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. This paper rovises the definition for i;hﬁ pnsolvability of inverss algebraic ’eiganvalua problems
almost everywhere (a.e.) given by 8hapiro. (5], and gives some sufficient and necessary conditions
such that the inverse algebraic i penvalue problems are unsolvable &,6. -

§ 1. Introduction

The general inverse algebraic eigenvalue problems are the following problems:
Problem G-1. Given m-+1 real mxn symmetric matrices 4, Ai, <=+, Am k
non-zero real numbers A, oo A and k41 nonnegabive imtegers ro, 1, s
satisfying --‘J'o+']'1+“'+4'k=‘%(k;3'1), find & real m—dimensignal vector c={(01, **

Cm)T Such that the matlrix A+g c;4; has zero eigenvalue of muiﬁﬁlicity ro and

eigenvalues As, -+, Ax Of multiplicity r1, -, T3 Tespectively (see [2], [8], [71)-
Problem A-1. GivenaTealaXmn gymmetric matrix A, k non—zero real numbers
Ag, -5 A and k-1 nonnegative infegers fo, T1,°°%» T satisfying ro-+rit-er+ ="
(k>1), find a real n—dimensional veclor o= (e1, =**; ¢,)* such that the matrix
A+diag(ey, *, c,) has zero eigenvalue of muliiplicity 7o and eigenvalues Aq, ***, Ak
" of muliiplicity 71, ==*» 7% respectively -(see (21, 81)-- |
Problem G-2. Given m+1 real nxn matrices Ao, 41, *** A, k non-zero real
numbers Ay, =+*, A and k-+1 nonnegabive infegers e, 1, ***» ry satisfying rotritere
+r,=n(k>1), find a real - _dimensional vector = (C1, =**; On)” SUcCh That the matrix

A+ i c.A; is dia gonalizable and has zero eigenvalue of muliiplicity 4% and

 eigenvalues Ay, ***, M of multiplicity r1, = r, respectively (ref. 21).

Problem A-3. Given areal nXn medrix A, b nop-zero real numbers Ay, *-, A
and k-1 nonnegative integers q'.;r, 15 .o« , 1y satisfying ro-}fr;-!f_iiﬁ#ﬁ-,,un (k>1), find
a resl n-dimensional vector 6= (oy, ---, )" such thak tho matrix A-+disg(ey, =5 On)
ig diagonalizable and bas ZeTo __9igeﬁ*vﬂ.1na of 'mulﬁpl'iqify o and éigeﬂvﬂuas y R
of multiplicity 1, == r+ Tespoctively (ref. 21, 81).
~ Problems A-1and A-2 are additive inverse oigenvalue problems. Problems G-1
and G-2 are general mvarsa?elgenvalueprohlem Some of these problems arise often

e e ‘—ﬂ
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i applied mathematics, and are Et‘ﬂ.ﬂled by many a.uthorﬂ (see [2]——[5] g [7] and the

references contained therein). .
Recently A.. Shapiro [b] has deﬁned the unaolva.bﬂlty of Problem G-1 almc:st

everywhere (a.e. ), and has given a suflicient condition such that Problem G-1 is

unsolvable a.e. By [6] Froblem G-1 ig said to be unsolvable a.e. if the set of matrices

A (in the vector space of nXw symmetric matrices) at which it is solvable has -

measure zero. Shapiro [b] has proved the fo]lowmg conclusion.
~ qheorem 1.1. Problem G-1 is unsolvable a.e., if

EE —-('—-ﬁ [ SO A R ¢ &

Undoubtedly, the study of the unsolvabﬂl’ﬁy of inverge eigenvalue problems s.e.

g important. But it seems that the abiove mentioned definition given by Shapiro [D]
ig not enough o clarify .the concept: .of unsolvability a.e. and .condition (1. 1) looks
00 girong. In this paper we giveia more. reagsonable definition for the nnsulvabﬂlty
of inverse eigenvalue problems a.e., and, give some gufficient and necessary conditions
guch that Problems G-1, A-1, G-2 and A-2 are unsolvable a.e. respectively.

~ This paper uses the following nnta:bmn The S}'mbol R""‘“ denotes the set of real
m X n matrices, R =R and R=R!, J® is the aXn 1dant1ty ma.tm, and O is the

‘pull matrix. The superscript 7' is for transpose, and . #
© SRV {AERV™: A=A}, @**‘*-—-{A ERY™: ATA=I }, |
SR.;,"‘"=-{A=(&:;) C SR gy =0, 1<i<n}, g -
. = {4 = (ay) ER™™: au=0, 1<é<n}.
Besides, for A= {(ay) € R“"“" we write

4] =(lau]), b <A>=max(;;|aﬂ|)

1<icn

/1"
__ B "Eiﬁ@“?ﬂ)

Now we deﬁne ’she u;nsolvablhty of inv erse e1genvalue prnblems a.e.

