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AN ESTIMATE OF THE DIFFERENCE BETWEEN A
DIAGONAL ELEMENT AND THE CORRESPONDING
EIGENVALUE OF A SYMMETRIC -8
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Abstract

A sharper upperbound of the difference beween a diagonal slement and the corresponding
eigenvalue of a symmetric tridiagonal matrix is given. The bound can be used in the QL and QR
algorithms and Rayleigh quotient approximation. The change of eigenvalues is estimated when the first

off—diagonal element By is replaced by zero and when two neighboring off-diagonal elements S;-3, Sg
are replaced by zeros.

’,
§ 1. Introduction
1et
{ o By "
B1 Oz s O \
Ba
Pre=tPy == b
O " B -1
\ Bn-1 ‘ an/
be an unreduced symmetric tridiagonal matrix. Let
Ry <Ay <Coen <oy

denote its eigenvalnes. Let 74,, be a malrix obtained by replacing B; in 7'j,. with
zero. S0 a4 is an eig&nva]ua of Ti,,-,. Let

S g <
denote n eigenvalues of 7, and &= ;. Hence

M, Ma, =, 1, iz, "%y Mn
are n— 1 eigenvalues of

aa Pa
Ba g L 0
E e % B -1
O .ﬁn—lian
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T e

How close is the diagonal element a; to an eigenvalus of T ? The question ig
important for the shifted QL algorithm. There are several resulis on this topic, see

(1—5]. In [B], there is an eigenvalue A of T, and g=min |a;— ;| is the gap, then
A

oy — A | <Bi/a(1-Bi/a").
In [4], a result is L. _'
s — 1| < B1/a.
In [1], for 8% is sufficiently small, the egtimation ig
|ﬂ=1 —.l}r[ %ﬁf/ b,

where &=min |ay — p;].

§51 B
In this paper a two—sided estimate of A;—ay i8 given ag follows:
BL‘ Y 3%&: <A -"(Ii"i\':_éﬂ 'ﬁ 3?1: (1)
s T o SR L

where

I (T ROV oy vz oy

1 ” -_
fﬂ g ?{(f‘i“i“ ﬂ".f+1) e ‘V/ (mi e ﬁb.1‘+:r.>ﬂ'|_r 435?;&1 }:
8 i¢ a unit eigeﬁirector of T'y,, corresponding to the eigenvalue u, and s, is the first
component of g,. Becatse £;>ay, £3<ay and i she=1, the result (1) of this paper is

k=1
Kw= f

always sharper than the result in [1]. Furthermore, §},., and $2,,, are often small
when n is big. They can offset the influence of a small gap such as & — w4 and
Ea— bjyqe Even when 01 == fbg™= ty—1 OT 03 = 4., the regult (1) is still available. This
is different from the resmlt in [1]. |

In Section 2, we also discuss the difference between p;(4+#4), and the eigenvalue

of T
In Section 3, we consider the matrix .

TI;I;:I
™l 0 * 0

If o is the j—th eigenvalue of ', then a similar estimate of As—oy 18 given.
Define the vector o= (x4, s, +++, ) and ¥=(Y1, Y2, ***, ¥»)T. Hereafter th

s
norm will be denoted by || = (sf+ 2% +---+42)% and the inner-producs by (z, y)=
Tyy1t o+ Tl

T"‘I‘irﬂ

. § 2. Estimate for a; or a,

et
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“__

/051 B1
»81 Gz Bﬂi O \
| Bﬂ:.'_‘ '__..
T=T1n= 3 Ba-1 |’
0
\ B fr-u/
(25} Bﬂ_
()82'. 053 O \
Ton=| . _ "._
-‘-__Bn—i
L0
ﬁn-i Ol
be unreduced matrices.
Let
0
y ’1"=(0 T)
and le
U S g S oo S

denote the eigenvalues of T. Obviously e is an eigenvalue of P. If og=ye5, then p;,
fbg, ***y i1, Mip1s ***s Lm BIO eigonvalues of T'3,.. Lot % be a unit eigenvector of T's,,

corresponding to the eigenvalue p,. Denote by sy the déth component of s.

