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THE CONVERGENCE OF NUMERICAL METHOD
FOR NONLINEAR SCHRODINGER EQUATION®

‘Guo BEN-YU (I &H) .
{(Shanghai University of Science and Technology, Shanghai, China)

~ § L. Introduction

In the past few years interest has smbstantially increased in the solutions of
partial differential equations governing nonlinear waves in dispersive media, while
considerable literature has grown dealing with the numerical approximations of
such problems. One of nonlinear wave equations is nonlinear Schrédinger
equation whose solution is a complex field governing the evolution of any weakly
nonlinear, strongly dispersive, almost monochromatic wave (see Zakharov (1963),
Hasimoto and Ono (1972), Davey (1972) .and Yuen and Lake (1980)). The pure
initial value problfiﬁ was exactly solved by Zakharov and Shabat (1972) using the
inverse soattering method when the initial condition vanishes for sufficiently large
|@|. For more general initial conditions the theoretical solution of the nonlinear
Sohrédinger equation is unknown. From the numerical point of view, Ablowitz and
Ladik (1976) employed a difference scheme for the numerical solution of the
nonlinear Schridinger equation. Other methods were given by Yuen and Lake
(1975), Kuo Pen-yu (1978), Yuen and Ferguson (1978), Yuen and Lake (1980)
~ and Defour, Forten and Payne (1981). Recenily Grifiiths, Mitchell and Morris
(1982) proposed a prediction—ocorrection scheme which does not need nonlinear
iteration. If we choose the parameter suitably. in. that scheme, then the scheme i
stable and has high order acouracy. The numerioal results showed the advantage of
that method. For the striot error estimations, Kuo Pen—yu (1979) gave a proof for
the semi-disorete scheme, Recently Zhu You-lan (1983) considered an imaplicit
scheme and gave iig convergenoe. B - | |

~ This paper is devoted to. the convergence of some numerical methods such as
the Crank-Nicolson method and the prediction—correotion method, the finile
difference scheme and the Galerkin method. . -

§ 2. Crank-Nicolson Method

We consider the following ijmﬁlléjn;ﬁ J

. Pw 39"&? . & .-ﬂ, T T s * .
{% P +—§5§"+WIW| | 0, -WER, O{f{T, (1)
- ﬂ?(ﬂ}, 0) =%(m) 5 - R%é R,
where a>0. We suppose that for all =0, w(e, £) € L'(R) and for all 5€R, 0<i<7T,
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w(w, t) is bounded,

Let w(z, {) =u(s, ) +m:(m, t) where u(z, l‘r) and w(m, t) are real value funociions,
then (1) becomes

%_+_%+m|w|=—o, @€R, 0<i<T,

ov u .
Fﬂw—MIfﬂl’-O{ me R;l 0{t<Tl (2)
H‘(ﬂ?, O) ==t(o(tb), a EGR,

Lo(w, 0)=09(2), - @€R.

lw@) 12 = Tiu(z, )17+ v(, ) |*1da,
then we have | | | B | |

| iw(_‘)lit"wolih " (8)
LCION g YO P L

- For the numerioal solution of (2), we také hand k to be the mesh spacings for
variables « and ¢ respeciively, «y=jh, j=0, +1, £2, -+, Ry={a;}. Lot *(x) be the
value of the function v at 8 € R. and t=nk. We mt:roduce the ful]owing notations

7 (@) --—(71"* ‘(w) ﬂ‘(ﬁ)),

and |
o [’ 2 azo] . (4

I

() —-T;(ﬂ'(m"'l'h) — (@),
'ﬁ(ﬂ’) =3 (o ""}") ?

and

vea(z) = [ﬂ' (m)] B
We define the disorete scalar produot and the norm a8 follows

one)=h z;“q-cm)e-(w),
. I"T‘IIl=lll (ﬂ'r ’?’) |
It can be proved that
| (e, £°) = (£o, 1)y (6)
(n", ﬂ'+ﬂ"‘"‘)-[lﬂ'ﬂ’ln e e o B S,
2(':‘, n‘) [Iﬂ'l’]:—fh"l o k" R
and o 5
- lﬂ"f"l<-lﬂ"ll£’| T . (8)