Definition 1.1. Problem G-1. 28 sm-d to be mmtmbk almost everywhere (u.s.6.0.)
if the set of matrices A, Ay, = AmESR""" and ooctors A CR" at ‘which- ¢t és solvable
has MEAsUre oro in the pq'odwt womr space SR""x--- X SR™" % R,

m+1

Definition 1.2. Probl&m A1 is said to benc.s.tm if the set of matrices A€ SR
and vectors AER® ait which &t @sso!wblﬂ has: mmm zero ¢ the product vector space
.S’R"“" x R®, |

-Definition 1.8. Pa-oblam G—Z 4 said: toube . &-ﬂi.’sﬂ @f w¢he . 86t .of - mﬁwﬂs
A Ay, +* Aﬁeﬁ““'mdwotmﬁ.ew.mtwh@&#u 0 baamama momﬂw

wbdw‘v‘ MW spdoe RA*® 3¢ e R"“":(’R" o hwﬂﬂﬁ%&" Sty m ity
\.,_.....-—ln-l--ullvlill—'lH e
; P a_:." m+1 : -I i o : __- a.‘.j'; - 1.-.._ —e‘j{ ﬁ g:ﬁ ﬁ: ; 4

Deﬂmtmn 1.4, Problem A-2ds &z@d to . : f tko set . ,f e m A E R‘“‘"
md wators‘*?uGR" ‘@b wimh it 48 m!mbh”‘hm SaRIRPRoN0!
R‘R" x Rhi h Ii‘* 5" : , :: : t:.-.. uE- ,?,} -_; .: .'. ._j.

I T | ]
""}"‘:"1;‘:"- = L,“
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In passing we ex'pla.iﬁ that a; sot & of RY is said o be of maasura Zero
(mag.sf—ﬁ) if for any &>>0, there exists a sequence of 0pen set Z; such that

..Q"CD az, ZEVoluma(.@*) <8

.;-' § Z. Ma.in Results
. Theorem 2.1. Problem G-1 is w.s.g.0. 6f

e m+i§‘i':-1—l>-o - (2.1

where a'-max{rm Py, oos, oo In addition, &f m=x dhos r>1 ms G mﬁ'wmt and
memw condition for the umobvﬁb%kty of Problem G-1 als, . _

Theo:rem 2. 2 Pq'ﬂblem A=l dsu.s.a. s wf and on‘tg g._f el 3

| - max{ro, Ty, **; re} = e ).
Thenrem23 Problmn G—?ﬁsusaa & B = . 5
| ' : - B— m+r(r 1) >0, '. h | (2 3)

where re=max{re, T1,# "> rr.} In addition, 4f m=n theu r>1 48 @ su_ﬂiwmt and
necessary condition for the unsolvability of Problem G-2 a.e.
Theorem 2.4. Pa'obl-em .d.--2 é8 1£.8.4.6. wf and only &f

m{fux ‘rl: ‘¥ 1"1;}}1 s (2.4)

=

§ 3. Proofs of Theorem 2.1——Theorem 2.4

The proofs of Thaﬂrem 2 1——Theorem 2. 4 will be based on a sabmanifold
theorem (ref. [1], 39— 42 Definition II. 2.1 and Theorem II. 2.1) and on Sard’s

theorem (ref. [6], 45—b5b, [5]) which we shall cite here.
Theorem 8.1, Let f=(f1i, - fr) be a differentiable vector—value function

defined in R" tmd let PR be the set of pomts z=(£&1, *** f.)TER" such ﬂmt
f;(w) =0, -+, fe(@) =0- ‘ |
Aﬁuma that fw 6a-ch po-mt o &I the matriz

¥ g? agf,.
1 951
g e am -1 . »
W, LA 311 s 3,!1' n e
' 3‘5: '361
whers each partial dervvaieve is evaluated at » has rank T Then ﬁﬂl" !‘ﬁ m;;;n-—r-
s dimmensional submandfald of B ap -~ G ol

Deflnition 8.1%%, Let T and X be id@ﬁ.'ermtmhh mmfolds M!at F b& G
dﬁﬁermimble mapping of M—>H. A point o €I s $aed:t0 be regular ¢f the dﬁfmml
“dF of -F ot & (as a Uinear tmmfﬂmtém From the teagent space T, () fo, the tangent
space TY(H),  y=F (@) -Sscondojri.o. - o8- rangei-8 ithe  whole space. L(X). The
non—regular points of I are caltled mt@cal A point y €A such that F-1(y) oontains at
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least one critical point és called a critical value. ' ; ®%

Theorem 8.2 (Sard’s theorem)™ ™. Let M and A be differentiable manifolds,
and lot F be an infinitely differentiadble mapping of M—>f. Then the critical values of
F form a set of measure zéro. _—

Utilizing Theorem 3.2 we can prove the following lemma. | |

 Lemma 8.1. Let M be an m—dimensional differentiable submanifold of an
n-dimensional Euolidean space &, % be a k-dimensional Huclidean space, k<w, and
lot F bs a differentiable mapping of M- A defined by the following ewpressions:
| ﬂi“gi:r ) ??‘k'"_"gh fﬂ‘l‘ m’“(&i: "'_';_.r En)reim ﬂ‘_nd y==(??1, ey "f?x)TG A
Then F(IM) és a set of measure zero in X if m<k. | - |

