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§ 1. Introduction

Consider the initial value problem of ordinary differential equations

ﬂ=f'(3»*)1.

4 da

g/ (@o) = 2o,
where t € R, ¢ G R™, In unifying the theory of various linear methods, Burrage and
Butcher [1] preSented the following general linear methods:

' - .
VP =h 3 if (V) + 2k, 61,2, s,

d
2 k
i ygﬂ}=h§_ G%Ifcygn}) - Z-l cig.fzy;u—l}: 'i”"l: 2. w54 k.

There are s internal vectors ¥Y'{¥, .--, ¥ and % external vectors y{”, -, E‘},_;
respectively, For the matrix—vector form, set

Y{n} __Irin}eay{n}@ @Y;{n},
y( =y(n)®y{n)® (_By{rl}’
F(T®)=fTPIDf ¥ P)D- ®fF F);
011"" (cij )wn 013 o (ﬂij)mk; Uﬂi (Gl 1) kxXas Oﬂﬂ = (Gi_f )Iﬁ){ﬁ:
_ ( C1 C’m) [0 - (G’n®1 o O1s®I u)
’ Ca®I, Ou®I/)

where I’s are unit matrices. By means of the partitioned matrix O, the general
linear methods (2) are expressed as

(1)

(2)

Oﬂi Gﬂﬂ

{n) (n)
(G )1 (S57) ®
Burrage and Bufcher [1] defined that if there exist vectors u, ¥ € B* such that
| 012175’3, Oagtt =1, (4)
Caie+ Oagv=u-+tv, (b)

then the method (3) is said to be consistent, where e=(1 1 -+ 1)7,
There are two questions: First, three submatrices Ci, Oy and O are
oonstrained in the consistency conditions (4) and (5); and what about the submatrix

* Received Qctobex 10, 1985.
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Lo - e e s,

C1:? Becond, when the method (8) is given, how 1o determine the vectors u and », and
how to discuss the congistenoy of order p=>1?

Franlk, Schneid and Ueberhuber [2] defined the so called B-consistency for the
general linear methods. The method (8) is B-consistent of order p=1, if the
numerical solution £ obtained one step forward from y(x) (steplength %) and the
exact solution y(a:+h) of problem (1) satisfy

|e—yla+h) [<DA**:, RE(O, hol, (6)

where D) and Ay depend only _oﬁ the logarithmia norm of % and other derivatives
of f. | T b om b

This consistency condition seems to be strengthened in order to gain the B-
convergence. And no algebraic oriterion of the consistenoy is given.

In thlq paper, the necessary and. suﬂ"lment conditions -of. oongistenoy . of order

p=>1 for the general linear method 8 are presen'hed They have very wide
apphﬂahcm in various linear methods, |

N2 Maln Result
ik

Aﬂmrdmg to the feature of general linear method (3) , the infernal wvectors ¥ ®
must be in the domain of f, so they usually are approxlmatmns of 'bhe exaot solution
F(ﬂ:) of problem (1) ‘at the point -+ sh+1wh: -

o =Y§HJ~7?EH}=y(mﬂ+nh+wih) g1, .,21 ey 8. (7)

The external veotors y” are relatively iree;k_ they may be expressed in a rather
peneral form: | - | |

fH)NCf"J—_—a‘y(mu+-nh+7¢h) + By (wo-+-nh-+3h), b=1, 2, -, k. (8)

When the method (3) is given, the parameters w;, a:i, B;, 7; and 8; can be defermined.
Partioularly, af -+ 8 %0 and o4+8;=0. Set e ¢ .

