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Abstract..

Tn this paper, we oblain a new system of canonical integral equaﬁ;:ma for the plane elasticity
problem over an exterior cirenlar domain, and give ita numerical solation. Coupling with the classical
finite element method, it can be used for solving general plane elasticity exterior boundaty value

problems. This system of highly singular intsgral equatiops 18 also an exact boundary condition on
the artificial boundary. It can be approximated by a series of nonsingular integral boundary
conditions. | | ' |
, - &
. § 1. Introduction
The canonical boundary reduction, suggested by Feng Kang™, can be applied t0
the plane elasticity problem™ . Let Q be a domain with gmooth boundary I.
Taking displacements wi(31, wa) and ua(®, @g) in ‘Jiroctions 2y and ®s as basic
unknown functions, we have the plane elagticity equationg. with traction. boundary
conditions as follows | |
(A+2u) grad div #—p rot rot #=0, in Q,
2 . e - (1)
- Eﬂ-i’n¢f=g¢; =1, 21 > e OD'T: '
where t=u;6;+uz€s, oy (& J=1, 2) are components of stress, A and u are Lama
coofficients, A>>0, u>>0, and (n, ng) are the outward normal direction cosines on I'.
Let _ |
B {0 € H(Q)*| 0~ (01— 0ss, 0s+0522)";.01, 03, 6 ER;
then problem (1) has one and only one solution in H 1(Q)2/& when @ satisfies the
consigtency conditions R - x
j‘l‘ g‘ds=0, ‘fr.= 1,2 a.nd J‘P (Mn—msg1)&s=0. |

arm
—

- From [4]. ﬁa kno{‘i; that the | boﬁndary Iva.'.ﬂli:.lla probl ms(l) is equitalsnt to the
canonical integral equation on I . .

g =[ K@, HuelsHar: ' (@)
Particularly, by usiﬁg the gﬂparat;ou of #griqbleﬂ!,{___ ;[4] has given a gystem of
canonical integral equations with respect 1o exterior ciroular domain:

* Received Oectober 17, 1984,
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[m(ﬁ)'- [K,.,. K,ﬂ] 'uf(R &)}

i 3
@) K Kl " Lol 0 )
- where |
e sl To ab - N 4 2b L o ab ;
Keo=Koo=— (a+bj2szm“9/2 (m-{-bjR A a::R(d'-i-b) ’
. L B ﬁb ' - 2% r
K= —Ko= i piar 2 FHaEnE >,

g=grer+ge€s, U=Url,tUs€s, G=A+2w, b=py,
» denotes the convelution, and R is. the radius of the mrcle. &
When £ is the ‘exterior to an arbltrary smooth closed curye I", the solution of
problem (1) must satisfy the condltlon at irtfinity, i.e. and us are bounded at
infinity. Then problem (1) ha.s one and only one soluhon in W’(Q)“/.@ where

W%(Q) {fh(2+rg) Lﬂ(ﬂ): _"'_'ELQ(Q): 9—1 2 7= a"’l"l_m?-}!

R {0 EWHQ) |0~ (s, )%, 05 cgeR},
when g sahsﬁes the conmstanﬁy conditions: TS A

2 2 Ig@s U 6-1 2

We can draw in Q a circle I with radiug R. Then the original prnblem reduces o 2
new boundary value problﬁm over a bounded domain Q,; its boundary condition on,
the artificial boundary IV is just the system of canonical integral ‘equations (3).
Of course the boundary condition on I'" is not unique. Recently [6] gives
another integral boundary condition. Noticing that

= g
E%msnﬂ=—~ln‘2mn§-|, |
o] m T 1 .
&Y T ImeE a
S\ nsin nf =—wd'(9),
fami _ o
we can write that condition as :
_- 33? +peosd |
Loor +puind o S N
o | ﬂr—l—b 4:%' m“ﬂ/ 2 S ¢ B)] (5)
| 24 B 6) .

