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THE EXACT ESTIMATION OF THE HERMITE-
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Abstract

L. | Tha e:act pmntwma mt:matlm.ﬁf the Hazmte—Faﬁr mterpolatmn process based on the zerce of
~ the J acobi polynomial Piass) (ﬂ:) (—I{ﬂ, ﬂ(ﬂ) is glven The method employed is useful for other
" ' extended H-F interpo]atmmahn. '

- § 1. Introduction and Result -

IethO[—1 1] and (with zy=a@®, be=1, 2, -, )
—1<a2f <o <P <P <1
be the roots of the Jaoob} pol}'nomm] P"""" (z) defined by

Py %}-(1—m>-(1+m)-é%i’-[(i—m)ﬁ(iw)ﬂ-n, a, B>~1

I Define the Hermiie—Fe jér mﬁérpolahon by
HEA(f, o) = Ef(wu) n(@)E(), (1.1}

() <185 (5) = P& (a) / [PL () (w— )],
u (@) = o3P (2) = {1—z[a— B+ (a+B+2)m] + (a— B+ (a+ B+ 1)}/ (1 — k),
L - i k=1, -« m.
Denote by (%) the given modulus of continuity and H.={f; o(f, {)<w(t)},
where w( f, ) is the modulus of continuity of f. In what follows, o, 01, 5>>0 or the
gign ‘0’ will always denole different constants that are independent of f, # and =z

but dependent on g and- ﬁ The sign “A-—-«B“‘ meang that there exist constants ¢; and
€y such that. .., = '

where

SEE 01A<.B‘<-GHA :
In recent years there has been a great amoumt of regearch concerning the degree
of approxlmatian by interpolation process (1.1). P. Vertesi™ proved that

I-H("’m(f., m)—f(m)|-n0(1)§[ ( -t-‘\-’l-—m”) ( ', ﬂ|m|_)] nr—:l"

where rnma.x(a, B, _ﬁ)' Many authors (see [2]) investigated the special cases

H ,(.:_%' %) (f, =) and H®?( f, @). Here we cite the following works only:
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k=

8D 0-s@1=0(1) F o (s T2+ 4)"

B D, =101 <0{o(f, 10-01%1al+ 18- 00l VI=2)
+0 ﬁéw) J‘:m(f, lel+t~/1_:m"')t“”df}m:.

72D (5, 0)- 1@ =0(L) 3 (s, Y=L T@, Jel T )T,

The improvement of the degree of approximation naturally gives rises to the question
of whether the above resulis are exact? This iga problem raigsed by Prof. Shen
Xie—chang™, The purpose of the paper is t0 answer the above guestion and to give
the exact pointwise degree of H®?(f, o) (—1<e&, B<0). Our method is useful
for finding the exact degree of other H-F type mterpola.tlona.

QOur main result is the following - '-

Theorem. For every f€O[—1, 1] and ——1{;-: B<0, we have

L.(z), 4if 0<a=<1

 mplESA, @l b e, (1.2)
where | '
o(lo-)n(@)+E (@), if —1<t<-%,
L(z) = 5
' o(l2—] Jo(@)+o(D(PEP @)Y+ 1@+ @), if —F<t<O,
and | | | | | |

R e

Ii(@) =n(1- wﬂ)(Pf*ﬂ(m))*gm(—¢1—-—+_)(ﬂ+_)“*” i3,

1
-§<t<0,

J,(m) g ”(P‘“”’(m))’gm( ‘xf——?-i*-f:;) s EE -%{tﬁﬁ,

&, mﬁﬂ lm—m,] _Exlfn[m_%l

§ 2. Lemmas

In order to prove the a.bove Thaarem We nead some known resulis and the
.fol'lowmg lemmas. Let mmﬁﬂsﬁ w;-=cﬂs3;,

o it i
. 1' - {nl_ll.-

-&M‘:!{ksai.—O(i)h:"« By (2 2)
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O(E n’), if nﬁﬂﬁz,

|P(’m(m) | -{ | By 23
- Lo, if 0<O<+,
P&O(g) = (—1)"PES(— ), (2.4)

- P (w) = —(n-+a+ B+1) P@L8+0(g) (2.5)
From (2.2) we have ' |

k/‘ﬁ, | 0<B;Q 5
¥ (n-!-l —B)/n, 5 <O<w. |
Thus (2.1) and (2 8) yiold _ _
| Pl m(memw?/m ?9,., ch-<a,.~§E | 3T

Let «, be the zero of P“"’(m) whichmnearest'bow G—Ij k|.
Lemma21 The’fouomngm@mdteuwhd .

