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NUMERICAL SOLUTION OF RADON"S PROBLEM
IN A TWO DIMENSIONAL SPACE*

. HAOSHOU (4 %)
(Habu Immta nf Tsdmozagy, Tianfin, Ghmﬂ)
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As in the Fourier tra.nﬂform of a func-hﬂn., we amoﬁla.{ie wﬂih a function f(x) its
Radon transform g(a, p), ‘defined by the following m’segra.l of f(z) over the
hyperplane with unit normal ¢ and distance p from ’sha orlgm .

o Rf=j f(m)dm;“.‘-?(ﬂ: P) | o (1)

SRETEE I ' Crc = ]1

for p = R:l z, mE R" I::ul -=-1 The Radon problem mns:sts in solvmg equation (1) for
f(=z) from g(n:, p). This problem is of great importance in many applications, for
instances in “She reconstruction of objects from X-ray pictures ([1], [2]).

In this paper we shall merely treat.Radon’s problem for n=2. Describing the
unit normal « by its polar angle §, we can rewrite (1) a8

Rf=[" 76 p, )ar=9(, 9, @

f(ﬁ D, r) -f(pmsﬂ-l—e'smﬁ ;psmﬂ rcosﬁ),
or _ - |
4 r_.i'.?L @), @ j " 48, p)dd,
where a:('q) ig the a,veraga of f on the clrele of ra-.dms 7 a.bout the origin:

% |
ﬂ(‘)}') e q?"_l jl e f(m)d-? _
The problem of determmmg the solution a(n) (in pariucula,r f(n), if the function f
has the property of circular symmetry™, ie. f (21, 22) =F (1), 3 i+af=r") from the
initial data G(p) has been explored in [3] in greater detail.
Radon’s problem (2) is not well-posed on the pau' of smees ((J Lg), where

 LamLa(HD), Y
5-=5(K ) {f(m) f(m) is ﬁontmuous and has qompact Eupport K;, 0<£<T},

-- H{(d, 9): pERY aC R, |o] 21IF .

is the unit ey‘hnder in R® and K, is thie circle of rafh J * Aot thaanngm This is
because the range of Radon’s mﬁagral ﬁperato R ana not Gﬂlnﬁld.ﬂ with Lg
and fhe mve:lﬁe R-of the: opecrator R-is not’ _ e
It should, be 11"’1’“9‘1 out tha} thq mprom f'f_-.{-?'f;;:;;. ;
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(2%4) “f@ - (4T | dos f"‘“ e p)

)= =00 P_Z'm

| 3 &
Below, we shall use the ﬁnite—diﬁ’éranca method o #olve the Radnn. equatior
(2). In order %0 clarify the essentials of the method, in this section we study merely
o somi—diserete scheme, where only the variable p is disoretized: _
| o
n+1

while the variable r is left continuous. The fully discrete case is disoussed in section
8. Let f be a veotor-valued function:

| - | :f.;ff.,(ﬂ, r)_fﬁ(f:.;__i_(@, ), >, fn+1(3:;.4')_). ;A

the componenté of whioh, i.a.; fi(@, 1), are defined on the éégmmta:; g

| {(p:, r): T—T_-Q__rﬁi'u}_' (3=—n—1, * n+1).

Now let us consider the functional M? of the argum_enf function f., which may be
taken $o be an arbitrary continuous funckion with a continuous derivative: |

M3[6; fx; 9<] ==1g:'r_ _U‘:fi(& r3t§r+yi (6)]5 +°‘¢g T I:_{ﬁ _(9; r)+ [—d#]ﬂ} dr
. " dem i ':":r:j:[fui“‘fi_]“@r, o o |

pe=tr, i=—n—1, —w, >, X, at+l, 7=

= --+j|--1

where ¢. is a given vector:

' gem9a(8) = (ga (), > 94OD)- |
Theorem 1. For every ¢, and every positive parameler o, there exists @ uniqus
continuous function £2(8, r) with & condinucus derivative for which the fumotional
M2[8; fx o) attains ¢is greatest lower bound: | |
Mﬁ[ﬂ, ki g*l'] =inf M%[0; f» yf] :
Proof. 1) The Jesired function f2(@, r) should be defermined by the integro-
differentisl equation of Euler: |

aLifd=| 1.8 ds=g:® e
| o . T : :
- Eifa-Sk 4 Bfs
-(+x)
= (1+1‘9 -
B= Sar Z e rari 07 .: Yigh. B v B L
g = (L) i gt af
i FalieTdeT f 4 1 PRl T -1
= ()
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and the boundary conditions | L
f-(8, =T)=0, f.(8, Ty—0, e (4
Fuss@ ©) =Fa8, s Fact(B ) =F (8, 1)

2) Under oconditions (4) the asgociated homogeneouns equation

aL[f.] = j 1+, $)ds

has only a frivial solution. - .