" e RELNRETIL ,.-;;.,,i,-,;-'_' e i ﬁ *' ;;i': ;_ ,3:, g _-_ :
rhro g (--+-—) Ovrguty, 1l Sl B tn ot 0 1t
Waa sk, (5) is not thf; Wﬂnﬂ onﬁﬁh ’Ea.rfblﬁmal | *:E
Bélo P'wb"ﬁﬁ’ﬂ abply t:he éﬁﬁﬁ% COmp i 33 *mm: 1..1__‘_: m &']ilaw 111
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integral ‘equations fiiﬁ'érent
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is a system of canonical

boundary condition on I". It _
from (8), and represenis the relationship between. tractions (g1,

displacements (uq, ua) 00 I

§ 2. A New System of Canonical Integral Equations

lasticity™, we know that the solution of a

From the mathematical theory of e
by two analytic funclions ¢(z) and

plane elssticity problem ocan be represented

) . | o %
" =L Re[AEB 4y Fp () -9 @ |
24 At 7O L e
wa==.21£1m[——-—’;ji_‘°;" $@)+E DO e -

¢o—Re[24' (2) — 34" (2) — 4" ®)],
oy=Ro[2¢ () +34" (&) +4" &)1,
G oy=Im[z¢" &)+ (2)]. |
Tet Q be the exterior domain to the unit cirole, z=r6",
, P =223 4() -2 /)~ ¥/ @),

@@ =340+ OO

Then from (6) we have
1.61(1, g) =-2_.[; Re F(z) Il"l=1.‘l ug (1, 8) =§; ImG‘(z) lﬁ-:l:

and .
oo(1, 6) =Re[24' (6) —e¢" () — " (€)1,
{ o, (1, §) =Re[2¢' () +e7*¢" (6*) 4" (e¥)],
0oy (1, 8) =Tm[e7¥g" () + " (6®)].
Because F(z) and G (z) are analylic over 0, we can apply the harmonic canonical
integral equation™®, and obtain ¥ _ |

K @)ous(l, 0) =~ 5 Be F )]

(7

r J 77 r=1 :
= _Ej.‘; Re [ 1':3:5 &30 (,f)' r\giu) +6'"¢' (ﬂﬂ) __ q:b-n.(taﬂ) __anlpu (&“) ],
K (0)*us(1, a)=-§r-[-2-1; m&G) || |
R i 5, [.L"‘EE"_ o' (60 — o' (%) +¢" () e (62 |
e ol s | i
where Y y T
., v g ; K(9)=_4ayﬂ_in“9/2' - ;*,,;.e-..: THRE
‘Moreover, | el w8

- ' 81 s e '.-_5.4 i ot et o7 B W
(1, 0= T I G ) e & (¢4 — %" (e) |,
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. d _'_ ?u+3#r o 8y — g~ 10 7 £ 4D ", o\ s w- " w.
2 ua(1, 0) =5 Ro [ SEBL g0y (64) —mp! (6) +4" (o) oY e )]
From the above Equahtms we oan get i 8 '

Re ¢’ (6) = F‘ﬂ;*“’){ cos [K (@)sus (L, 6)1— sme.]_d?uia 9)

—sin O K (8) #ua(], 9)]+coa9 us(1, 9)}

A3

" T (e = ”(""*”)Jlmna[z(a)ma 8]~ msﬂ——ui(l 9)
—oos @ [K(E-?)*u,,(i 6')]—sinﬂ—wg(1, 8) }

Re[a-lﬂqbu 315) +¢H 6!6)] ==}Ia {GOEQ[K 1\9) *uif;l 9)] +31119 u;[(i 9)

- —gin H[K(B)*wg(l )] +msﬂ dﬂ us(1, 9) }
| | | +m52€Ra¢ (s”)+91n29Im¢o'(ﬂ“),
Im [6~%¢" (6) +3" (#)] = o {-—me[z@wa 9)J+me % w1, 6)

. ¥ — 068 0K (8) wua(L, 6)]~sin 0 - va(d, 9)}

—gin 20 Re ¢’ (%) +c0s 28 Im ¢’ (e‘ﬂ).
Subsmtutmg these results into (7), according fo the relation
I:gi(a)jl_l:{rn Uﬁyil —GOSH] _l: (amm9+a',,,sm9)
r=1

ga(9) Goy Oy |L—800 ey | —(gapcosftoysing)r=
we can ubtaan a system of canonical infegral equations:

P 2Gb 1 252 ’ i
[91(9)'= a+b\ mmmxz) | i < ._ [w, 9)}
ga(0)_ 20 2ad ( I gL, 6) 4
_ . a+b ol ﬁ+b( mmﬂa/z)J
If Q-is the exterior domain to the circle with radius R, we have
' 2ab _ 1 i___ Zb Sf(g) v TR .
[91(9)]___1_ a+b Twen'0/2  a+b " [ul(R, 9)] ®
ga(8) B 2h* 3;(9) 2ab - 1 J us(R, 6)
a+0b - T a+b 4::&111“6{2