H{;}__,_nin}@ﬁ{n}@ @.n{u)’ Z("}—Cf“}@zé")@ @g(rﬂ (9)
As usual, ;

l‘.n 1)::&;@’(%“"" ('ﬂ 1)h+1"ih) +ﬁ£hy ($g+(ﬁ—1)h+3ih)’ g-]_ 2 &_ R (]:0)
Definition. For the general linear method @); if | S B

H®\ - hF(H®)
(6 JACH: [0:[ Z(n ~1) |

then it 43 said 1o be consistent of n-rd&r P- - L e
.. Obviously, this is a measure about the local dlscsretlzatmn error of tha schame
(3), and it coinoides with the proper sense of the concept “consistency”. The key 0

the establishment of consistency deﬁmtmn (11) 1193 in expressmns (7) and (B) of

the 1111:51'115.1 and Hx'bernal veotors,

<. Before fnrmulatmg the algebraio ﬂrltermn of Gonﬁlstenﬂy for genara.l lmear

methods, we set the follﬂwnlg symbols,
For the vectors

] o), (11)
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Qﬂ'(gir 9’2; "3 gl)T R= (0’1, Tay, = 'ri)r

define a mnew vector whose oomponents equal the produot of the mrrespondmg
components of @ and B :

@R= (q:.a';, qaTsy vy q) 7.
Furthermore

Q@ =0, Q=0

and
Q =Q’Q""i (Q:u g ==y g1)7, v=1, 2, eoc
Acoording to (7) and {8), set veotors .
w = (wy, W, -, w,)Ts
o= (a, g, ++, o), B=(By, Bs, -+, Bu)T, -
= (5’1,- Yo, *irs Yu)Ty  8=(31, 8a, : SJ;I{T- -' (12)

Theorem 1. The necessary and sufficient conditions of consistency of order p for
the general Uinear method (3) are

Opa=s, Ogamo; ' (13)
and

011{ w:-i !}'{Giﬂ {a;__(_'?_:_fl:_+ﬁ (a-ﬂ)_"i} .

(r—1) | (v—1)1 ] ol
w* ™ (y=0)" . g (3=
0;,1 { (v 1) } s { 1 %‘B (v—1) l_} (4
- 5*- . L
(p— 1).‘1""': pe=1, 2: *iey D

- Proof.. By substitution into (8) with : : . 32

-y(m.) +w4hy’(m..) +} —‘g——- :v”(m..) TR —;—“— y"’"(mn) )

:0 =yt
I c;::*;. -
B (o) =y () %'&o;»ﬂy”(m..) oot ;_’_? ST e

A, +1 +1; 1N
+ h" ur ¥ —I—o hj.‘-

i$ follows that c.’-:; 2 Lt B -.1 } e B e {L_'
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wﬂ

ey m—T

¢ . w .. J". - | 2 44
(a>®y(mn)+h(m*7+ B)@y @+ 2 g ®y'" (@) +++

+ hot? y§£+l)l 59 Ry (w) +o(W1L)
P TprT +B*§JT

~to0)(2Jorter th{ i, L )0V

| w
"l-hﬁ(ﬁ* (y—e)® - Bx (5 —e) )®?f”(mn)+"'

, g
w1
| D1 -
LLd s S.’P ): 5—g)?1 @y® ()
L (1" 3) - - B* ( 6)
; pl : (Pﬂl) !
' g, AT . |
Ll DT N |- el OO el
oD LT |

where the null veotor § € R*. Therefore, it is consistent of order p iff (13) and (14)
aro satisfied. Then, the local diseretization error is writben as

' ,wp+1
Hm hF(H{n):) o (p*{—l)!
(z*ﬂ-’)_w]( 2o )T N2y 2
. (p+1)! p!
_ P_' | +1) +1
0 oo’ oo @)+, (15
(p+1)! p!

This completes the proof.
Remark. As ugual, the consistency means the case p=1. From the above

theorem, the following conditions are necessary and sufficient: |

Oiz0=6, OUgno=a, _ (16)

0119-1—015{{:*'}' + B} =e-w, (17)

Oz6-+Ogs{anwy+ B} =a+{ary+ B}. (18)

Let u—=a, v=a#y-+ B, then condition (16) is just (4), and condition (18) is just ().
Next, we shall show that (17) is independent of (16) and (18).
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§ 3. Direct Applications