Lot U(a), V‘(m) and W"(m) be ' the appro:nmations of u‘(m), 0"(0) and w"(m)
respectively. The Crank—Nioolson scheme for solving (2) is': .
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(03@) + 1 (72(0) + Vit (@) + 5 (77(@) + V@) | W*(@)

| +W“"f(a:) |12=0, zER,, n=>0, | ¥

78(0) — 2 Uz (a) + U (6)) — 5 (U*@) +U™(@)) IW*(@)
+Wti(p) |*=0, zER;, n>0,

U%(z) =uo(), 2ER,,
Vo () =vo(z), 2ER,.

(9)

By teking the scalar produots of the first two equations with (U*(z) +U*(z)) and
(V*(z) +V***(@)) respectively and summing up the two rosults, from (b) aq:ld (6)

we obtain | |
. | N (W)2=|W°]?, n>1,
which is a disorete analogy of (8). | BT g
Now we are going to estimate the error. Let
U* (o) = u*(a) +u"(2),
V() =o*(z) +0" (@),

and
W (z) =uw*(z) +uw*(2).

P
Equality (10) implies
lar|?ec2|wo}?, for nz>0.

The errors satisfy the following equatioh
1 (@) L (720 (0) 58 (@) -5 (7(0) +5(@)) |0 (@) +u* (0)
18 (@) + 0" (@) | *+Gi(z) +G3(z) = 7" (), oER, n=>0,
7} (@) —";'—(E'ﬂ(m) + % (2)) — 5 (@ (2) + 8 @) | (@) + (@)
+ (@) +@*(2) |2+ Q3 () +G3(a) =g"(®), ERy, n>0,
u°(z) =0, @ER,, .

Eﬂ (ﬂ?) -0, o€ R;, |
where F* (o) and g*(s) are truncation erTors,

§1(2) = 2 (1(8) +10"2(0)) (o) +0+(0)) (@) 5+ (a))
+ 7 0@ +0"(@)* (@ (=) + 7 (@)),

G1(0) - (P @)+ @) [P @ +TP@1,

G1(6) = — 2 (@) +01(0)) (@) (@) F D HFH @),

O R OR e OV

G2(@) = -5 (o) +uti (o)) [F(@)AT @ N
Pl TRy g Bk e -

(10)

(11)

(12)
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By tahng the sealar products of the ﬁrst two equations of (12) with %*(z) +u“"‘1(m)
and »" () + (@) respectively and sumrmng ﬂP the two 1'991111?9 f:rnm (5) and (6),
we obfain ; . 5 g ._

Cle”[*1, =-£4I-( (" + 5+ (B o), (wutt)? — (o +?f+1)_;) r
L (D) (), AT @)

+-—-(|w _I__,wn+:llﬂ (.uil_I_un-l-i) (‘l?“"‘l""ﬂ"'i-l) |
—-(v"+v"“) (*w"*ﬂl-fwr"‘**i))+(ms‘”+u""+’l FO+GE -+, g, (13)

[o* 12 = 1717+ 1 g™} "< Mo (& A7)

and let M, be a positive constant throughout, which may depend on |w"|z~. Then
from (8) it follows that the right side of (13) is bounded by -

Mi(ﬂé?l%hé'v""“ﬂ“+hfiﬂﬁ'fl*+h**ﬂﬁ'*iﬂ-f+llé'a‘"u%)..

Asaﬁi:ﬁa

and 80
(1— Mk — Mykh 2"+ ) ﬂwﬂﬂﬂm (14-Mik +M1kh-1[| w ) w2kt (14)
Inequality (14) is the Basio error estimate for scheme (9).