Therofore
y § ---’ ’ 61’ » il--l,
81 Sa/ 35-1 et L

are the unit eigenvectors of T corresponding to the eigenvalues pi, pa, **¢, M and
they are a bagis of B”". Let :

0 58 O

B: O

5 ™, .

Weo have T =T+ E. It is clear that the eigenvaluesg of ¥ are
-84, 0,0, -, 0, By
Denote the corresponding unit eigenvectors by gi, ga, ***, g We know
1=(es—e)/N2, gu= (est+62)/~ 2

B =

arid can chooge
Gi=— €541, ff;=2, 3: ety '”‘_"1:

where ¢, is the i—th column of an identity matrix.
Theorem 1. If oz is the j—th eigenvalue of T, then

§=1

2 < Sik _ 2 85n -
81 EEI -y < M—oy<By El Z— i ’ | CD
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where

1= ((oa+py_1) + /(00— py-1)? +48585;_1) /2,
fﬂ“ ((ﬂi‘l‘ﬁbﬂl) i ‘\f/ (ﬂ‘i - !-5§+1)2“‘4:8§T3§§+1 ) /2.
Proof. From the Courant~Fischer theorem!»-1%01

M=min max p(T, ),
Vi TETV 4

where ¥, is a j-dimensional subspace and p(7, z)=(Tw, )/ (=, z) is 1he Rayleigh
quotient of z, T'. First we suppose j>>1. |
Denote a gpecial j—-dimensional subspace by

e f2) (2 (2o}

So
M<max p(T, z) =max{p(T, «)+p(E, x)}.
TV 2V,
g % §—1 0 j
Forany 2€V,, [o]==1, 2= El 8;;,( )+5j31 and > 8i=1.
F S k=1 :

»

= ' | L M 34
: O 85

P(T? m) - (?m: ﬂﬁ) e t131: aﬂ: -I'"I.r ﬁi) ., :
: O : h ] Sj

Let == E M, SO |
P(E: ﬂ}) == }8173?."]" Iel?ﬁ-

From |
n ¢ §=1 G
;.‘.my:= E ah( )+3ﬁ1: |
=] k=1 336
wo have
§—1
('-'?1+°?n)/"~’ 2 =9y, (ﬂn""’?i)/‘\r" 2 = E OxSne
Therefore
=1 N2
9?1"*‘“( 05— ;fgf 5k31n) 5
§-1 i
??n'=( 05+ E akﬂﬂa) 9
and | |
p(EB, )= — Bmi+ Bin;
' B1811 01
. 8y
— (s, By, wor, (0 Y|
( B j) Bi815-1 :

ﬁlsi:l: 313121 T 3131!—11 0 BJ
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oT, )= 0 8)| () o
| \ . wi-1  Ba81-1 3
Bi811  Bid1a - Pidy1 o / ’
Lot ma#x o(T, x)=£,;, where £, is the biggest eigenvalue of matrix
& :
/ M O Bi311 \
| M2 © Bade
G - . 3 : : -
0 .Jw.f—i B1815-1
\31311 Bi819 +** B1815-1 0y )
It is easy to show
i o | 2
Pﬁt (AL—G) = :li (3-“‘#&)(?\ o E—-——f_lsf:p )
Because Dot (sl — @) +0, i=1, 2, -, j—1, the eigenvalues of & satisfly an eguation
s R ' (@
#=1 A— oy |

0, is the biggest root of equation (2) and the roots of (2) are the points of
intersection of line

4y=A—ay | (3)
and curve |
3 Bid, 4)
y | E }‘___M, " (

The biggest branch of the curve (4) lies on A> ;- 0, iz the abscissa of the
point of intersection of the branch and line (3). The biggest branch of the curve

_ Bisis-a (6)
¥ g
also lies on A>>wy_;. The biggest root of

)8%313~1_
.?t.—-].b;_l i

h”"ﬂ1=

is

£om= ( (et phyz) + ~ (o — 1)+ 4»3%3511 2o

Because on A> St _Bisip P B85 £,<8;. We have
HMg=1, = o » >1 i
P=1 A— by A— pi-1

& _gish S
Qj i T n% ‘Qf‘l"l‘kg ‘f:l.