By means of the established algebfa.iﬁ oriterions (12) to (14), we discuss the
consistency for given linear methods. |
1° Linesr K —step methods

z Yfnsi =R 2; bif (Ynss) s | (19) |
where a, %0, a5+ 3% 0. The characteristic polynomials

p(®) =§ adl, o(t) -g Bitf

have no common factor. At present, only one internal vector Y™ is needed. And 2k
external veciors needed are ag follows:

V= Yo ssDYn10-1D > DUns 3DIS (Ynse) D+ @ASf Wnga) -
’I‘hen. the partifioned mairix form (3) is oonstruﬁted with

Onu(__@.’f_ : 015_( ""*ﬁk—:l._"__‘—ﬂu br_1 b ),

» ay; Gy - ay . Qp Qx
_3)1,_ Qg3 —O@g-a [ _—T@ —do _bir-—i by—s g by b
/ﬁk\ / Ay 247 dy ag 737 ay y Oy
0 [ 1 0O 0 0 {] O . O 0
0 J 0 1 0 0 0 0O 0 0
Oy = 0 ; Uﬂ-:i 0 0 1 0 0 0 0 0
S i i 0 0 0 0 1, 0 0O 0
0 0 0 0 0 1 0 0 0
| 0 0 0 o o0 o0 1 0 0

\0} \ 0 0 -0 0 0 . 0 e

From scheme (19) it follows that
w=(k), e=(1);
a=(1, 1, = 1, 0, ==+ )T, B=(0, - 0, 1, 1, o= 1)7,
=k, k=1, =1, 0, ---0)7, 8=(0, ---0, &, k—1, ---1)".
Thlis, condifion (16) requires |

=t

p(1) =0,
Conditions (17) and (18) lead to
o) =c().

Olearly, these are just 'Iiha consistency conditions for linear multistep methods in th&
proper sense.

Furthermore, we examine the congistenocy conditions of order 2 When y=2,
(14) requires



220" JOURNAL OF COMPUTATIONAL MATHEMATICS *° Vol. 5

A

g
011‘10‘]‘012 o* (’?’2 "]‘»3*(3 3}} 1;:

2
oﬂj_w _I_Oﬂﬂ 4{1&* C‘}’ zﬂ) ' ﬁ* (5 ﬂ) } ﬂ*'—g“""‘ B*S |

(20)

that 15 v &
p"' (1) +p’ (1) ='2ﬂ"(1)

| e well-known BDF, as a Epema.l oase, are mﬁluded in the above linear
mul‘lustep methods.

2° Hybrid methods (P,E PyE Cgh): PR wom g™ e e PR 0§ |
k-1 k—1 :
Yoiy T § Bilfnis = hi ggif(?fﬁi)h (Pr)

_ E—1. . k=1 : e B ; ;s T
Yot Sialnu=h JBfWardy g B
k—1

yn+ﬁ+ Eﬂ@n+i=h g bif (yn+i) +hbkf (yu+h) +hb f(%w) (OH) |

There are three pairs of characieristio fanotions:
k—1

: ! ;(i) ﬂ#r % ﬂ;ﬁ‘ g (t) = ?ﬂ Eiﬁi E -
" F " k-1 .
PO Ran, )= S,
B o3} —T. :
p()) =+ S at, o (t)=but bt 3 bis;.
Now, 3_:1‘11:591'11&1 vectord and 2% external vectors needed are ag follows:
: Y(n}ﬁyin}@yfn}@y{n) , 1 o B3

I'; (“}-ynﬂﬁ@yn-l-#-i@ ®yn+:l@hf (@'n-i—#) @hf (’yn+lrf—1) @ @hf (yn+1)
In the pa.rtrhwnad matrix expression (3);

5{.;

0 0 O\ . L s g“
Cu=|0 0 0}, Ou=| —al_y - —ay by == b5},
bp s b}g 0 4 — By - e ¥ 7, b],;_;[ il bo
by, b O ~@y-q * —@ —ag Oy_1 = b1 by
0 O 0\ ( 1 0 0O 0 =« O 0\
a 0 0 0 - 0 1 0. O 0 O
1o o 1p™ 0 0 0 -0 0 0
0O 0 0 0 0 0 1 .« 0 o}
0 0 o 0 =« 0 0 0 - 1 0