We shall use tlte following lemma (gee Zhu You-lan (1983)).
- Lemma 1. Ifa>0, >0, 0>0, 4ac<b® and |

o —az +bﬂ=-—-c<0 | (156)
then 5 b+2f:~
0 o
oo ML T L &
Proof. Inequality (15) holds if a.nd ﬂnly if either 22 OF z?za, where
- s/b’ 4
- T
R i )
2a
Furthermore
b-—-b‘/l— i b-b(1- 4‘?)
= 2a 2a 5
and

= T S - T
Thus the proof is completed s |
Now let
Yre=(1- Mk~ HM"IW"H’) II‘W'I’

Then from (14)
| (16)
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From Lemma 1. and (14) it follﬁws that e11sher

will 2 2 1+.M1]5+M1kh- lIfU-LYn k ""n-l ﬂ‘ . _
Iw " - = Mik 1—M1k“.ﬂ:f1kh_1ﬂﬂ."'lﬂ > _Ht,?? Il ) (17)

2 14+ M+ Mgk |t _ ~a) (18)
[+ "> g A~ M)~ 375 (T Mob— Mph{ar|* © THIP ).

Now leb fp;l>%, pa>-%- and k/h be suitably srua& Then for sufficiently small

h,'l-M;k;v-%.
Wo now use the induction to prove the error estimate. For n=0, we have
ﬂw“]] =0 and Y°=0, If (18) holds for n==0, then -

15> - KoL Lh (§ 1) > 2w

which is not possible a.nd go from (17), we obtain
| |€31|"€4Mok(k”'+h”h)
Let M3 be auﬂ‘.'tuienﬂy large, and supposa that for all I<n,

Y« 1) (k"’*+k’“) .

F ol

. .. ||w=gﬂ 1&”@ -e"‘T(k"*+h“").
3

Then from (18) we obtain e
Yriig (1+Mﬂk) Y*+ Mok (K -+ h)

Mﬂ O [(1+Mk)™1— (1+Mok) + Msk)] (% +h)

- ﬁ: ((L+Mgk)™2 — 1) (B -h37).

By (11) and

| Yrce M), for nk<lT,
&

inequality (18) cannot hold for n+4-1 and so from (17) it follows thatb

| 210 (X "+ Mok (574 57) ) <C 'mM 2 ((1+ ME)*—1+Msk) (k%% -+ h¥%)

~ 10M,
Mgy

Thus the indunetion is mmpletéd.

Theorem 1.. If p,__;?-%,-, P3>3 and - is suitably small, then for all nk<T,

| IE"I_’%..Q(T*?"+’*’“?- :

ﬂHlT{kﬂh"i'hﬂh) .

Inpcm‘fbwhr af a-mi -%w wremtmuom ﬂwnp;-p,—"a‘ andm
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Remark 1, If p,>-— ;, P> 5 1 and k {J(h‘*r+ ), 8>0 then the same resalt
follows by using a technique sin:ular to that of Zhu You-lan (1983) |

Remark 2. Defour, Forlen and Payne (1963) proposed the following scheme
W () +*-l (Wes(2) +Wai' (@) + (W (@) + W™ (@) (|7~ () |2

+ |W*(z) [*) -0, mER;, n)ﬁ
We(a) =We(®), oE€ERsy
Then not only (10) but also the following equality hold

W2l 3 7@ = 17 -5 P @ 1%
The latter is a dmorete a.nalog of (4) We -oan prova the same result ag that oﬁ"
Theorem 1. |
§ 3. Predlcl:l ﬁn—:Corr éﬁon Method

Let 8=B(k) >0 and W*() =U*(@) +4F*() be the prediction value of W***(a)..
Following Griffiths, Mitohell and Morris (1982), we consider the scheme

U*(2) = U(ay—BhV 3a(a) —aBhV*(@) |W*(@) |, 2E€R, n>0,
V™ () = V" (%) + LU () +aBbU"(@) |W*(@) |°, 2ER,, n>0,