8) By means of Green’s tensor G(r, {) for the differential operator L[ f] ang
the associated boundary condition ([51, p. 894), it ig found that the desired solution
- f%(, &) is equivalent to solmg ’ahe followmg mtegra.l equation of the EEGOnﬂ. kind:

of 0, )= @, O[[7, 10 -0 @]

and from 2) the last equation possassas a umquely determme»d solutlon. f2(8, r).
Thus, Theorem 1 is proven.

Asg in [3], selec:tmg a(3) ==3“ WO can now prova the fnllowmg

| Theorem 2. Suppose that the function fr(z1, @s) €C(Ky7) hws @ aonmuous
derivative and satisfies squation (2) with right-hand side g=gr:

Bk RfT‘_“"j  fx(poosf+rsin b, psinf—rcos8)dr=gz(8, p).

Then, for eversy positive mmnbssr 3, thers smsts d (s) and 7o such that for 8<38(s) and
7T the dnequaliiy | o |

3 O - Or <
@mpl@?ﬁs |
| lf““”(ﬂ 7, P —F5P0, 1, 21 <s,
where f"“’(ﬁ r) is the minimizer of functional MEP(; f., ¢
FEOFE0G, £) = (FXLa(0, 6), s SRE, 7)),

FOG, p, 5) =fEG; r)+ LE20: 7) 1000, ) (),

pE EPI: ?H:l]: 'E'B_“_i_: *eey W,

f{ﬂ 'f{ﬂ (9 fJ’) TR (f y—n=1 (9 f): s f?'n+1 (9 T))
0 e (9 'r) mff(p;m9+rﬂm9 p;amﬂ —rco8f),

Jz (H,p, r)=F55 (8, r) f“*‘@ ")"fé'](a "°)(P 23:),

B PE [Ph PH—:IJ? g e -ﬁ_‘l LT -

gs"}" ;'ﬂ(gj — (gg':—n(g): *s 95"%(5)): gi‘?‘ “'LQ'I'(B? .'pi)f “‘"6’15"“: 3,

9P =gP(0) = (GOSN O~

Prodf. ' Bince the fanction f5*(6, ) minbmige; he functional H"‘“Eﬂ For 991,
S MU, g <O S

Tharefore
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i U | g — rg(a}] —I-;:I(S)i j [(fum)n .(d ‘ﬂ”.) . dr

=1

” L (fa(a; __fm:a)) "
< é T ”‘? 4 d?’-yf'”]ﬂ o d) E J = ﬂ_|_(__ﬁf‘_)

f ( is‘Ti+1 (T} )_ﬂ_ ;{r

n

=3 RO - Ha® D 7| [

I=—5 f="n—1

f%&_)_) (_fr(ﬁ ) Pu T) ﬁ drr+m
dpf {ﬁ _i_]ﬂ +[%%_] }dq‘—]—--;?ﬂ

"!I

48’+a(3)j
<ol ao [ ([T + [ Tharrw-o, o<

d“2+r‘df’j_~f{ﬁ'(a; fj oF [qﬁf@ ] 1- [afr(g; P’-ﬂ]ﬂ}dq-,

~F
This, in turn, implies that

3 o " frfeene+ [ﬂ%] bar+

B f i “{“'ﬁ‘—] dr<d,
> v [rﬂ f"‘"’dr—-g“’}] -@aﬂd ' |

=—n
Thus, the functions f**(#; p, r) and F£52(6; p, 1) belong to the compact subset Me
of the space O[S](8: [T, T1X [T, T]):

M -{f@; 2, r):ﬂ{ (- f] ['3{7] }dpwe;md}

Rf*®(9; p, r) ERM., Rf{P(6; p, r) CBM:
Tt follows from the continuity of ™" on RM. ([4], p- 89) that for s>0, there exists
y(s) such that for [Rf*®— RfiP ] <nle)

lf“‘“’(ﬁ p, ) —f (8 p, T) | <s.