Q3 — Ly
and

?hj‘_ﬂiﬁg i %ﬁh_‘
i1 1 M
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When j=1, obviously A;—o0,<C0. Therefore the right side of inequality (1)

holds.
From

Ay=max min p(T > ),

Faeitn PEV iy
the lett side of inequality (1) can be proved analogously.
Corollary. If 8:+0, then
“"i _‘ﬂ"il ‘<B%f b:

where b=min | u,—a|.
i%]

Prroof Since 34,%0, 51}:1:1 and &3<<oy. We have

<5 1

P i
51 e k=-1 &y — f-"k Xy — -1

2 1

s%k "
> —
i:*%l Ea— % 0y~ Hrk ﬂ& — Mg

Hence the corollary holds.

Ezample 1.
( 8 0,01 0 0 O O\
»
. 0.01 11 0 00
0 1 3 1 0 0
Tilﬂ_ .
0 0 1 5 1 0
\ 0 0 01 7 1
0 0 0 0 1 9}

Fstimate the difference between a; =8 and the eorrespondlng eigenvalue of T, ,.

The eigenvalues of 75,4 are

gy =0.540120335,  pg=2.953112038,
g = b. 000’000000, Hea -7 .0468379‘62,

te=9.450870665,

and the corresponding sy, are
31,1'=0 i 907370, 31,9-0.405306,

81,3==0,109764,  8;,,~0.0188497,
81.¢=0.00178075.

o =8=py, j=D, {1>a;=8, £3<oy =8,

4
B2 ST _10-4a0. 14744,
T k=i Gy L
: 6
Bi % = —1071%2, 1856.
= Oy — g

Hence by Theorem 1 we have

—2.1856+10™1°<A5— oy <<1.4744%1075,

Aocording to the result of [1]
| As— 0 | <BI/ (et — pos) = 1.04925104,

(6)
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Bzample 2. Let

1 & s
A=z 2 g|
g & 3
M, Aa, s are the eigenvalues of 4. When s=10"5%, the egtimaies of M—% given in
[6, p. 47] are
~26%/(1-4/2 &)< —1<0,
—26%/(1-4/2 &)<t —2<2Y/(1—/2 8),
0<As—8<2e?/(1—2 3).

Using similarity transformation by rotations and permutations, we have

1 V2 8 0 2 V28 0
Ao/ 2 8 25+s 0.5 leo|a/2 8 248 1
0 0.5 2.b—¢ 0 1 2—8
3 o 0
cof{n/2 8 1.B4¢ —0.5
»0 —0.5 1.5—38
and from Theorem 1 we gef
128 <M—1<0, 0<a<,
—(145)e? <Ay~ 2< 1-8:3 , 0<a,
1.5+ 1

O<<As—3<< 1—1 Ba® g?, 0<e< 15"

These estimates of A,—% are better than those in [6].
Theorem 1 can be applied to the Rayleigh quotient approximation. For any
i X n symmetric matrix A and a unit vector ¢; € B", the Lanozos process is as follows:

Blgﬂ = Agi —ohg1, 1= ('Agil gi) ’ 331 = " Agi—‘ o175 " 3
£¢Q¢+1 = AQ{ — &y — Bl—igi—:!.; o = (Agi, Qi) ’
Bi=| Agi— s~ Bi-1@i-af, =2, 3, -+, m.