It has a simPlér form than (3).
Now we write (8) as

g = A t, "
md deﬁne & bﬂmear form I I o L ok
1~.__ ety ; o ..,5.1::-' "—"—-““;*' T |
: : ; ELR ' ﬁ'— - v o I
ﬁ(ﬂm vﬂ) ==,L" vﬁ'fuﬂdﬁ;‘ e d AN
'_ a % W o e 5 ;
Tailys w’* 0] ~ehtt]

Lemma 1 ﬁ(uo, v.;.) -zns a pomm daﬁmte H
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PR ﬁ(]‘) = { [e4, cs] LA and Oz 476 ﬁﬂnsiaﬁts}
Proof. Let
e oo r o 5 ;
uo(8) =[S, T |, an=Cu Ba=br
¥ | o oo T _ _
oo@ =[S, Baem], o=ty dopmdy n=0, %"

Then

fJ Vo) =2 L. dld - |
(uo’ 0) WB[G v X .' 22 . - 2ab
. in 25|

It is easily Seen that ﬁ(ﬂg, 1?;,) =ﬁ(vo, o). Pa.rh:lculaa:ly, 1f Vo=, We have
12120

B, uo) =2 53 { 2% Inl (0.1 + 25’: in(@b,—b)]

', ; _2‘”.2{2&!} |n|\a,.+-ar(ﬂ1gnn‘1 b(“_

the equality holds if and only if € &(I). Moreover, |
BICH ml—{zwzj{z“b ] o )+ w(b;c..—a.a.)}\

<aeg | 2 v CoCla [+ 18 0+ BB+ Lo 14 1}
<2520 3} V7 FT (ol + 150 |=)f(|e|ﬂ+|d.1ﬁ>f -
< 2bltholvern| Vol ver;
where |
_ | " X
_ _ [t very = | 2053 VAFT (lanl? 1810}
and .. ____’.'.*“ d .
Do, )= 2w2{ o 5 in i aiga e+ 2B ] ol 1801 }
> g-"l@i‘f—;?lln|(w.|ﬂ+|bﬁlﬂ)
_J___H___ﬂtf}fb*b) 29::5‘_. VL (@l + 1817
LT i
Then 2% ..
J—b("" b)ﬂ%ﬂ%{n'ﬁﬁ(ﬂw uo)-qzbﬂuo!m ' ©)

which implies that llﬂolﬁ= [ﬁ (uo, ug)]‘f deﬁnas a7 equivalent norm On. V(I‘) The

proofmmmﬁle'he T
. ¥From Lemma 1 and the Iﬂx—Mﬂgramlemmar“"’ weimmedmtoly obfain -
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Theorem 1. I f the bwndwry traotion gEH 2 (I")’ ‘satisfies. compmt@bmty
conditions L gids=0 (e.- 1, 2), then the mrmmmal problam

[ Find uue H’*’(f)ﬂ suak that
(10)

D (u,, vo) = £ (v0), vvueﬂ’f(m

has a unique solution u,;p t0 ¢ vector in R(T), and the solutm dep&nds on the g-wen
traotion continuously:

H ‘ Hlinr;r':»‘Q w;(—j b) Jl,ﬂ i - E 5 (11)

wfwrra P(vy) = J g-v,ds.

In addition, by teking the meﬂimenta of the Fourier axpanslon of {8), we can
obtain its mverse fnrmnla.* ]

[m(B,ﬂ)]=R | '25_"'(.5 b"_")m,- 1“ |2

(R, 6) 1 . 2 |26n 2
R mh‘ son g

foMe @

where Cr'i and (g are constants

he] 1 TR e

§3. N umerié_,al .Stha.lurtion and ﬂw Method of Coupling

By using the method of aeriés expangion™, we can numerically solve (10), the
variational form of the sysbem of highly singular mtegra.l equahuns leda the

clrcumference into N and take the piecewise linear basis functions {L, (9)}(::H1-‘ (),

where L,(B,) 3y, &. = I_\T- - (@, =1, s N) Let SH be the subsPace expanded by

{L,(6)}. We consider the approxlmata variational problam of (10)
{Fmd e’ €82 such that e
Dub, of) = F(vD), Vo€ 8-

From S%C -H s (I)? we hnow that the vanahonal prohlem (13) haa one and only one

solution in 8%/%#(I"). 2 | .
1ot @=[FUL®, FVLOT, wbes U: e, "
unda'berm:lned coeﬁciants 'I'hen from (13) we can o ok " 1 f Jin
e ﬁwf-‘l widre ohk :.:.i _Qai’f?"Qn | U - *"g
~ RS fi'i?é;*.;‘!;;'- 5 ih{Qa;.--. '- 415 . :' e

A"ﬁ.@ R ; m-m

(13)

o 4 "”t Pa

i q_‘u ,.L\-'F ;

i —
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. VHJ’-',B=[b1, bﬂ]f c—tci, vy oxl%y

o B, (15)

{Elh-ﬁ(Lh 0 0, L;): 95?2}'=ﬁ(0; Ly; O, Li):l.. G, j=1, »++, N.