‘ [mmzl(

For the proof see {7]. - . - 0
Lemma.22 For a, B>—1 we have _.
[ @)|~1. (2.9)
Proof, Applymg the mean value theorem of tilffBI‘Bntlﬂl we obiain
P&® (g) — P& (o ‘2‘ Pl
% 1) | - i
5=(@) | = T PER () (m— ) PEaf(a,
with §; striotly between o and ;. Denote by 2z (k=1, -+, n—2) the zeros of
Plad(g), If 4<<i<in—8, ﬂmq 211<&5<2;.3. By (2.B) and [8, Lemma 8.4] it

follows that
P‘(ﬂnﬂ} §’ ‘ o nP{u+1 ﬂ+1)££’2 I o

If 1<4<58 or n— 2<j<‘.n we can verify mmed.lately thai the above helds..
To complete the proof we need a result of P, Erdm and P, Turﬁ.nm (also 806
{10]): For an arbitrary mairix X, -

lb(m)+;l+1(w) =1, Hazc {fﬂﬂh Wk]:

where {,(») is the fundamenial polynomial of Lagrange mterpolatmn corresponding

tomatrux T]:ma j:me[m., ;nﬂ, itiseasytoseathat
; e L e 5"m(m)|?ﬂ :

If 2 € (@, 1] or s€ [—1, »,), wWe consider the fundamental polynomml ﬁorraaponding

to the zeros of (1— m’)P‘“*"}(w) Blmzlarly we can . prove that the above holds siill.
Thus Lemma 2.1 i8 established. - |

- Lemma 2.8. Thafoﬂmngrdatmmﬂm

(2.8)
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L@>e®@EEREY, (o)
K(@)>cw)(Pen(=)),, e
I(z)=cly(2), —l1l4+e<z<l—eg, 0<s <1. (2.12)

The proof is obvious.

§ 3. The Preof- of the Theorem
Bince o (2)>0 (Va€ [—1, 1]), we have ,
sup | H2(f, 2)—f (@) | = gm( | — 2 )Wu(m)F(w)
'=m(|w z5| )vi(2)ti (@)

b et (P&®(g))? _
+5 (842 Foloma Doty

+_1_(n+ﬁ+2) gm( | & — ] ) (1__ S;E;éclafziﬂ(fggi@?
_-—(H-I"B)z m(‘m—“mklj(}:y{n (P( E}(Fm))ﬂ

2 (@) (2 ~m)?

g x— iy, ) (P& (g))?
+(B8— ﬂ‘)g w(|e—z] ) = a(;k) (ﬁﬁg}(%)gﬂgg ﬁk)ﬂ
t=Ty(2) + B+ Za+Ze+ S = Ii(2) + 3,
where all terms except X4 are nonnegative. Due f0 (2.4), without loss of generality,
we may assume &>0. Let m=m(a, 8) be an 'integer such that if 1<k<m, then

0<OPO< 53 s if m<k<n, then £ > <9£“"“’-<u;. Now we shall distinguish and discuss
different cases. |
Case 3.1 &>—g.
8.1.1. (a) Firstfaﬂsume -]-'—<m<1. We write
[3] "
m-ferse (G f+ 80, g;:]ﬂ}
:-f-g(a+ﬁ+2){2m+2m+2m+zm}. (3.1)
If j=1, then 25 =0. By (2. 7), (2 8) and Itha'fact
_ mne,---g:_n (0+6,), 0<o<l, j+1-<kq[—2— o}, (8.2)
it follnws that - : ,
Em,,_g_‘ﬁ)gpmm(“)l § I.W | @ — | Eilli::"gx - ~I(2)
_ | gy |12 sin 5 (0- -6) | einite s (a+9.)
Obviously,

R AV R K(F 5 el R

.:ﬁ il Eﬂ'l'zl“d(‘?)- -3y ﬁ?u&-}mm‘ - (3.4)
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BSince _
o — 2| ~1, —%—Qmﬁl, m+~i€fc<ﬁn;. | | - (8.5)
we have | |

- Qe (PEP@)" 3 m(1)ml+ﬂﬂe,,~(1-sﬂ)(P<m(m))=m(1)<cr(m)

7 k=m+1
(3.6)
From (3.1), (8.8), (8.4) and (3.6) we obtain § Bowy 3 |
S SmnI(e), T<a<ic . . (@.4)
(b) 1f0<m<.1. t# 15 clear that o
it mn-—(9+9,) 1, o<o<l ,j+1qxa«z;[i ). (3.8)