If Bn=0, m<m, then Q= (gy, ¢a, **-, ¢u) With nunit orthogonal columns and the
process produceg a symmetric tridiagonal matrix

5 0 \

B1 052‘ 33'
T1;m= ﬁﬂ. ! ; L
iy _‘Bm—:l

\ O ‘."'Bm_l o |

TirH‘I:L('A‘J gi)'
Theorem 2. For any unit vector v, & f the Rayleigh quotient

Denote such a matrix by
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L A LI L] . S T

Yy Ay=(_4y, y) =
ond r=Ay —ayy, let Ts1,;,=L(A, ). Then there is an evgenvalue Ay, of A, such that
2 = 87% s 7 sh
ﬂr" k=.12+1 Sa— M gh’_m‘g"f” k§ E1— o’ &0

where py is the k—th eigenvalue o f To,m, 8 48 the unit eigenvecior corresponding o g,
21z 28 the first component of s, and &4, &5 are defined as in Theorem 1.

Proof. From Ty,,=L(A4, y), we know Bi=|r|. The eigenvalues of Ty, are
the eigenvalues of 4. Let these eigenvalues be

}“111 }"h: "t B'Im'

Applying Theorem 1 to 7',,, We get the estimate (7) immediately.
Now let us discuss the approximations of another eigenvalue rather than a,

of 7.
Theorem 8. For any k+4, if

temsf. (2)

i1y 8 the eigenvalue o f k o s; 48 the unit ergenvector corresponding to i, mnd'fs‘“ is the
first componan#’a f 8, then there is an ei genvalue A of T such that

'823'2 5 §¥i < y [ g 3232 jil ')S?I . o (’8}
1 1~ki=%1 gﬂ"_ﬁl Hr 151k

S
where £1 and £, are defined as in Theorem 1.
Proof. Let us denote the orthogonal matrix by

(0 (0 (2 (2 )

L

and let
J1 Bis11
( p2 : O 51312 | x O
T'= ) O Foj—1 18131!;-1 ‘
Q ¢ 1 Bi811  PiS1a - Ba815_1 o | Bi8iza =+ BiSia
O LT R O
\ ﬁisin O ' £ }

T is similar to 7', and they have the same eigenvalues.
Let y =g, its Rayleigh quotient is
Ty, ¥) =~ ma-
We have
ﬂf'@f'—ﬂvaﬂ = | Bsu|.
Denote
Ti:ﬂl=L(f’j 6]‘)'

Applying Theorem 2 we get the egtimate (8).
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L(T, ¢) =L(T, ( 0 ))
S

Hence weo have proved the theorem.
In Theorem 3 there is no guarantee that the A in inequality (8) just ec;uals Axs

On the other hand

But if

min|A— M| >+ | By ®)
then A=2,;, where -
mk=max(ﬁ su, g 31; 51 8 .).
dndeed from Theorem 8
|A— | <oy
By Wislandt-Hoffman theorem®™ %41 e have
| Az —

If A#2;, woe have

|A— | = [ A— ittt — M| < | Ba |+
It is in contradiction with (9), so A=2,.

Now we consider the case when 8,., of T is replaced by zero. Let

fﬂ'i B1 -
7 0 ; B o Bﬂ_ 0 \
| - () | * ﬁn_ﬂ
\ O Bﬂ-—ﬂ an—]./
and let

ﬂ1gﬂvﬂ§; ‘gﬂ'n

be the eigenvalues of 7. It o, = iy and s, is the unit eigenvector of 74,41 cOTTESpONd~
ing to the eigenvalue uy, k%4, we have

Theorem 4. If the j—th eigenvalue of T is Ay, then

B 3::—1;-. < = 33-,1,3:
-1 2 a’f angﬁn 1 *

k=7+1 g — Ly gi_ﬂfib

where

E1m ((0‘.'1"!-&1-1)_ + &/ (0 — tbs—1)? 43:-:—-1&-1 .+—1) / 2,

£3==((ot+pty1) — V (tn~ phje1)? “43n—13n-1,1+1) /2.
Proof. It is gsimilar to the proof of Theorem 1.

- § 3. The Estimate for Another a;



No. 2 ESTIMATE OF DIFFERENCKE BETWEEN DIAGONAL ELEMENT... 153

/O

ﬁ= _ a, .
| #h-i 0 :. ﬁh ;
\ Bi-. !