841
By direct computabion we got

Q "Qﬂﬂ"" (Goj N E’H—i):

ANt S 1 mll_mj_k_zﬂ, k=0, 1, -+, N-1. (17)

.symmmric matrix.
i i of the solation of (18) in S}/ Z(I), we
now that the system (14) has a unique solution up to a ‘vector in the space

]

solu’ﬁmn of (8) ; a.ud Tet u:cS% be 11:3 approximate

. ]
Let to& HZ(I") be the
solution obtained by the above numerical method. We have the following resulis.

Theorem 9, If the interpolation operator II: H 1*‘(I‘) —8y satisfies
hmﬂmu—ﬂwgﬂ =0, \-.f'vnE g dense subset of HE(I'),

!}’1=U-=-=Um -F'l-rl"“""-'vl}

N =+co
then | Tim | 26— uala—

N —yoo

Theorem 3. I f the interpolation ogmmtor n scm-sﬁes
Jv— Hw[].,p-éah"‘”"'lwluﬂ r, YOE H"'“(F), 0434k+1 k>1,

tmti o € H""':‘(.Z")ﬂ th&n

(o ttlp<OFF (talirri i (18)

*E*f o 13130 Mf%ﬁﬂi (ﬂo—‘uu, vn>==0 Vvue.ﬁ(r), _th&n b
| n"n—“nﬂmrriohﬂl‘ih\Hi.m _'1 : "' (19)_
whore =23 AL S v |
Estimates (18) and (19) are the best. ‘In. a.dd.ltmn, um.ng the inverse inequality
in Sy, we can obtain another es‘lumate whmh 13 1101: the best, |

feso— “lﬂp(w‘icm 1"0‘:4-1.1*. | | : (20)
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ﬂ————-—#—__'-

Particularly, when II ig tha- pieceﬁise: linqa.ﬁ_ iﬁbe;:pﬁlation UPQ*I'_,'&fOI',. ,ﬁra have
(18)—(20) in which k=1. Y e Y s o e ;

The proof of Theorems 2 and 3 is classica.l“f-_“-"_'lp therefore it is omifted.

In combination with the classical finite olement method, the system of canonical
integral equations and the above numerical method ean be used for solving general
plane elasticity exterior boundary value problems. ‘It is a method of coupling*, Let
Q, I'" and I be the same as in Beotion 1. I divides £ into a boundeddomq.m 2,and
an exterior circular domain ©,. Then the original problem (1) is equivalent to the
following variational problem ... .7 7 '
| {Find uC H'(Q,)* such that - - e ol

where

R '131(!51_?) EIJ’ﬁélﬁif(u)ﬁif(v)d?: ) ' |

2, TIri Tt i

gy

-
—

. F@w)= j' ghvds, L _
gy (4, j=1, 2) are componenty of strain, 7' is the. trace operator which maps H* ()"

onto H%(T V3 and ¢ is the canonical integral operator defined by (8).

Now we divide dirole I into Ny and 3aké &'triangulation of Q; #uch that its
nodes on I coincide with the dividing points of T, Let 8§,(82,) be the corregponding
finite element functional space. From the characteristios of bilinear forms Dy (%, ¥)
and Ds (Uo, ¥o) we immediately obtain that the: variational problem (21) and ils
approximate problem have unigue solutions respectively in H(2y)?/Z%(Q,) and
S;(Qi)ﬂfﬁcﬂi), where . | e e sl .

¥ R(Q:) ={[e, 0a] € H*(2:)? |01 and ca are constants}. -
From $he approximate form of (21) we can obtain a gystem of linear algebraio
equations o HE - Rl B M & : - .

(@+Q)T=b, - (22)
where @; is a general finite element stiffness ;iuamx, and the 4 non-vanishing
submatrices of Q ate given by (16)—(17); of ovtirse wo must subatitute N, for N..