From (2.7), (2.8) and (3.7)

(zm+zﬁ)~£——-§—11-1°f~"” : {ﬁ: () s T, =) ﬂmﬁ'}

" e Le-a) T ae Looa)
B U
'Itisaaay’soverﬁythaii "o L |
'2u+2w<oz(m)'. * W@ 5wt (3.10)
-. Summarlzmg (3.9), (3.10) and noting (8.7) we have = .. "33 -
T~ I(z), 0<z<l. | o5 (3.11)
3.1.2. Now we turn to the esiimation of 33. (a) If -%*(mﬁi write
| o o e I m. .. [i . . n
Som—glat B 2+ 3 8 P> E
b '-‘—(ﬂ+ﬁ){2u+2m+zas+2m} - (8.12)
Bince S '.
sin Gy <sin -+ 2] in (0~ ) |
we have ' p—— " | '
Eai+zan€¢[m+3[;(ljn n(m))-{:gl e m(im—*"%ll)mnﬂﬂ +3a

ke |@—a3]1? gin E‘(a'—gk)

' w(lo—mDan® 1 @0-6)

+ - < + I(e)+J(x)}. (8.18
| - gr—— 'ain Lo-6 I"} cla | ﬁ.‘l{ R ¢
From (8.5) and (2.10) it follows that --
Rl « St Daascla+B) (P& (0))a(1) <ola+ BT (). (3.14)
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o= S

Using (8. 2) and the faot

me.H{mnEer_(e, 9)} S<a<1, jri<k<[2a],  (3.15)

2 8
we gei '
C SecarpBE2@) [F;'] (=" m)sm“w
kx=iil - | (9 HE)
D, [3:-
S olatg | P2 G : ‘“ﬂ’” %) SolatBlI(a). (3.16)
¢ fe=g41 . _(9 91:)
Similarly, | -
23>olu+ﬁlm[§] e e L
b ]m—m Ei-ﬂ“ 2(9 9;)
Sl at 8lsin?e (P2 (@) (&Y o(la=m)
a k= +1. |£U—I:Bz_ll_ﬂ“ Eﬁ].—;*-(g““ey)
>olatBlI(=): (3.17)
Combining (8. 13)—(3 14) and (8. 16)-—(3 17), we obtain . |
Sa~ la+BI{I(2)+7 (2)}, __.E,l_gmm_. | (8.18)

(b) If 0< mﬁ%—, the case is analogons 0 3.1.1. (b). Then we obfain

L~ |a+B{{I(2)+J(2)}, 0<a<l. (3.19)
3.1.3. Oonsider 3y. It is easy to verify that -

Eiﬁsﬂm@))ﬂ {im(1)m1+ﬂng 3 Z m(l)ain”ﬂﬂﬂg}

k=1 k=m+1
<cao (1) (PP (). - B (3.20)
8.1.4. For X, using a similar method, we can obtain |
2isela+B{I(x)+J (1)}, O<a<<l. - (8.21)

Oollecting (8.11), (3.19), (8.20) and (8.21), we got
pE -=21+Ea+23+24<0{m(1) (P2 (@) )+ I(w)+ |at+ Bl (x)}. (8.22)
Case 3.2. —l{aﬁ—l’---

2 e §
3.2.1.(a) I’c‘_-ﬂ—imﬁi, then by (2.8) and (8.2)
P@®(5))2 m _ sin8+% g,

232”-(4“—11‘&_; m(lw WI:D To—a 3+B¢:lm mj]-—l—h "‘T'E(ﬂ’)

Obvi{}'[[ﬂ]_y’ S B s SRR r;-;-i: e ?‘ﬂ o
231+233+EM€0.E (m) |
Then, wo get. = . - ks 2RO e
| Zu”K (m), l"‘im'ﬁl T e n (323) 4
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(b) If Oﬁm{l i} is eagy to verily tha.t the above ig vahd Then, we hmra
Es"""K({E), O<a<<l, (3.24)

2 3
3.2.2, Yor 21,. we have by (2.11)
S <cw(1)(PeP(2))*<cK (z), 0<e<l.

3 9 3. Now turn to estimation of .. Write

2= (ﬁ——u){g +lii +E§31+;- ?"‘-'] +1}: =ZatZatZat2u

(3.25)

We have 2
E4n+2n<"L m»ﬂ?(m))“ 2.1 ollo- %D = mi";"-ﬁ(ﬁ)
lg— @y | 177 |8iD - (6‘ -8 |
and
| S cw(l) (PR (@) ) <cK (z).