' Proof. By Theorem 3.2 it will be enough to show that all values of F are
eritical. E | "

Lot 2@ = (£{%, s, §#)T be any point of P.- Then there. exist a neighbourhood
U () of 2 and a differentiable mapping @ =/(p1, *-, ,) of an open ball & of
m~dimensional Euclidean space &y onto U2 NP, According o the hypotheses we
have e o

F: ﬂi_’“@i(f:h"': ‘I'-), g=1, o, k t'f'('r:l.s'l": Tﬂ)re'@: yﬂ(ﬂ;h o ﬂk)rej;
and | .
7O = (70 =y 7D), =1, oo, k, 1= (1", vee, TNV C E, ofO = (02, »», BT E K.
And thus the differential dF of F at 2 can be expressed by

R AN e S22
dm E( Ot /t=1m @, s o E( oty /Ji=tm oo

Therefore the necessary condition for the differential dF of F af 79 to be onto is
thab the corresponding linear equations in A7y, +**y T,

(-%% t=tﬂ; - _(%z’%)tmtm dvy d"?i
- ‘. ! .

E Y ey I o=l ¢ ) | (3.1)
(%.) i (?ﬂ_ dv d
3’5’1 =10 3‘3'.“" fe=f09}

are solvable for any differential elements duy, -+, d7e. Bub observe that the sysiem
of equations (8.1) has k linear equatbions with m unknowns. Therefore in the case
of m< k there are differential elements dns, =+, dm guch that the system of equations
(3.1) is unsolvable and hence any value of ¥ is critical. |

Now we prove Theorem 2.1—Theorem 2 4.

- Proof of Theorem 2.1. | B g 0 -

1) First observe that if Problem G-1'is solvable at A4, Ay, =+, AaCSR¥ and

& CRY, then there exist a matrix U € O and a'vector o= (1, ***, cm)T €R™ such that

) A_l.g e A, =T d_'lag(O""), _[{ro,' ‘ue, }‘,Jtm)[jﬂ*,_ | (3__2)
Fhﬂr_“ |

| A-(GU)! Alm (EE?)! t-l.r Ty m, U"(ui! e H.)- | ' E (3'3)
Suppose that ¢;=max{rs, £y, <, 3} for'some index j€ {0, 1, +-+, k}. Then *
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(A=ba)+ 3] el =T ding( =2 T, GamhI®, +, O, o, (a=h)I )T

Therafore we may assume without loss of generality that

‘I‘o“mﬂx{fm 1, *** -'r;,}_.

Lot
' n(ﬂ+1}
ﬂ“(ﬂily dia, ***y Q1ny Q223, D23, '_"-': Gany ***) ﬁnn)reﬁ (3.4:)
. ﬂt_(ﬂi?; Gﬁ', “SE Hﬂ): agn, g '-'3::3: e afg TER “{""'1)’ 1€t%ml (3'5) |
S ;"-(3'1! y A )TE Rk O (011 *» Gm)re R™, ; (3'6)
u’""(urﬁl: "» ﬂf)’é R_f(“_ﬂ} _ (3‘7)

and .
| é’-SR'?"x- xﬂﬁ'“xﬁ”xn"xﬁ"ﬂ-’ i %
. ml

 We define dlﬁ‘erentlable real-valued functions Ju (1@@, j<n) and hy(1<i, j<n—1ro)
in the Fuclidean gpace & a8 follows:

| (Q'ﬂ) ‘“'A"f‘g ﬁtﬂi".(‘hrﬁ:h e, m)fdi&g(hf o) ,-.'.':": 3-#1-{“}) (ﬂr.-:-:u vk 'Un)r:

. (hﬂ) = (.'urn+11- "':un)r(urﬂ:h nnes 'u-n) — T
Sat . . _

9"(.‘7:1: giﬂr "5 J1ns Ja2, Gagy ***; Gams ""%» Onn)s
| h‘“ (h:u_, hn: it h:l.-n-—r.: hﬂﬂ: hﬂﬂ: G hS.u—r.: T hn-r...n-r.)
and
=g, k). | | -
Let M & be the set of points Xn{A Ay, ey Amy A,y o, ur €& & such that
f(X') =0. With each pumii X={A A, e s V. u}Eé’ ig associated a vector

n(r+1)(mil) e mn(n—ry)

mn(ﬂ,tﬁ,---, ol, X%, ¢, HTER 2 ;

where 4, A, *++, Ap, G, By, ***, Gmy A, C, U 8TO representad by (3.3)—(8. 7) It is easy
to verify that .

