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- Abstract

One-dimensional polynomial interpalation does not guarantes the convergency and the stability
dnring numerical computation.  For two (or nmltiy—dimensional interpolation, difficalties are wmuch
more raising. J'here are many fundamental problems, which are laft open.

In this paper, we begin with the discussion of réproducing kernel in two variables. With its help
we deduce a two-dimensional interpolation formmula. According to this formula, the process of
interpolation will converge uniformly, whenever the knot system is thickened in finitely. We have
also proven that the exror function will decrease monotonically in the sense of CoSoxes norm when the
rumber of knot poinis is inereased.

In our formula, knot points may be chosen arbitrarily without any request of regularity about
their arrangement. 'We also do not impose any restriction on the number of knot points. For the case
of multi-dimensional interpolation, these features may be important and assential.
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" 8. Definition.

Ru(M) R (¢, ) = B(E)-Ru(n), ©, €€ [6,0],9, 7€ [0, dl,

Ro(6) = gm0 o ehE+a—a=b) +oh(Ig—sl+a=D)], (1)

y(n)=2shé )-[ch(n+y—o-—d)+°h(ln y|+o—-d)]

Evidently Re, €W, R,y (£, 1) =Ry(s, y). It is ea.sy to verify that R, (£, n) is a
reproducing kernel in W gpace.

Proof. For any u€W,

(), Buy(-)) = dnf {06, M Buy(E, )+ (€, m)BLE, e
+u (£, ) Boy(€, Ma+1, (€, n)Roy(E, 1) eedd
...E dfq{R, (n) J:(uRr-(E) +e RL(E) ) dE

+ By} (4R + S (B i . @
Using the reproducing property of one-dimensional kernel R,(£)™, we have
[ uRu© +uBO K ~u(a, m), | ()
[[ (@Re() + 5 () B (@) 1) 3 =l (o, ). @
So, - |
(u('.);ﬂ_ -R-r( ) “J‘:_{“(m: W)R!("?) +u':: (@, n)R;r(??)q}d"?- | (6)

Apgain, by the reprbdﬁcing property of B,(n), we get

(%(+), Bey(+))=ulw, ¥)..

It is also very easy to verify that R,(£, #) holds many properties that R.(&)

possesses, For instance, R.(£, n) satisfies Lipschitz condition and is positively
bounded both above and belowm.

§ 2. Formula of Interpolation

Yot E=[a, bl X [0, d], and let [M,;}? be n distinct knots of interpolatmn on H
with M ™ (mh yi) Dﬁﬂﬂ'ﬁﬁ -RH (M’) Rlﬂ (gl ‘7): M= (é.: 71)

Puat .
$u(M) = Ru, (M), k=1, 2, -, n. (6)
By the reproducing property of By (M), it follows tha'b
; (u(M); (M) =u(Hy), w€EW,h=1,2,- * b,

Evldently {Pp(M)}} forms a linearly independent Eya‘lie:m in W Using Gram-
Bchmidt process, we can geb the orthonormal system {$.(M )}"' |

HAD=DBup (M), k=120 (@
In order to describe the degree of thickness of the knot system, we introduce a
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measure called the degres of smrsanass of {M &1 on E
Definition. We call

| McE icicn
the degree of sparseness of bnot sysiem {H;}l on B, where d( M, M,) denotes the d'utczm
between M and M;. . s
Theorem 1. Suppese u€ ]FP' then ﬂw knmr apemtor

B, M) =2u, FEAN - (TBu))E (M) - @
satisfies the condition of imterpolation: |
' .(u .M],) H'H}(M;) =iy, k= 1 2, o # | | (10)
Proof. Let X - ==span( {5, %) and Iet PX? be the pro;]ectwe oPera’ﬁor to X¢. Then
 (Pxw) (M*=§<u, (M), (11)

end H,(u; M) is exa,cﬂy the operator of pro;ecbmn (PX%u) (M) Reca].lmg that
¢ €EX3 (§= 1, 2, -+, n), we have
-(ﬂ My) = (Ha(%; *)i ()~ (PXiu, )
» - {u, PXid)= (u qbn) =, k=1, 2, e u,
Theﬂrem 1 has been proven. -

§ 3. Convergence Property of lnterpolatlon Process

" We ghall prove, that H,(u; M) eonverges fo u(M ) unifarmly when p—>0.
Theorem 2. Let u€ W and let {M,}1 be the knot systam of interpolation. If

p—>0 then
10 Hu(u M) u(at), -
2° nH (u; M) —u(M) | > | Hopa(u; M) —u(M)], -
where the knot system oorrespondwg lo H..,.;(u M) oomes from {M;}I by adding one
new poini M, 1. | .
Praof

1B~ Ho(; 2| = | (1), Bu))~ 20D, F()IED))
=] (u(+), Bu(s )'"‘2?"{( )gb;(M))l'iHuHRy( ) E*}"t( (M)

= Jul 12 () ~ B Ru (), BLNFI. (12)

Evidently, the distance between Ru(+) and-itg projection on span({q5,}1) must be no
more than the distance between Rg( -) and its pro;echon on any one of the ¢,(+)’a.