U3@) +2(Vae(@) + V(@) + 5-(V*(@) +7*@)) [W*(a)
+W“(ﬂ::.) IH-O_, ©C R_h ﬂr?O:- L | (19)1
Vi (@)~ (Uk(@) + U%' (@) — 5 (0@ +U"(@) |7 ()

+W (@) |2=0, 2ER,, n>0,
U% ) =us(z), @ER,,
V°(a) =vo(2), oER,.
By substituting the first two formulas into the next.two of (19), we obtain

Ui () +-]2;(V“um) +V**(2)) + V(@) B(U"(2), 7*(=))

+ A, (U*(z), V*(2)) =0, 2ER,, n>0, | (20).
Ve (z) - %(U- (@) +U™1(@)) 7 U*(@)B(U" (@), V*(2))

+A45(T*(@), V*(@)) =0, 2ER4, 00,

whero | o |
AU, V=) =.£!i@-;@,) +alJ*(z) |W* (=) | BO*(a), V*(z)),
AT (&), V*(z)) -—(P"::(m) +~==V‘(w) IW"(w) I’)B(U"(w) V*()),

BU~(@); V*(0)) = (20°(®) “BEV2(a) B V¥(@) (W*(&) *
+ @V ) BTSN ofST @) (@) 17
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Let w"(w), f‘(m) and. g“(m) be the same a8 before then
T (@) +-—(fv (m) +w""“(w) ) +——- > (m)B (v(2)
+a (), v () +7*(2)) +@5(2) =F*(2),
51(2) —2-(i(@) + i"*(2)) — 5 #*(0) B ()

+i*(a), v* (@) +5"()) +62(2) =" (@), | (21)
where - x

1(6) = 2BE [{i50(2) +0ii" 2) |0 (2) +i0* (@) | *+aat' (@) (| (o) |
2 ()i (2) +20*(0) 7 (2) )1 B (v (2) +8(@), v" (@) +7* (%))
+——(2‘v"(ﬂ=) +Bltsz (@) + e (2) |(2) |*) (B« (w)
+u'(a=)... o (@) +w'(m)) Br;tr(m), *(@))), '
G‘E(w) =— E (95 () +av"(ﬂ=) IW"(ﬁ) +w"(m) |*+av"(2) (| w"(m) I
+2u"(a;) () 420" (m)e:"(m))] B () +u.'(m) u-(a-.) +®"(a=))
—§ @ @)~ pbnis (@) ~aBbe (@) |0"(@) |*) (B (@)

+#(2), o*(@)+7*(2)) ~ B (@), v"(2))).
By taking the sealar products of the first #wo equations of (21) with ut(z) +u™(a)
and 2*(o) +v***(2) respectively and summing up the two results, then from (b)

and (6) we have
[ha9+-2(ur, Gﬁ)+2(w' Q%) -+ (ur, G3) +k(ul, GB)

= (@+um, 7 + @+, g7). _ (22)
Aﬂﬂume k—O(hﬂ) Then from (8) it follows that _
|2(u", G3) +2(7, Gﬁ)iﬁﬂszhﬂlwn*ﬂ | (@29
and
RUCRORPICROIEE 4 e B ol L b

By subsiituting (23) and (24) into (22), we o'btam |
ol l @+ M1+ ) i@l e l)  @9)

and 80

e (1-+8) (1+2sk)
o fr< Mo & s(L—28k) (

I'Bt Sbe suitably ,amﬂJl 'E'l?.ﬁh that 1+(8]?""'12—:i2)8& -QC‘u Elld NPT --e..:;’.l -‘:;'"'i:.li- 3 4

L. _
_ -ooMokgl”‘E’ Y o
e . 5 ¢ = Pl Bl 4w e .W.i..ﬂ.*-ﬁ poabe T
i uaﬁp“+ﬂqlﬁ§ %k'fﬂ‘wll’%" _“m)@?  ms (26)

zkh-fﬂw-uw“m*)

r..::-[l L
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Inequality (26) is the basic éerror estimate for scheme (19) : f
Lemma 2 (soe Kuo Pen—yu (1879)). If the following oa-nda;terom are satisﬁad
(i) D»is a non—negative ﬁmwt«wn h, Oy and Oy areé posq.te,m consianis,