The following vectors are provldad mmedm’ﬁely by the sehemes (P, (Pg) and.
(Cr):

am (1,1, =+ 1, 0, 0)F, B=(0, - 0, 1, 1, = 1T, 0
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= (%, k—1, -~ 1,0, --- U)T, O = (O,., oo 0, B, B=1, - 1Y%, . 0l
Condition (18) is just :

P(l) =0, P (1) =0 p(l) =0.
Remarkably, condrbmn (17 ) leads to

P =c(l), P"{l) ~a*(1), p D =o@);
but condition: (18) requires only y
- ae PAD ==cr(1) * ay
It is shown that eonditmn (17) is independent of (16) and (18) indeed.

The predictor—corrector methods (PEOE) ma.y be handled as a special case of
the above hybnd methods.

§4. Remarks g
With respect to the expressions of ¥ and y*™ 1 we'make a few remarks for

some particular cases. byl
3“' One-leg methods. For any linear Ic-step method .

» i

< g & ppi ™ h ig blf (ynH).r

without loss of generality assume
2 b; = 1

Tis corresponding one-leg method is :
% % ' o
24 IYnis=hf (g; bs&fu—t)- gt (21)

Now, the sole mtemal vector should be expressed as

¥ {“);ii ba/(zatth)

=y (@) ’*‘k (E'ﬂbi) i (< )+—(§%ﬂfh ).?J"(m.) I
In this ca.se, expresgion (7) is replaced by the more general one: |

{'H)Hy (ﬂ?“) +hw[1]y’ (mﬂ) +-§“—' w ol ( mﬂ) dewon, (7.)

Aﬁcﬁrdmgly, in (14), (15) ete. w® are replaced by w™ R

- 1= (P T, «or wPDT, p=l, 2 -on) p. (22)

For the one-leg meiihod (21),
v’?fbﬁ‘ﬂ‘ (1): _ —E@”b;

'I‘he formula (21) can be written as
= k—1 b "
Y= 3 (b=t @t B (X ),

: y ]
Then set %k external vector as follows:

9'( }‘=3r’-+h®i‘fn+h-1@ @yn-ﬂ.n Do . A R
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In the partitioned matrix form (8), |
Oil’(‘“gf)r Glﬂ=( blﬁ-— _% Tp-3"" bﬂ' bh GO)J

s Gyt _ OGea ,,, __ @ o

ay 740 £ 47 ax Oy
Ou=| 0] o0n=| 1 0 0 0
0 0 0 oo 1 0

Olearly,
a=(1, 1, =« ¥, y=(k, k—1, »-- 1)¥, B=08=4.

Thus, condition (16) requires p(1) =0, and (17) and (18) Isad to p’(1) =1. Thege
are usual consistency conditions. Under the modified expressions (7*) and (22), from
(20) it follows that second order consistenoy requires p” (1) -+’ (1) =20’ (1).

4° s—stage Runge—Kutta methods -

Y‘(n)=y__r1+h§a”f(ygn))’ 'f'=1: 2, +, 8,

$ Yn=Yu-1Th E b:f(yf'}) .
Now, & internal veotors are ready-made:

Y(ﬂ) i Yi"}@:iré“}@ o @Yf"}.

And only one exfernal vector ™ is needed. Then, in the parfitioned matrix form
(3),

(23)

@11 @Gia Gy 1

a1 g *** @ ay | 1
Ou=| . . b Cu=| .}

Qex Qga  *** Qg 1

= (b, b3, =+, by), Caa=(1).
According to the usual expression of Runge-Kuita methods, set A=0C,; and

B
Biﬂﬁ ﬂih i":.l’ 2’ s 3 3

Thus, we are able to wrife
tw=Ae=(cq, Cg, **+, 0)7 (24)

\
and

a=7y=(1), B=35=(0).