By using the same method as in [3], we can_obtain the convergence and error
estimates for the method of coupling. . E Y y Fow

L
§ 4. The Approximation of Inte; al Bonqdaxyic?gin}ditioil |
- Ki L s B N ._M_ _ '{*- ol e 5 |

. : _ £ 1:'!".-.. : _r': *1- : i ‘ _ ;
"+Z:The system of canonical integral equations £8):i8 also.a bog;n ry condition on

P T o & i 5 i L }i é':hi'r :'I"'H" . -_.:.':Jr-é:‘ - x e te - ; -
I'’. In the samé wayas In [5], where'a seriés ot mab fgrmﬁ%ﬁ | (6) has been
~ given, the integral boundary condition.: (8):alsoagigbe. aPpro cimated by .a.geries -of,
. - T - TEy P A PRI g ivges MR S - by VI 800 hks
‘nonsingular integpal botlidaiy obiifiifha U gL T L T

= 1..:'}':' T

"
-
d

e L A PN T IR S L B (R

Taking note of formalae(); Weia
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N . 2ab ' 9P & |
[.'?1(9)]_ 1 i a.j—b Enmﬂnﬂ atba Ensmn{-? . [M:[(R E)}
Ta g '_R—_ X% ;L 29 X Rﬂ
g.;.( ) A eEE iy 2 hovend | ke
v (R, 6) -
...-.;f,,[ (R, 9)] (23)

83 an appromma.te integral bounda.ry condition of g'rada M of (8). Let
D (tko, Do) = j Vo+ K utho Bs.

- We can easﬂy got | " |
" Lamma. 2 D¥ (u.;.., v,) &8 @ semi—positive definite symmeiréo continuous bilinear

form on HI(I' gL
Its proof is much the same as the first part of the proof of Lemma 1.

Remark. It is more convenient for caloulation to ta.ka

2ab & 2% o
-91(9)]=_j_[_ w(a+b) Enm&nﬂ a+b 3'(0) - 0 ['M:L(R, ﬁ)i] (24)
ol 3| 2w 3;.*;@2%5- s

F 4
a9 an :é.pproxmiatiit;ﬂ of (8), but unfnrtunately, the bﬂmaar form obtained from (24)
is not semi-positive definite. |
From Iﬁmma 2 and the nha.rwlsenﬂtloa of bilinear .Di(u, v) we obiain

Theorem & The variational problem o
{le u¥c HY(Q)? such that ;  ® (25)
D; (4, v)+D¥ (y'u¥, y'0) =F(v), VO € H*(Qy)*
and its appramwmat-wn | | |
Find wl €8,(Q1)* such that
! (26)
Di(ulh v)'*’ﬁy(? ulﬁ '}’U)—-F(v), Vvesﬁ('gl)ﬂ

h&‘ﬂﬂ ﬂ"ﬂv‘.quw solattions ‘I’EP»SPBG#WG@ L HI(Q;[) ﬂ,/ge(gl) and Sﬁ.(ﬂi) ﬂ}/‘@(gi).
From (26) we can also obta.m s system of linear algebraic equations

(@ QU =b,
Whare Qg oonta.ms nnly 4 nun—-vamshmg submamceﬂ as fo]lows

Qu s Qﬂﬂ
| Quas

(50: q, * ax 1-1) |
+b VEREEE

di: dﬂ 1.-1) 2

T _ﬁ | |
e - (28)
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ju— b0 <O(blulantgpsclel g ) 0 (29)

where O is @ constant independent of h and M. .
Proof.” According to Theorem 2.4 of [b], we have

| “ﬂ—ﬂu“i.n,“%o{mf “u-_vﬂi.n.'i‘.ﬂﬂﬁ IBJ(T ﬂ: Y TBOHIET(??“’ ..),r!?) }‘

il : : .h#-

FOI the ﬁl‘Sﬁ term, we have & olassical result™
lﬂf ”“ vﬂiiﬂlg‘:}h“uuﬂfﬂ:

weESE

For -'ﬁhﬁ. seoond ferm, lot & = [, ua]®, t0= [ws, wsl®,
ia (R, 0) =3 6™, a_a=Ga, Ua(R, 0) = 0", ba=buy

