerated by the P-SOR algorithm and the multiparameter sigenvalue problem
(4.2.4). The proofs are similar to that in [8] (Theorem 3.3 and Theorem 3.4), and

and therefore are omitted. |
Theorem 4.3. Let w" be any limit point of a sequence {w'®} generaled by the
P-SOR algorithm. Then there exisis a corresponding limit point

7* =diag (31, <+, w2T°Y)
of the sequence {1} such that
A =T"w", T €D, v €5.
Theorem 4.4. Lot {w™} be any sequence generated by the P-BOR algorithm and
{T®3} be the corresponding sequence. 1f for some k

. p(w®) =p(w®),
thon TP =diag (z(PI, -  zPI™) and w® satisfy
A(w[k)) w(?ﬁ} e Tﬂﬁ)wﬂﬂ}’ Tt?ﬂ} E D, ,wﬂﬂ E S.
The author's computational experience shows that the P-SOR algorithm is
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simple to implement and any sequence {w™} generated by the P-SOR algorithm
always converges 1o a global optimal solution 1o problem (4.0.6). Besides, Method

(IT) deseribed here can be used to produce a reasonable initial solution for the mse
of Method (I).

Remark 4.1. From (3.1), (4.0.5) and

[ (S5, ++2) 852y Shan, +ooy B) [ D 1887 Jamen—1

ti f

we see that @<{ya/n—1. Computational practice shows that the choice of azyan—1

i better.

Remark 4.2. The simplest method for choosing overrelaxation parameters

{w{”} is clearly to take w® = for all =1, 2, -

author’s experienoce it is suitable to take w<8.

Test Example n=38, m=2 (see [8], [5]).

. A= 0
6 —11 6

1
0

§ 5. Numerical Results

1

B={ 0

-, » and £=0, 1, 2, ---. By the

The eigenvalues of 4 are {1.0, 2,0, 3.0}. This system i unstable and a feedback
matrix # is required to stabilize the system. We assign the eigenvalue set
& ={-0.2, —0.2, —10.0}, which produces a stable system. Step A described in

§ 1 gives

0.342844
S1=83=[0.492834
0.216169
end S= (S, 8, Ss) with

[S]s=1.73205,

—0.3b924H

0.216169 |, ;=

0.907862

|81]a=2.10768,

—0.817060 0.557086

0.418760 0.896300
0.396300 0.729796

ﬂlgngnfgt H5-3.65057.

In Table 1 some results obfained in [3] and [5] are shown, among which
Method 0, Method 1 and Method 2/8 are desoribed in [3] —[5].

Table 1
—_l_-—-_—___—-——-*_
Method (61, cay €3)T  } lela %2 (X) [ 7], references
43 !
0 { 1.47 2,7221 3.2732 16.46 [3]
1.79 | |
.473
1 1.4253 | 2,72095 3.27316 |  16.4617 (5]
.788
S — T ---—I = e
.59
/3 1.41 ’ 2.7785 B.2827 16.54 ’r [3]
.79

m__ﬂ—_ﬂ
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We have caleulated this example on a 1.-8340 Computer in single precision with
Method (I) and Method (I1).
In Table 2 some results are shown, together with the number of iteraiions

(T

required for convergence to the termination scalar 8=10"%. We chooge «w'®= (w"",

w®" w®NT with w{®=(1, 007, w®=(0, 1)T and wi¥=

~ 2

(1, —1)T ag an initial

veotor. The symbols 8; and v,; are defined by (3.8) and (4.0.4), respectively.

Table 2
Noumb
Method (c1, €3 €9)T jela 2 (X) Bl aapoer of
8 =1/3 1.89456
(I) Bo=1/3 1.39478 2.66307 3.27932 11.7000 4
Sy=1/3 78934
Sy=0.1 1.89470
(I) Sq=0.1 1.89464 2.66307 3.27371 11,8064 4
83==0.8 1.78934 *
(1) via=1/p/3 1.67682
a2==0,7 yis=1/~3 |- |1.67716 2,97091 3.36093 17 .5198 15
w=2,75 v =1/~ 3 1.78934/
(ID) yig=~/ 0,45 1.0 v *
a?=0.9 yig=~'0.45 1.78934] | 2.72093 3.27317 12.6006 29
w=2.75 vog=~"0,1 1.78934