In this case, condition (16) is trivial. (16) and (18) lead to the following ﬁonswtenﬂy
ocondition for Runge—Kutta methods -

S1b,=1. (25)

Furthermore, we examine the fourth order consistenoy cenditions. By (20),
when =2 we find ' '
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Sbei— - (26)
E‘IHGJ_E'GH o=1, 2, | (27)
Analogously, when » =8 we have '
: 1
2 —
Sogimtd, i=1,2 e (29)
Finally, when ¥y =4 we gef | | |
8 1 ;
E biej = R | ) | (30)
Staye=gel, =1,2, -, (31)
=]

In bnef the fourih order consistency conditions for Runge-Kutta methods are
(24)—(81).

It is casy to verify that ); B _—.% can be derived from (27) and (28):

E b;ﬂ;ﬂ;,’ﬂ;—-;; from (26), (27) and (29), 2 bay0f = 12 from (29) and (80); and

2 b;ﬂ,,a;kc,=%- from (27), (29) and (30). And these are just fourth order

& k=1
consistency conditions obtained by Butoher [3] with the rooted frees. It seems thab
our algebraio oriterion is more convenient to apply.

Remarkably, the internal vectors in Runge—-Kutta mefthods should be e:x:pressed
in form (7°) as a rule as in the above one-leg methods. But under (27), (29) and
(31) eto., we find = 3

W =wt, pm=l, 2 e p,

Bo we can use just one veotor w of (24).
5° Blook implicit one-step methods. Sta—.rtmg from ¢4 and Af(yw), we can
COMPUL Ynira, Yuisny ***5 Yensrw 80 Bf (W) Af (Ynesa)s o5 Bf Wharam) simultaneously
as follows: |
k

K ;
Eﬂfﬁ¢+;+ﬂfuyﬂ=h§ Ei*jf(yﬂk+f) hbrﬂf(yﬂiﬁ): g=1,2, S k.

Set

U= Umk11, Yuuss ***y Yoneow) s
o= (f Wres1); [ Warra), ==+, S Wons1m) s
A" = (ﬂ:})i.a':i.ﬂ.m.m a" = (ayp, **-, ﬂ;n)rr
B = (bi});.;=1,s.-..:.=, b= (6191 e, b;n)r-
Then we obtain the matriz—vector expression:
LAT]U, +a"@ym =2 [B*] o+ A" R F (Yac) -

Under usual assumption det A*=0, we have the standard form of block implioit
one-step methods:
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U+ (420" @yum=h[A*" 2B ] ¢i+ (A" D) D f (Ym) -
According to the minimum reqmrements of congigtenoy (J. 0. ;(1) =0,4=1, 2, +, k),
we find

— A" a
Bet
A*-1B*=A, A'-'ia'ﬂb.

Thus we obtain & simplified form:

| Un=e®yuth[A] o +hb®f (.m) (32)

We take %k internal vectors

Y™ =Y i""’@m@]"ﬂ“}ﬂy (mnlsﬂ) ®- "@y(m{n-l-:l}k)

and 2 external veotors

' 3 y""’==gm+m;@hf (y[n+1£‘riﬁ) '
Bring the block implicit one—step methods (32) into the general linear method (3),
and we have |

@11 Q1a iy 1 b:t

» ay  @ag  * ax 1 bs”
i 011 o ’ 01ﬂ= L
dyy Qxa *=* Oy 1 by |

R [ay  @xa ' Gxoe-1 G\ | A
051=( 0 0 0 1 ); Oﬂﬂ=(0 | 0).
w=(1, 2 . k)73
= (1 0)%, B= (0 DF,
7=C= 0)T, 5=(0 F)".
Remarkably, the shift between the external vectors y® and y® P ig in fach kh.
Therefore the expressions (y—e)* and (8—e)” should be. replaced by (y— ke)" and

(83— ke)” respectively in the consistenoy condition (14).
Condition (18) is trivial. When »=1 from (14) weget . .