_3_'3 oh
ﬂﬁ © fnlnd1d :

ag an | ICF o

da _ Oa « D
of _| og oh |_ e 0
8 | N M | o 3

dg  oh e

* & « B

99 E"_} .

2u oOu

where
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and .
oh

_ e . N

U ’
(2013 Vo Ui Uryas = Yy Yz Ug O 0 0 4w 0 0 0+ 0 0 O
0 %ys 0 O <« 0 0 O 2 pathe,t3Urggs " UnsUn1 U > 0 0 O
0 0 EL,-_.I.J_ 0 ikt 0 {] 0 0 ‘H,-..,.g | 0 TR 0 O ‘0 now {} 0 O

0 0 0 0 *+*+%Usu 0 O 0 0 0 «upys0 O 0 0 O
0 0 0 0 = 0 %y 0 0 0 0 0ty e Dty Uy 0}
"0 0 0 0 - 0 0 a0 O D0O'we 0 Ouyaere 0 wy 2
o S (3.8)
From | -
: H*H =diag(4, 2I""D, 4, 21D, ... 4, 2, 4)
we seo that '

rank(H) = n—7) (;“Vn+j-) _

Hence for each fmiuf. X &N the matrix —g-g— in which each partial derivative is
evaluated at X has

-rank(fi) L ﬂﬂg—l) + (n=ro) (;_—_‘i"'o:fl'l) _

By Theorem 8.1, it follows from

dlm(cf)u“(““m““) ketmetn(n— a-.,)
that IR is a aubmamfold of & with |
dim (M) -=d1m(6') —rank (-i)u m“(“+1) +h+m -+ (a= —7o) (‘2‘*""'"““1) . (8.9)
Let

.x"-gﬁ““‘x--- X SR™"x RY,
a.nd let & denote the set of points XV ={A4, 4;, +-:, 4w, A} EH at which Problem
G-1 is solvable. We define a differentiable mapping F of —>.%"

F(E) {A 'A'il' vos, _A_.., ?b}e.f ﬁ,}I IH{A A_l’ ' _An,l G, u}em
andwn‘be e  F Ty | |

W ~F (D).
Lt SO
- dlm(x‘) 21:4-_)("“&)3.,_&
nnd.dm(%)-(d:m(.x’) e S e
’ n-—ﬂ'l‘ l'. ‘I'n""'l >0 . (3.10)

" :_ﬂ‘“ ;‘. .'.,‘_‘t':ﬁ i'?l‘ tﬂi _.2 .h,,_ _._1:‘,""‘ E hﬂj,h
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by Lemma 8.1 the set IR’ has measure zero under the assumption of (3.10). Observe
that for any point XV ={4, 4y, > Apy, A} E L there exist cER™ and ¢ERV
guch that the point X ={4, Ay, +00y Ay Ay O ¢} . Hence PP, and thus the
set % has measure zero in the space ¢~ This means that Problem G-1 is u.s.a.e. if
the condition (2.1) is fulfilled. j =
2) We consider the case m=mn. Lot
X -:?_R“"-_x ees X SR X R",

—

. . a4+l .

and | Ty ;_ - G e B w .
m“{{A: Air - y: }'}Em Ay -(ﬂf}’); 1‘(‘3&}421 ‘GH} I‘(E, ﬂ'r'.l&t, 1<4, t.g“'}j

: T Obviously, X, is an open sek

where & is a fixed positive number satisfying s <

of the Buclidean space ¢, and the matrix
| | E“‘* {ﬂy})h#i.---m |
is nonsingular provided {A, Ajy =, Aa, A} € . Let
B =), wp= sSup UI':I,

{4, Ay, du A EN
| 1ok jon
.’ ztﬁgﬁtﬁh fomly eeey B
and . o N |
d(ﬂ) —.JI.E,I,E' l?"l—a'fl Vﬁ-"(}'i:".": M)Teﬁnr =
- W a T ? | _
o= (@11, **s Ca)TER* VA= (ay) ESRY,
ku)-ﬂﬂrll—ﬂulwkg(ﬂ)'}‘kn(di) V{Ap A, "':.Alu }'}Em
and - 2

At (A, Ay o Ay YA B> (B ()T +mba (D)
From o _
k‘ﬂ(g) Qﬁ}.ﬁkﬁ(ﬂ) {V{A, Az, ';': Ay, L}EJF.
we see thal if r=1 and {4, 4y, -+, Ay, A} E X" then ‘by Theorem 6 of [2] Problem
G-1 has a solution ¢== (61, wos, )T €R®. Observe that ¢™ is & nonempty open seb of
o and so meas ¥ ">0 if r=1. Hence in the casé m=wn the inequality r>1 is not
only a sufficient but also a neoessary oondition for the unsolvability of Problem G-1
a.e. S '

Proof of Theorem 2.2. = — _ )
1) Suppose thab Problem A-1 is. solvable at A€ SR**® and AER" Then “there
exist a matrix I € O** and'a yeshor o= (01, ***5 €a) "€ R*such that |
-A‘i"djﬂ'g(ai::"': ﬁl) "Uﬂjﬁg(otmr M, "'%A'JW)U!’ T (311)

. where ; {_:{ﬁ;-_ o o s
| A=(ay), U=Tus wwe (3.12)
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i —