Some ¢omputed solutions X = (21, @s, ws) and F are given as follows.
With Method (I) and with weights 8;—=8:=38z=1/3, after four iterations we

obtain

0. 88399 —0.50856 —1.12971
X ~{0.46861
0.11429

where

With Method (II) and with weights 715="13=~/0.45

0.12788  0.85651 |, Fm(
0.86170 0.22162
ﬂﬂ?1“5=1.00635, ||:ng[|g=1.00620,

and o=2.75, after 22 iterations we obtain

0.31274
X —|0.40437
~ \0.81104

—0.86118
—0.21255
0.46182

—0.98801
0.29482), F= (
0.18228 |

2.44276 —6.22520
—3.7856b4
|1ﬂ33" > e 1 . 20518.

—5.84409 10.30390
—0.37223  0.27808 —1.19998

- 2.24393
7.44796 —4.27650/)

, Yas=+~/0.1, taking a?=0.9

—4, 82933)

where !#;]a=[|za]a=[2s]a=1, | XTX —I|p=1.1727 and HXT,X'“I;|5=O.8298£
Computational practioe shows that the choice of an appropriate initial vector
'™ is important for Method (I) (see Remark 3.1). It is worth. while to point out
that one can use Method (II) to produce a reasonable inifial vector for the use of
Method (I). For example, if we choogse w'® = (w{®", wi”", wi"")* with
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ﬁ/ > —=(1, 1)1' a8 the initial vector, then we find that the 8 X 2 matrix X = (8,2,

8a05”) is not of full éolumn rank. In fact, X hag singular values {2, O}.
‘Oonsequently, in this case it is impossible to compute the gradient vector Vf(au®)
and 0 use Method (I). But from the above mentioned initial vector w®, with

3

Method (IT) (fake yia="ia="ys3=1/3 , 60=0.7 and @=2.75) after two iterations
we geb w® = (w{®", wi®",

wiP)*, in thh

; ( 0.664007) (0.900583) (0.912127)
WD = ’ 2052 : w® =
—0.747726 0.434683 0.409907;"
Then, taking w‘® as a new initial vector, with Method (I) after seven iterations we
obtain a’good solution
| 0.54844 1.11890 —1.28961 g —
X=|—-0.13971 0.50312  0.40691 |, F=( 3'65376 7‘73993 _4.13704)’
—0.93949 0.14354  0.25292 b ' ' '

where f

matrix ¥ has fiorm | F|,=13.7656.

.'.v1"3=1 -09679_,

l2s]a=1.27449 and lwgla=1.87573.

The corresponding
condition numbers ¢; =1.89408,¢,=1.39526 and ¢s=1.78934. The computed fesdback

The following Table 8—Table 5 demonstrate how the convergence of the

P-SOR algorithm depends upon w, ¢* and w®. Where K denotes the number of

iterations required for convergenoe to the termination scalar s =103, The weights are

Yia="713="7Y3s = 1/4/ 8.

1 0 1 1
T 8 a0 (0) e n}_( ) 13} . - )
able 3 a?=0.7, w] (n)’ e W R R
W 0.75 1.0 1.5 2.0 2.5 2.75 3.0 3.25
K 67 60 46 34 23 15 20 35
R e R R S ——
1 0 1 1
s 0y __ (@) — (T s e
Table d w=2.75, w) (u)’ w! (1) wff) s -1)

a? 0.6 0.7 0.8 1.0 1.9 1.4 1.6 1.8 2 0
X 40 15 26 38 46 53 5T 61 63
Tabled w=2.75, a?=0.7
wi0F (1, 0) (1, O -—1:{1 1) —;1_-~{—1 1) (0, 1) 1, ®

i H “-Jf .-ﬂ 1 ‘\.‘" ) [ ] ¥
> 1 1
2 0, 1 % O G & 0, 1 1, 6
2 0, 1 0, 1) T z( ) \/2{ ) By 13 1, 0
1
10" __1—1 —= B 2Bl bty 1 0, 1 1, 0
. 3 7 { ) «.f‘z( ) Jzi ) qzi ) 0, 1) (1, )
K | 15 19 18 13 23 14
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