Hence Yoo h foony oald
[ Ba(+)— E(Rn( ) $-( ))&( )ﬂ _
<|Bu() ~ (Ru()FH(IIBEH] fmuiﬁwn (18)

Let
C Tt avay emin d(.M M,) =d(H, Hﬁfﬂg‘*(ﬂhﬂﬂlm A w o (14)

1<éan
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ISR,

In order to prove the uniform convergency of interpolaiion operator H,(u, M), we
have only to verify that, for any s>>0, there exists a 3>0 such that

—-umm —Bu()s Fu(NFLI <8, whenp<s, - (15)

- = | Ru(+) ~ P (M) P () [ <8. | (16)
Emee the solution of least square problem is unique, the left side of inequality (13)

is invariant with respect to the permutation of ¢, ¢'g, y Dy ‘For the sake of
gimplicity in estimation of (15), we may suppose

o (M) = pu (M),

i.e.,

Thus | -
¢ (M) = RH*(M)fHRH-( W, M'=(a, y,) =(z", ¥*),
I=|Ry{+)— Bu(M)Bu(- D/ | B2 | |
<|Bu(*) = Rae () |+ | (1 — Bars (M) /| Ruce(+ DR (1, (17)

where

D Ty ; IRI'(*)PE(RI'(')J RI'('))“B—H*(M').
Therefore by (17) |

1< Ru(-) = Ban() |+ Bl el L R ) (18)

As man‘limned m‘the end of Section 1, Ry (M) sotisfies Lipschitz condition with
respect t0 M, and Ry.(M) positively both bounded ‘above and bounded below, so
O{IR]-( ;ﬂ/Rg.(M')anﬂt = ' '
By the deﬁmtmn of M*, M*—>M, when p—>0. Hence there exisls a 8;;.}0 such that

the second term in (18) is lem t]:um 8/3 when ever p<3u
T+ remaing to prove

|Bu(+) — Race(+) n<:-§- 6. , (19)
To this end, we wrlte

| Bu()— Rus() = [[{(R;(M) — R (M) (Rul M) = R ()P

+ (Bu(M") — Rue(M")) 2+ (Bu( M) — Rus(M") ) 3} M’

=T+ Ig+Is+1,, | (20)
where | |
;- U(R,,{M) — Ry (M))2aM,

j‘j(RH(;F) H'RM’)) dM’
B : " S
- (Rx(g) Rg.(M*))ﬂcw' ._
-I (Ru(M’)— Rp(ﬂ"))‘g d.H".

‘- Remembering that Ru{M"): ‘satisfies Lipschiiz' condition, we have immediately
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I,< 39/9 provided n is le.rge eneugh g0 that the degree of Sparsenosd ef knot eyetem
p<0i. |

In order to estimate I,, we denote

' | def.

Ju(M') = —-feu(E, 7)== Bu(£)* ON
Ju(M') is defined almost everywhers on E, and [fu(M")|<const, £wz. This

implies ( fu (M) — fu(M"))2<consi Wlth £ %z and £ %z On the other hand, there
exists a 8">>0 such that

j I{ fH(M’) f,. (M")}“ IM’ < s3/18 1)

when the measure of eC K m(e){a' Fellewmg, we take s as the union of two
stripes in E: §=8(s", R,) US(z, Rs), where 8(a", R) ={M'(¢, n) ER: |2"—§]

<Ry}, 8(w, Ry)={M'(¢, n) ER: |o—£|<R;}. If we teke Ry, Ry to be sufficiently
&mall g0 that m(8)<¥’. Then

JIJ{fI(M’) __fu,,(_yf)}'n dﬂ"{i\,‘;{f'(ﬂf) "".'fl!'“(M’) VM’ 4+ 5%/18. (22)

% const.

+

: = mm]wm ’a,?fu(ﬁ)
Hence o - ¥ e B - i

| fae (M)~ faur(M) | = | frr (M) ffu*(ﬂ') | <const-d(M, M*). (23}
By (28), it follows that there exists a positive number 8,(s) independent of M,
such that when p<(3,, the first part in the right side of (22)

U {FulM) = fur(MOYIM' <6%/18. (24)
3 ' B
Combining (22) with (24), we have I,<&?/9, when p<3;.

Bimilarly, it can be proven -that I;<s?/9, I,<8%/9, when p<8; p<3,

regpectively. Taking 8 =wmiin{8,, 8;, 8, 83, 34} then (15) helds and the firgt pari
of the theorem has been proven. .

Congidering the fact that the inferpolation functions H,.(u: M) and H,..,.;(u M)

-are exactly the projective. operators on span({¢}1) and span({d}1*) respectively,
the second part of the theorem, monotonically decreasing property of the error, is

self—e vuient Theorem 2 has been compietely proven.
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