Without loss of generality we may assume that ¢ -f.mgx{rﬂ, T1, ***, ﬁ}. Imd A € SR3*",
Let S T |

n n-—l’,‘l

ﬁ".(“;lﬂi ‘3131 ": ﬂi-n-r.ﬂﬂﬂ: '-'324; G ﬂﬂ‘ﬂ.! . *In—-i H)TER (3-13)
A= (A1, *++, M)TERY, (3.14)

U= (-u,,_ﬂ, eee, >t )T € RMn—T) (3.15)
&= SRy<® S RE o RS,
We define differentiable real-valued functions Fu(1<<?, j<n) and hy(1<, }*fén—-ro)
in the Euclidean space & as follows:

(90) = A s =+ t)ABE AT, 0y M) (s ) 1)
' (""H) e (ur.-r-i: ;%)E(%—.Hli ___':;--, u,.) — Jin—rd
g_ (g:l.ﬂj 913: glm gﬂajyﬂir"i: gﬂm 'I';: gn-ign) y |
k- (h.'lij hyg, +*ey hl-ﬁf_—-r,_r 7322; hﬂsr'“: Rgprys " hﬂ-n-n—r.)
and o 1 T |
N

Let M= & be the set of points X ={A4, A, u} €& such that f(X) =0. With each
point X ={A4, A, u}Eé’ls associated a vector

_ L w= (@, AT, F)TER T *’*’“*“"""’", '
where 4, a, A, ¢ are repreaentad by (8. 12) (3 15). It is easy to verlfy fhat

29 &b
) 3@ 2a -I(n(nz—l}) 0
25 |on |\ -

where H is the matrix denoted by (3.8) and raa:]k(H) (n—1r0) (n—ro-+1) /2. Henoce
for each point X M the ma.tnx 3f in Whlch each partial derivative is evaluated at

X has
| rank _L _M_{_ (n--'?'n) (n-rg+1)
By. Thanram 3.1, it fo]lows from e, HER
| R T () “(‘“ 1) *+‘E+n(ﬁ-—-ru)
tha‘sﬂ?l:tsa.ﬂubmamfnld of ewith © 1 T
dJm@R) udlm(é’) -rank(—i)=k+£“_r“) (n+ru—-1) i | é'i,ﬁ)

ﬂﬂﬂﬂﬂﬂ

-"~.~" i
‘i. L Iﬂi - : | : }-:: -.-':-E._.__m e t . t-.-“‘" o - o ey ’
) e . e g -
1.-*1'-*1% . | (ﬁ amﬁ f_ﬂﬂsxnxﬂy g o e
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and let &7 denote the set of points XP={4, A}& X al which Problem A-1 is
solvable. We define a differentiable mapping F of ;M2 s
F(X)={4, N}€X for X ={4, 7\ u}EM,

ﬂ.ﬂd'Wri"iG
TR’ == F ().
Since B
 nd dim (W) <dim (") if S o
| ro>>1, I |

by Lemma 3.1 the set N’ has measare zero under the assumption of (3.17). Observe

that for any point XV ={A4, A}€.% there exisis uc R _gnch that the point
X ={A, A, u} €. Hence LM, and thus the set ¥ has measure zero in the space
. This means that Problem A-1 is n.s.a.e. if the condifion (2.2) is fulfilled.

2) Let - ,
A =SRmx R,
d(;"")ﬂ min |1'¢—}“!t }'=(A’1: Ry ?‘I)TER.
. y 1:‘1;.3-:1 ; s
and

| At ={{4, A}EX: d(A)>2 3 k(D]

According to a result of Hadeler[8] (ref. Remark 7 of [2]), Problem A-1 has s
solution ¢= (o1, -+, Ca)TER® if max{r,, 71, *, rot =1 and {4, A}€ . Observe
that 2f* is a nonempty open got of the Fuclidean space ¥ and so meas ¢ >0 if
max{ro, 71, *-*, T} =1. Henoce the inequality (2 .2) is not only a sufficient but also a
“necessary condition for the unsolvability of Problem A-1a.e. §

Pyroof of Theorem 2.3. |
. 1) Suppose that Problem G-2 is solvable at 4, 4,, +-, An €ERY® and A€ R* Then
there oxist nonsingular matrices Y, Z€R™* and a vector ¢= (o, -~ 0s)T € R™ such
that |

A+3} 6= Y diag (090, 1, v, MI) T, (3.18)
where - |
A @), Arm (@), by ooy 71, ¥ (s w00, Y0, B (o S 20 (8:19)
ZIY o W) ;2 | K ¢ (320)
Without lass of ganarality_wel may assume that ro=max{re, 1, **, Tm; and
. B, Gl oegle o« . . -G8y

@G~ (‘511: Crigy ';_Tl Gj_., G ﬂﬁ: vevy Ggmy "';_ailil G.a, ';'-.'l a’.)EE'R", (3'22) :
A= (g, ++ry M)TERY, 0= (s, -+, 0m)TERT, . (3.28)
Y= (a1 =0 980T 2= (@1, ey SR TERCT - (8.29)

!
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and - | ‘
» gﬂ Rfﬂ.:-::n S s R Rﬂ:i_n X_RE w B™ W ﬁnfn—n_}_x Rn{n—r.). .
We define differentiable real—-valued functions ¢,(1<4, j<n), hy(1<i, j<n—ro) and
L{(l<i<n—r,) in the Euclidean space & as follows:

(QH) "’A‘[‘Zi ¢ A — (ﬂnﬂ: ey y.)diﬂg(hl"*’, ese, Ayl e (5r.+1: i %)T:

(hi.‘l) = (zfn+1.'l ".':.ﬂll),r(yn+11 Nty yl) —I(nﬁd!
b=yl clreri—1, =1, ==, n—1y.