(ii) D°< 04 and ; ..
__ D-ﬁol-msk"ﬁ; 211“".(1)‘)""'_‘._
o (ill) 046071,

then for all nk<T,
. ; §ia "5;01650'*; |
Now by putting D*=|#@*]? and O;=pl#1** in Lemma 2, we -"get the following
result:

Theorem 2. If ps>- i, PR ; b= O(K®), thon for all k<T,
__ ﬂw"ll —0Gm+I).
Inparﬁioularéf%vf and -@-wemfanm thmpi—l g:,-=2cmdso
| Jw*]? =0 (A%).
Remark 3. If £=0, we can prove thak
[ e [ R
Thus if {W§|* is large, then EW"H“ inoreases qmﬂkly and 50 the eomputahon is not

gtable for a long time.
Remark 4. If 8=1+0(k), then lga'l-O(k“—l—h") and so scheme (19) is of

high order acouracy.
Remark 6. Another predletmn—ﬁnrreotmn gcheme is

(@) = U* (a) — Bk V3:(3) —aBkV*(@) | W* (@) |, 2ER,, n>0,
P (@) = V(@) +Bh V(@) +aBkU* (@) | W*(2) |%, &ERy, 10,

U(@) ++ V5@ + Vi @) +5(V"(@) +7(@) |7*(@)
+W" (w)ﬂl "0: @G RI: ﬂ?ﬂ,_- . |
V(@) s (Us(@) +U2 (@) 5 U (0) +T(2)) | 7" ()

L +ﬁ’“(m) 20, TER,, n}ﬂ
whose solution satisfies equality (10). ‘The ﬂa.ma regult ag that of Theorem 2 can be

proved.

T . 2
LS n 4 L
{ 3

§ 4 Galerkm Method

*—u.‘-\'k;'i'*

In this section we ﬁonmdar the generallzed s-olutmn of | (1) ‘which is the

A " e
funotion w(z, t)€L=(0, T; L (R))# g,
{j’ % yao-| 22 = &Bdw—m wlwl’:pdw-u WEHHR), 0<i<T,.

SE o Ripad
h _:F'ﬂ,- f;?- g '-... __'.
o, 0) —wo(@), sCR &5, bia
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 We use the produﬂt—appmxlmahon Galerkm method. Let S, be the ml'mme of

H'(R) and W (w, ) be the uppmmmamon of w (2, ), where | B
W, )= 3 Wi,

t{:,(m) are ’she trail functlons of 8, and W(a: i) satisfies

|, - yda— [, 22 data ZIWs(t)IW:(t)I’lh%dwO V€S
If we ta.ke l,tr,(ar) to be 'bhe hat fu.notlon ke -
- 2}1-1 s mj—iﬁ@f‘:mh
':b'i(ﬂ?) -{ |
D, n<o<oy,

then we ha.ve = . o B
_4 (% (

LW () | Wia(D) 4, 8) | W8 |=+W,+1<t)' Wiea (1D =0~ (2N)
If we nse the Urank-Nicolson method to diaaretize the variable £, then we obtain
# '—(W j—]_'F4Wf ,+W, 1_1) +“(sz,j+w

_'[(.WJ—I"I"W 1) [Wj_1+ﬁ7’+1|ﬂ+4(‘Wn+W}t+1) an_{_er-l-lIi '

+(W,+1+W?i%) |W3+1+W?i%|2] -0, - . . % _ | ; | (23)
Let 4 and 2 be the operators defined as ' .