T=T+E. Weo know the eigenvalues of & are

- b 0 0 0: y
‘where p~+/Bi 1+ 8% . Denote the unit eigenvectors corresponding to the eigenvalues
’by G1, G2, "y Gns It is eagy 0 know | .

91""( B;:l €i_1-1€; '—% €iy1 )/2:

=% 61— B;;i Cis1s
'='=(B’I E{_1+Ei+_"€f{’.1 /2
k O = €x—3, k=3, 4

9% = €x+1, k=®+l, %-%—2, e m—1,
Let
Mi'gﬂﬂﬁ"'g.u’n

be the eigenvalues of P and 0 = Lby be the 7—th eigenvalue. Let yi,'g)g, ees, 4,94 DO §—1
unit orthogonal eigenvectors of 7'y,;.; and z 4, Zigs; "%y Zn bB n—4% 111111; orthogonal
eigenvectors of T',_4,,.. S0

Y1 Ya [¥i-1) 0 0
0 |, D Loy 0 | &, O - s E A (10)
0 0 0 441 i

are n unit orthogonal eigenvectors of P. Let us reorder these w eigenvectors ag
83, 8g, **+, 8, such that
Dor= pasi.
8o ¢,=s;. Since T';,,_; and T;,,. are both unreduced,
S 1kt 851,70, E#4
By (10)
8i—1, 18442, =04
Let A; be the j-th eigenvalue of 7. We have

M=min max (T, »).
'F,j | #EF;

Denote the j~dimensional subap&ce |
| | V’“-{sir Say *°*, 3!};
- :

M<max p(7, z) —m&x(p(f' m)+p(E' @) )e

zeV, ze¥y
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For any sV, l#] =1, we have

T=9 181 6539
Jom=
and

F £
and -

p(E, )= ~ Pni+pn. -
By comparing the 4—1-ih y o~th, i+ 1-ih components of the equality

”n - 5
£~ 3?391: kg kgi‘-.r
WA:

(ntm)//2 =8,

Wwe have three equations ag follg

J-—-1
= ‘\/%p ™ B;:l Na-1 \/é Ty == E BESH-iti
Multiplying (12) by Si1 and (18) by 8, and adding the resulig we got
1 -1

v 2 ( i

V= N 04 g akmk):

Bi-1 B

iy = o $i1ok +":-pj- St 41, 1e
Then as in Theorems 1 and 3, we have

Theorem 5. 17 4, 4c 120 J-th eigenvalue of T, then

2 w; B S ol
Pﬁk'——-%l gn—-pk <3‘5 afgpag - »

o)
&1— Moy
Where

fi o ((ﬂf—-ff—ﬂﬁ:) + A/ (o — gy } 43;72.::1,2_15/2,
b= Ggsat-a) = o/ To 1)+ Ap%0T1) /.

Vol, 5

(11)
(12)

(13)

(14)

; any evgenvalue 1, of P k- J> there is an sigenvalue A of T such
that : |
m - -1 a2
(2 wy)? 2] r—%?—-'ﬂ-mﬁ(m)” ——
O=TF1 £y — Oy

0=1¢y— 3¢’
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where 81,q 98 the first component of &, 8, is ¢ unit eigenvecior of P .m COTTESpOnding ito
the eigenvalue jiq and

Tliﬂl:“L(T: sﬁ)'

Ezxample 3.
L I
T 38 2
1 6 1
1 7 =
7 z 9 o -
r 11 1
1 183 1
1 15 1
117)
1
1 1
’ 1 3 1
' Toasl 4 5 1
T T

has eigenvalues and s,,; as follows:
w1 —0.54915650231, $4,1=0.01476,
1o =2.955168392,  s,,2=0.10907,
153 ="5.044831607, 84,5=0.40562,
s ="7 . 450844376, 84,4=0.90739.
Te,9=10I+T4, so
px=104 55, £~=6,17,8, 9.
31,6=0.90739, 81,7=0.40562,
8,=0.10907,  s81,4=0.01476.
os=0= w5, therefore using Theorem 5 we obtain
—0.07b62° < A5 — as<<0.575z2,
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