Sob

g= (911: 135 ***» J1ay 991: Gaa, ***; Yans "'y Tty Gnay **" ynn)l
3 h_(hlh hd.ﬂ:‘"': k;:ll-l——r.:. hﬂi: hFﬁ: w0y kﬂ:n—-rﬁ e .hn—r.uir hn—r"ﬁ: “**y hﬁ—fﬂﬂ-l‘l ’
[ (li;l zﬂ.‘l G El—ﬁ)'

fﬂ (91 L, I)'
Lot M& be the set of points X ={A4, Ai, *+, Am A, ¢ ¢, 2} EE such thak
F(X)=0. Withyeach point X = {4, 43, «-+, Am, 4, ¢, ¥, 2} €& i8 associated a vector
' .‘ 75 == (wr, ﬂf, .ve, ﬂ:’ :L'T, o!'r y.'[". z'_r')re Rn'{m+1}+lﬁ+m+ﬂn{n~ﬁ}’
where A, Ay, *+, Am, @, @1, ***, Gm, A, €, ¥, 2 aTe Topresented bj (8.19) and (3.22)—
(8.24). It is easy tb verify that

o9 ok 33\
( da Oa Oa
' _a__ﬂ_ ?}3’ el I 0 0
% % | [ . o o\
o9 oh & * d
of | v & an|_{ + 0 0/
oz |99 oh Ol | | + 0 OF
| & de oc \ « H, L
o9 oh Ol | 7
2y dy oy | H, LJ
\39 oh ol
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o - . =S

fﬂfﬂi Yeers = Yn 0 Q0 ¢« 0 «= O 0 o {}\
0 s 0 a0 Ypoi1 Yrerd Yn o 0 o 0
s | 0 0 -0 0 @ =0 0 0 =0l (308

P ==

=il :
\ 0 0 0o 0 O 0 - 0 0 0
0 0 - 0 O 0 O o Yrpe1 Yrot2 * :z;.}
23/:'__.+1 0 0 0
3 O 2yﬁ+_ﬂ | G 0
R I R (3.27)
3 0 0 ¥ 23(“.-1 0 |
' 0 0 LR U zy.
and ) | |
ol
Ly=—- 0. (3.28)
Let
H," T ' ' g
G e Rﬂn{n-r.}:-c{n-r.}tn—r.+1} 3 ; 29
( s )e - (3.29)

14 is easy to see that far a.ny veetor wER{"-r-Kn—ﬁﬂ) from Gw=0 one can i
w="0. Therefore we- ha.syep- By . 8 .

 rank (G)=(ﬂ »ro) (n-ru-i-l)
Henoe for each point X €I the matrix —i in which ea.ch partial derivative is
evaluated at X has - - | .

rank(—i)n-nﬂ+ (n—-ru) (r—ro+ 1)

By Theorem 3.1, it fol'lows from
| d.lm(g) =n?(m+1) +k+m+2n(n—1r0o)
that M is a submanifold Qf & with

dim(ﬂll)ﬂdim&?g);rank -z—-i- -=mn”+k+m+(n—ro)(n+ru—1)- (8.30)

Let . |
'f= Rnx-x i Rnxn P ﬁk
e m+1 .

and lat & dennte the set Of pomiﬁ X e {A A,_,. T, .A,.., AE X ab Whlch Problem
G-2 is solva.ble We deﬁne a &ﬁerentmble mappmg F of M>H:

F(.Z) {A Ai, s, A,.., L}E.ﬂ;" far Xﬂ{A .A;l, ey A, ?u 8, 9, z}GEUE
and wrlta s | | T

* PSR ey l-} Tamy = 7 -=-F(i.)t) Plaa™ BE N s

¥
f
G men gl L 9 et gt e i

RLTRES e d;lm(.:f) =-n“(m+1) +k,
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and dim(M) <dim (") if .
- - n-—-m+9‘u(rn—1) >0, - " % (3.81)
by Lemma 3.1 the sei SDE' has measure zero under the assumptmn of (8.31). Ohserve
that for any point XV={4, 4, ++:, An, A} €L there exist cCR™ and gy, 2ER*™

such that the point X ={4, 4;,-, A,,, As €, 4, 2} € M. Hence L'CI', and thus the
gset . has measure zero in the space o¢: This means that Problem G-2 is w.s.a.e. if -

-~ the condition (2.8) is fulfilled.