Ae+b=w.
In addition, the consistenoy of order p>>1 requires
y A~ legy®, p=2, 8, -, D

Tt coinoides with the conclugion of Shampine and Waits [4].
Taking into account the above two cases, we extend Theorem 1 as follows.

Theorem 2. For the general linear methods (8), ¢f the énternal veciors

Now,

=
Y Py (@) +hm€“y (mn) +-%—— Wiy (D) Ao

hﬂ+1

9 : . '
;! .w[:n] {pj(mﬂ (p+1)' ?UEFH] “”"”(m,,)—i—ﬂ(h”"'i) ,2,=j_, 2’ ver 8 (7)

and the external veclors
G Rl Y = oy (o + (n-—l)h+7eh)+ﬁ-ﬁy’(mo (n—Dh+8h), =1, 2, -, &,
| (10)
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T . T — 5 5 s 8% (| o e o i e T

then the necessary and sufficient conditions of consistency of order p are

Oa0=e, Cas0=a; (13) _
qpo=13 | f (y—lo)* 1 (3_35)1,_,1}__ 20 .
Oﬂ{ (»—1}! }' C1a : ! al (»—1)1 ) ! N |
- e 2 g QoMY g, B (14)
0“1{( —1)1}+0‘*“ T B ™ T P TS ;
p=1,2, - s P

§ 5. On B-consistency

For the right-hand function f of the differential equation system assume the
following one-sided Lipschitz condition |

F@—F@m, y—yD<uly—*|> (33)
The inequality holds in a certain neighborhood of the solution curve y(x), ie. it
holds for Vy, "€ O0(y, r). The one-sided Lipschitz consfant u can be taken as the

dy°
f= sup u (ﬂ) | - {34

A, )
Theorem 8. For the general lincar method (8), 4f there is only one Gnternal
vector Y™ and O11+#0, then the cons&stency of order p implies the B—consistency of order

D.

least upper bound of the logarithmie norm of the Jacobian ar.

)

Proof. With the symbol of (7)—(9), starting from
y{n*1J=Z(nH—1J, (35)

by (3) we have
Y{n} e Oﬂkf' (Y(ﬂ)) - [O:Lﬂ] an—i)’

n) _. [Oﬂ]_-l kf(}-’(ﬂ.i) 1 [Ogﬂ] Zn=1) (36)
According to (15), the consistency of order » means
{ H® =0yh f (H®) + [O15] Z5 D+ B+LD, @y (2,) +0 (1) -
2" = [Culh f(H™) + [Og] 27D+ B LG @y e+ (2,) +0 (A1),

where Ly and L, denote the leading coefficient vectors of the local discretization
error. Setb

Lpis =max{| L&}, §L241}.
Then,
Y®— H™=0uh{f(¥™) —f (H™)} -+ LE. @y (z,) +o (}#+1), (38)
{y(n} Z® = [Og1h{f (T ™) — F (H™)} — B L2 Dy (1) +0( Ro+1Y (89)

Taking the inner product on both sides of (88) with Y™ —_ H ®) by means of the
one—sided Lipschitz condition (88), we obtain

I{I}'(n} H("}”ﬂ‘ghﬂ 1#_11 Y{n} H(nJ” +hp+1L,,+1M,+1"Y() H(n}u
where |y @t < M, 1. That ig,
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1

I"{n} i H{HJ
| B v, v

h? +1L,,+1M ptie (40)

Rewriting (38) as _
BLFF @) — FCH)} =g F @ H) + IRy (@) +o (W)},

and substituting into (39), we get | |
. i Oa] 2—hC1 1
g™ — Z¢ :u“g( |Il011[|l 1_h0ni +1)L,,+1M,,+1hﬂ+ 7 (41)
T+ shows that method (8) has the B-consistency of order p. This completes the proof.
Remark. What discussed by Frank, Schneid and Ueberhuber [2] is just the
implicit Euler scheme, implicit midpoint rule and implioit frapezoidal rule. And
the B~consistency of these three linear methods is included in the above Theorem 3.
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