My = -—-(‘??1-1 + 4o +n541), 9’?? =2, 5e

Then .# is a positive operator and .4~ exists. HScheme (28) is identical to '|Jh3
following equation

L Wy + L W W) + W W) Wi+ W5+ (20,

Since M 1D= D 4", by an argument similar to that in Section 2 we get the

convergence for schema (28).
Griffiths, Mitchell and Mozrris ( 1982) proposed the following pred.whon

correction method
'E' ('ﬁ,m T ] 'ﬁ?ﬂ ‘5 . S "
—6—- §—1 +4W { + ’.;.1) = '-— (Wj.... 4W I Wj—l) ﬁkW

(Wi—l Wi 4+4W5 | W3 i"w:f-l-:llwﬁll’):

' 2
—(wt,f-1+4w’t' s + @) +—' (W, +With )

e (W1 + W) | Wi+ Wia |+ 4 (W W) IW;—PW'I'
L +W-+1+ﬁr!+1)le+1+ﬁfj+1| =], |
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‘The same mn?argencﬁ a8 that in :Bootion 8 can ba proved. 'I‘he numeriocal -result
showed that (29) is stable and .has high order aocouracy p:rovided ,3=1+0(k) (se0
Griffiths, Mitohell, Morris (1982))

[1]

[21

[8]
(4]

[5]
{6]
E7]
[2]

{8)
[10]

[11]
[12]
[13]
[14]
[15]

Ref arences

M. J. Ablowits, J. F. Ladik, A ponlinear d1ffarenne scheme and mvame acattenn.g, Studéss n Appl

Math., B5 (1976), 213—228, -

P.d. Brya.nt Nonlineax wWave gmups in ﬁeep water Studies n Apz:ﬂ Math 81 (1979), 130,

A. Davey, The propagation of a weak nonlinear wave, J. Fiuid Mech., b3 {1972} , 769—T81,

M. Defour, M. Fortin, G. Payne, Finite difference solutions of & non-—hnea.r Schrédinger aquatiun, J.
Comgp. Phys., 4 (1981), 27 277-—288. |

D. F. Grifiths, A. B. Mitchell, J. L. Morris,-A numerica_l study of the nonlinear Schridinger equation,
Dundee Report, NA /b3, 1982. W sl

H. Hasimoto, H. Ono, Nonlinear modulation of gravity WB‘FEH, J. Phys. Soc. Japan, 33 (1972),.

®uo Pen-yu, The numerical method and error estimation :Em: incomprossible viscons fluid problem,
Kexus Tongbao, 21 {1976), 127—13l. o B | 1

Kuo Pen—yu, Résolution numériques dee p:;oblamea hydmdyn@nqm par les methodes de differences.
finites, 1979. s 2 " |

J. M. Sanz-serna, Methods for the numﬁ:nca.l solation of the nnnl:.near Schridinger tmn, 1983.

H. . Yuen, B. M. Lake,. Nanlinear @eep water waves, Theory and experiment, P?z;,ts Fluids, 18.
(1975), 956—860.

H. 0. Yven, W. B. Ferguson Jr., Relationship between Benjamin-Feir instability and recurrence in
the nonlinear Schrodanger equatmn, Phys. Fluids, 21 (1978), 12756—1278.

. ¢. Yuen, B. M. Lake, Instabilities uf waves on degp waler, Amnn. Bev. Fiuid M’ech 12 (1880),.
303—334,

V. B. Zakharov, Stability of periodic waves of ﬁmha a.mphtude on the Eu:rfaﬂa of a deep fluid, Sov.
Phys. J. Appl. Mech. Tech. Fhys., 4(1968),36—-90 .

V. E. Zakharov, A. B. Shabat, Exact theory of two dimensional self fncumng and, one dJJII.BII‘IlDDEJ solf-
modulation of waves in nonlinear media,.Sovist Physics JETP, 34 (1972), 62—69

Zhu You-lan, Implicit difference achemes for the generahmd nun—lm&a:: Ech::ﬁd.mger mtem, oJ. C, M.,
1: 2 {(1988), 116—129. |



	File0001.jpg
	File0002.jpg
	File0003.jpg
	File0004.jpg
	File0005.jpg
	File0006.jpg
	File0007.jpg
	File0008.jpg
	File0009.jpg
	File0010.jpg