2) We consider the cise of m=vn. Let

.f—ﬁ“"":w: oia 3 ROX xR"
? . fi't} v T n+1

and
g {{A Ai, *ey Ag ?.} E.f' A -(af?), 1-<a;?<2 |¢“’|<s, @%t 1<¢, $<n},
where 8 is a ﬁxed positive :mﬁ;ber sahsfymg s« 1 =T .,Obwoualy, .%" is an open sok

of the Euclidean space ¢, and the. matrix . e
i = (aﬁ”):.;ﬂ.m.. § Baand
is nonsingular prﬂwded {4, Ai, vy Aay AYEXN,. Lot -
. B e=(ly), p= sap  [ly],

- _ {A:“-ll '“I-‘-HF-"} E#I‘

and
=B A, 8=FAI VL4, 4s, - 4u FEAL,
d(ﬁ-)=13}2—_|3« M Vi"»“@-:u *s :&.)F‘ER"
oy
 Go= (G, :ﬂm)reﬁ' VA“(GH)ER“"
& km""“#l?‘l“ﬂolmh(ﬂ)'l'h@’i) V{4, 4y, +=, Au, A} EX,
and |
4, 4y, ey duy RFER: BV>0, d(a.):=- ol }
“i{ 1y woey Any A} m
From ¢, mE e |

kzl.(g) ﬁﬂ}‘-&h(ﬂ) {-A -A-ir sosy -A-u h}ef
we see that if r=1 a.nd {A, Ai, " A,, ;!,} e thﬁn by.® Thaoram 1 of [2] Problem
G-2 has a solution ¢=(6y, *- )" cR". OMQrve tha‘li A 13 a nonempty open set of

X and go meas ¥ *>0 if r=-1 Hence in the'tase 0f m=¥ the inequality £>>1 is not

only a suﬂimant but also a necemary cond:l‘-w?g’

._fnr %& uﬁﬁl‘? a.bﬂ.lty of __I':'rnblem G—2

a.e. I Hapx BB *q:ﬁhh g ,.i-l ke 5ot
Proof of; chorm 2, 4 o g LA '-; i

Sabld.a s vg' N "-L?ﬂ- €R", then there exist
e

i -\..‘ - '-\." i, B _‘-_.-'___- - -'_.._ r
- ’ 3 . T '|— .
: Fos Y £ Ve :- g £ ..'-
il H o H :_:'?_.......-l;: . i . 2
: J0 DL e 1ol . ) T
&
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where . | . O
: A= (ﬂii): Y“(y:h' B2y .fi-): Z == (511 ety 55) - (3*33)
Z"Y-I"" ylyi=1, é=1, -, n. o (3.84)
Wl‘bhﬂl‘lt loss of ganarallty weo may aSSUMe 'hhat rgwmax{:ru, ry, <+, ru} and AC R3*.

- Let .
G = (@:l.ﬂ: Gy, ***3 Tiny Caay Dasy *°*y Qany *77s Gniy Gaa; *** ﬁ,,_'._i)reﬁ'{"*”, (3.35)

A= (A, 1y MTERY, ' (3.36)
g (YT 1y oo U307, B (2000, 0 zr)fe Rrn—re) - (3.87)

and

3

é'— R?.‘“" % R%x R¥1 % R"‘H-) =

We deﬁna dlﬁ'erantla'ble real—va.lued functmns gu(l'éﬁ, jﬁn} ; hq(l-éﬁ, Jﬂn-ru')
and T,(1<é<n—rg) in the ‘Huélidean space & as follows:

(gﬂ) A (Yrer1s " yn)dlag(}dﬂ L seey LJ{“}) (ﬁrﬁir * zl)r.l
(b‘lijﬂ (Zres1; "':'55) (!fr.-i—:h e yn) — 1o,
z'l"’yrﬁiyn-l-l_lr g==l, o0y, n—To.
Set : ' | |
g=(g19; G13; **5> G1my Ga1, Gasy **% Jans ***s 9!1! Gney =" Inon—1) s
b= (h:l_'l.: Rysy*, b1 mves a1, has, ***, hzfn-rn aels Ru_reas "> Ra—resn=re) s
= (1 la, *=s lar.) -
~ and
J= (9'1 h, T).
Lot =& be the set of points X ={4, A, ¥, ¢} €& such thai f(X)=0. With
each point X ={A4, &, ¥, 2} € & is associated a vector -

- ge=(a¥, AT, &Y, T E Rntu-lHiH-Bn{n—r-}

where A, a, A, ¥, & are represented by (8.83) and (8.85)—(3. 37) It is easy 1o
verify that | |
' a2
oa Oa
oh b g
: _?i ol = H#Lv ;
d. oy o H. -L. |

ﬁ?!..r-’

whm H,, H., L, and L. are tha matnues d.enoted ’by (3 25)—(3 23)

. g, I,
.{gnk(ﬂ L. )-(ﬂ—fb)(ﬁ“fg'i"l)