- wi (R, 9) _-——2 0,6, 0_n=Cn, W3R, 9)==:.E“ d.'e"?',_d_.kt-i..
We]_uwa | | -
| D¥ (y'u, v'w) — Da(y'nt, v'w) |

| l.. Qﬂb : gbﬂ G
5 L C-'z“] a+b1n| a-{r-b'w I:Gn]
.E‘ ﬂlﬁ""w»-g:-l-:l'EGWll 252 e 2ab l"’l b,
L a—+b a+b' -
<2w 3 |n|-—= [a(la..nc.lﬂblld,.l)-fb'(lbnllcn|+l<z.lldn|)]

<2 3 |n126(1a,.|-‘*+lb ADE(ea]? + [dal? )1’

n=M-<+1

<z 3 np (el + Bl a1

.i?:fl ..; [(A+n*) ?(|Gn|ﬂ+|b Iﬂ)]E[(l’H )E(lﬂnlg'l'!dsln)]f |
8

o
QMH-—IH L llk__z_.ru “wg,ﬁ_'p Mk— ll“ ”]‘;_%’p;"wuilﬂl

Then inequality (29) follows immediately. _
From the proof of Theorem 5 we see that, in fact ﬂuhI= 1, in (29) can be

replaced by |Raxte] _ %P'*“” where

Rgu== [ G,.B b.EM]rM G .

|| +1 ini>

Tharefore the error ha.s s welelien to the characteristio of tl;l,a Eguner expanslon of

7"‘_,_- s B E Y B e ' i, '_ ; i A4 &ﬁﬁﬂi
ads ol P I T T 1008
ket ™ ® §5 Nummcal Example Iﬁﬁi‘iﬂ”’_}_;?ff’f{i o
| Sk ﬁ&ﬂt _ 513 WAL S - .
_;ﬂ ‘:_?H_a!‘;‘ ,ﬁq.;....,. : :
. Let 2 be :Iihef exterior. domain to the, pmt cirole. 'ﬂg gt .?%}f{gﬁthe gystem of
mnumoal mt‘e_ga.l ﬂ%ﬂﬂﬂﬂ (8), where,e2). b=0. 5:‘3- el M0 oy

.....
LR
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L= oo i T

The exact solution of the ﬂOrreapondJng plane ela.stmlty problem ig
{u:[(ﬂ‘, &) mr"-‘(l 8 gin 28 cos 8 — 0.4 cos 26 31118) -0.6r~*sin 34,

ug(r, 8) =r~1(1.6sin2¢sin §+0. 4m26m9)+0 Br'“cos39

Applying the numerical method given in Section 3 and the approximate formulae

@n— (28) of grade M wo geb the follomng regults, where N is the unmber of
nodea on'Tl.

M = g l : 16 33
lu—ublrerm | 0.8337008 0.0530297 - 0.0129502 0.0032231
' _ i . -_.‘ A _; .-_.- - ] 2 _._-. ;3 - .3 ) I.;I' 3 ;"'éﬂ.'l_, -—- _
Ratio  4,406979 4.094894 I 4.017933
2 1. : it Lk 2 - bis - : e : S i
| Ju—wldzey | ©0.3036854 0.0619204 0.0146808 I 0.0036624
Ratio | 4.903736 I v 4. 9i8894 - - 4,008519
Ju—uddzin  0.1532836 I 0.0530289 [ 0.0129508 ' 0.0032246
- 2 o T, : :
Ratio © 2.800567 4.004643 4.016250
5 — e B — I —— —— .
Jre—ul]zm © -0.3875518 ¢ 1 T 0,081929¢ 0,0146808 | 0.0036622
Ratio . 7. 5,289116 ‘ ' 4.218304 4.008738
16 32
| Ju—ullrin . 0.0121152  0.0030972
2 1 — ! — —
Ratio _ g n 3.911662
100 |— — e
ik Ju—wklzay | -0 0 0.0148136 - .-+ 0.0036744
Ratio 4.0315&9 |

As we know thﬂ nemry grade M of apprommatmn hag a relation to tha
"Motirier expansion of thé e¥adt solution; therefore it has a rélation to that of the
given boundary iraction.. From the abova tables we can see that, for this example,
i% iy already sufficient that M =2. Bince almost all values of the ratio are about 4, we
oonoclude that these apprgnﬂgj&- solutions hﬁve yn mamcy of order about O (h’) 3
whether in L. norm or in Ly norm., . |
T r'Beocaunse Qy (6, f=1,2) ug aymmetrie or anﬁ fyinn ﬁt_cﬁ% ciréulant matrmeﬂ, and
benause the neoessary grade.lfofa "':j'aifv'eryma]l in general, the
caloulation is quite economicalsss .+ .1y % i m é,,. i
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