For J41, Wwrite again
(341 -1
Eﬂ._ -+ L? :-‘2;1+E:1-.-
w=[gd] 42

»

First estimate X4; ]:;e_rﬂ jok, G~0s. So

2‘11<c£——(-—“'im)ﬂ § AL "%D__ﬁ_____h
| w=[3f] 42 |g—am, |77 S ———(9 —6,)| sinb,

<on(PS (2)) 3} —
For i, here .

i.e, §~4; then we have
|z — o ~(-£m9+€;)~sin’9

and
. A 2 [,E !]
Sy <o EEVOPEED S gy
< ¢ 62?0 (P#? (@) )2w(sin® §). |
From (3.24)

] +5a g ( P ;
K (z)>028>0 [121 m(m’&)—a——%g:;}@l_

{8 2 ['!'
| ;.m,(mn 8) Q%é-gﬁ)? 23 Pt e m““ﬂ(P‘“"’ (2))%0(sin?#).
Uﬁ]lmting these estimates, we geb L ‘
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2.<c£'(m), 0<o<1, * . (8.26)
Bince : | .

1-0*<2(1 -2+ |o— mnl),
it follows :Erom (8.24) and the proof of (8.26) that

29<0{Eﬂ +§ﬁi(]m mkl,r (1 951:) g;:f%_—mﬂ}ﬁcﬁ(m). (3.27}

Uombining (3.24)—(8.27), we get |
ek (z), O<w<l. _ (3.28)

Now we will prove that the reverse inequality holds, | :
If —1<a<0, since o(z)>c>0 (Vo€ [0, 1], k=1, ««, n), we have by (38.19),
(3.24) and (2.10) |

S>c{w(l) (PO (2)) +I(z) +|a| T (2)}, — 2 <a<0 (8.29)
and . h
$>cK (3), —l<a<-1 (3.30)
respectively. | |
Now assume a=0, To mmple'ﬁe the prmf we are going 0 prove that
g W 2~{())(PE () +I(a)}, a=0, (3.81)
Indeed, for }2—-'%@%1, |
v (@) ={(1+B8)(1—%) —B(1—=z)+ (B+2)m(1—2)}/(1—=})
' ~{ (1~ a?) +—%%}, j+1<k<[Z n].
So .
[z~] |
(3.32)
and
. . [3 i] " . g
5> 3 a(lo—a ) pramra ey (1) (PEA(@)).  (3.88)

Py (ay T— Ty

(8.82) and (8.88) yield -
3 Ty 2>c{w(l) (P"' w))*+I(2)}. | (3.84)
On the othe:r hand ginoe |

v;m(u)..-:o{—m{ dr ol veel-1, 11, k=1, =
we ha.vﬂ by (8.11) and a ﬂimﬂar method that

<o{1(m) 4 g}m{r@ o (PEAE)T. (8.85)
Gomblning (8. 84) and (3. 35), i$ follows that (8. %9) %; ;
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It 0< s <3, by (8.22), (2. 10) and (2.12) i% 15 olear that

S<ofw(l) (BE p@Y+I@), 0<o<,

and the reverse inequality followa al once on uamg the fﬂﬂt
vi® (@) >0, [%]qu'-'l*_

This proves that (8.29) holds for 0<o<1. | *
Finally, summarizing (3 22), (8. 28)—(8.31) and Lemma 2.2, we establish the

Theorem.

§ 4. Some Remarks

431, 1 a<0, we have
PO (z)~l, 0w <1

and
7t a
w( wﬂ_> i ggu.m<g q_..
I (z)~ {
o(25)s 0<6<5 6,
If «=0, then
9" (z) <c,

20}~ il_ﬁ)%ﬁ‘“i’iﬂ)m,(m) 1o<o<%

Ii{(2)~co (—)wi(m) . OQGQ-— 6.

Applying these estimates and Lemma 2.3, we can ob’eain more explicik
expressions than (1.2).

4.2, When a>0 or 80, the interpolation process (1.1) does not converge to f
in general. -If =0, using the Theorem, it follows that

sup |HO(f, 8)—F(#) loss~1

4.3. If a0 or 80, from the proof of the Theorem and Lemma 2.3 it follows
for a€[—~1+8, 1—8](¢>0) that

EE(S, 0)~f (o) | oI (2) Son(PE (m)rzm(—)-a-

< (me @)’ o (T)

k=1
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