Hence for each poink % wa ;f.].:l_ﬁ matnx ,-—iu 5 whioh each pa:rtial danvahve is
et R g Clay i g ..:"” Y S

b 3

|
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ﬂ?&iﬂﬂ-'ﬁ&i at X has s o m ‘ .
rank (—i)=ﬂ(ﬁ'—1) - (Ha ﬂ'n) (ﬂ *’a"u+ 1)

| By Theorem 3.1, it follows from
A - d:m(é’)-n(n—l)+k+2n(n-m
that EDI is a subma.mfuld of & with |

dm(ﬂJE) udlm(é?) -—-mnk (—L)—Ic+ (ﬂn—ﬂ"n) (ﬂn-l-ru--l) o (8.88)
X_Rgxnxﬁk

and let % denote the set of points X'We={4, A} Ef at wl:uch Problem A-2 is
solvable, We define a dlﬂ'arentlable mapping F of M—>¢" -

F(I) {A A}E.ﬁf’ for X-—{A ?L,y,z}eﬁlt

and write - -
ﬁﬂﬂ-j?(ﬂﬂ)q ¢

' ’ - dm(X)=n(n—1)+k,

and dim(ﬂ'R) <di1ﬁ(1’)if ; |

. . o1, . BETE (3.89)
by Lemma 3.1 the set an’ has measure gero under the assumption of (3.89). Observe
that for any point XV ={4, A} €% there oxist ¢, 2ERY*" guch’ that the point
X ={A4, 7, y, £} EM. Hence LV, and thus the set . has measure zero in the
space . This means thab Problem A-2isu.s.a.e. if the eondlhon (2.4) is fulfilled.

2) Let
- N =RE* % R", -
~8() = min (=] VA= (A, -, M)TER"

14..!
f

and
H = {{4, N €A d(A)>4k1(4)}.

Accordmg to Remark 8 of [2], Problem A-2 has a solution o= (01, is, 0g)TER if
‘max{ry, 71, +=, v} =1 and {4, L}E.f' Observe that ™ is a nonempt'y open set of
the Puclidean space ¢ and 80 meas X°>0 if max{rn, r1, *=, Ti}=1. Hence
the mequahi.-y (2.4).i8 not- nnly 8 su.ﬂiment but also a neoassary cnnd.mon for the

unsolvab:.hi:y of PDOb].BIIl A-2 g0, l | £l el
3 _. , ,...":.. .I.f.,:' ,.‘_“h.[-.:I EE__ A
Cop o ow Bl e _.E-".".'?'ﬁ? f.:-:;-if-".-ﬂﬂ.‘.‘?-::i -""-’éii" : :t'-"‘l e e B S R R L W PR e 0
OBMLEE LR TR ML W SUREE AR Bl G ladye T oR pdiimg :¢'~ Biheee o P
. . §4 anl Remarlu Lo ARG G
i :

ll:lji Waoonsiderasimpleammple P w W% PR |
-~ Problem’ A-l(B; -2, 1) .. Given & non-géro ME R and a mairix Ae- (au) ESRS"’
- find a vector o= (ogres, ¢s)* ER® such:that $he matrix A-+-diag(oy, 6, aa) ‘has zero
eagenve.lue of Iqulﬁ‘p]icity 2 and a simple mge:walua M. |
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By the definition on the ansolvability a.e. given by Bhapiro (5] a.ndl Theorem
1.1, from - S -

Tu("'%"".l)..q_ M§+l)j>m+k (here m=3, k= 1,_4'0_'=2.: '1'1=‘1j

it is unable to determine whether or not Problem A-1 (8; 2, 1) is w.s.a.e. But
by nmf Theorem 2.2, since ro>>1, Problem A-1 (8; 2, 1) is u.s.a.e. according %o
Definition 1. 2. . | I |
.. T4 is easy o prove thal Problem A-1 (3; 2, 1) is solvable if and only if

{1 ) ﬂiﬂsﬂu“ﬂn“o : |

0T
: 1 S
: j.L(Eli) am=a15=-0, I“ﬂ-‘?l__éﬁflzﬂl
OT - s B ke R Ees a, e i St PO

(155) aamdag=0,. |ass| < [l
or

(iv) aumam=0, laul<F Ml

or | » o _
(V‘j ﬂiﬁﬂiﬂaﬂﬂ%oj Zililet t aitikl + alﬂ_h# _
Q23 Q13 s S '
The conditions (i)—(v) show that Prohlem A-1 (8; 2, 1) is solvable only in a lower
dimensional set of the space SR % R. Hence 1 15 really uga.e. . '

42. Tt is easy to see from Theorem 2.1 that Problem G-1 is u.8.a.0, if the

patural numbers m, k and the nonpegative integers ro, T1,.*+*, 7x safisfy Shapiro’s

R % M P X For S .
48. Wang and Garbow [7] has discussed 2 numerical method for, solving

Problem G-1 in which m<sn. heorem 2.1 shows that Problem G-1 is u.s.a.e. if

‘m<w. Hence, in a general way, it1s impossible to solve Problem G-1 in the case

m<.n unless we ireat this problem in other senses (6.g., in the sense of least squared
| approximation). |
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