and hence

Fuarthermore, since |
IR a(d) _ f-:ﬂu agzo(durl)aﬁ.
We may choose. N '

n(e)
3(3) Jzo(;-i—ij

HR MJ-RfmﬂL.ﬁ??(ﬂ)
“and hence o s 8 il L EY

lf“‘*’(ﬂ 2 .e') ~f5 (9 D, -r),l <8,
This completes the proof of the theorem

 Oonsequently, for <D (s)



No. 3 ~ NUMERICAL SOLUTION OF RADON’S PROBLEM IN A TWO.. 253

§ 3
In this section we 'Etudy the fully discrete case:
T _' : ; : ' ; T
Pi=i, b= —n—1, -, 0, v, b1, Tt
. . * 2 ' T
ri=gh, j=—mn, <+, 0; ==+, m, ‘h=?§'

Let f.» be a vector-valued function:
frh=f-l:l(gr .?) o (f—'n--i(ar _7): o fﬂ+1(9: j)):
the components of which, ije. f;(f, 7}, are defined on the grid:

{(_'Pn fj)"fﬂ-ﬂ, i} G=—n—1, c, nt1,
Now let us consider ths functional A5, of the argument function fe

M416; S 91 = e[ 5 11.(6, ) —9u(6) ]

i=—n ~Li=—n+l

+a 2 "_21 {ﬁ(ﬂ ) [fi+1(ﬂ .'r') "fi(er_,?)] } .

$=—n Je—n+ +1

da 3z "2_1 a[ L .?_+1) = IR |

" p—

J
»

’ '.fﬂ.(ﬁ; — ) =‘01 f-rh(gjr “‘) =B,

where g, is a given veclor:

“yf(ﬂ) (g (8), ++, 9a(O)).

Theorem 3. For every g. and every positive par ameter o there exisis a UNLGUS
function %(6, 1) for which the functional M% [0; fza, g'r] attains 1s grsmtest Iawar
bound:

[9 f*rﬁ-.r g'r] IIl.f M [8 f-rﬁ: 91']

Proof.. 1) The desired function f%(#, ) should be delermined by the Kuler

i | e Al _ .

n—1

w[f-rh]"‘ Z hf-ﬂ.(ﬂ D —g.(8), | I (5)
D) L8 D a0 D47a@. im0y 9,

and the boundary condition - e w - - e
- | fan(f, —n)=0, f.4(0,n)=0, " - (6)
Fons(8, P =f-u(6; s f,,+1(.9 55 =F8, s o b

2) 'I‘he homogeneons problem -

n—1 :

aL*[f,,,]== hfﬂ.(ﬂ i),

fan(0, —n)=0, funu(f, n)=0
has only a trivial solution. Hence the inhomogeneous equation (5) under (6)
possesses one and only one solution. This completes the proof of Theorem 3.

Theorem 4: - Supposs ithat the fumotion fr(ﬂ-'u.: zs) EC(K%) has a conbisnious
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derivative and satisfies equation (2) with right-hand side g'=g1'-:
T
sz.-j_Tf,(pmﬂ_ﬂ+rsin9, pgin @ —r cos@)dr=gr (4, p).

Then, for every positive nuwmber & there exist 8(8), wo and hy such that for 3<38(8),
<< and h<Sho the dnequality |

E 7[5 (0) — 9> (6) 17 <&

implies
| | fa(6; p, ) — f"‘”(ﬁ, o, r)|<s,
wheq-e fH (6, g) i3 the minimsézer of funciional M3 [#, j"qF O i
FD o f30(D, §) = (222108, )5 =+, 2020, 1)),

Fi2(8; p, ) =720, f+L240 +1) =t m}(a 2 (r— )

25 e, 9o OI8O )

i+1

—[ 206, 5+ L -"+1}&"ff““(9’ D (e—ep |}

PG I:Pi: _'Pl+l]1.'§’“ —n—1, «, n, re ["."3, rr;+1]m jn_ﬂ'r 1"'1 n—1,
f¥V, ) =fr(PiW9+Tfﬂiﬂ9: pisinﬁ_—r,cosﬁ),
jo=—n—1, =, 0+1, J=—m, -, n,

f;rhj (3’ P: ) = f(rn)(g- N+ f 5;"”'(9 ,’H-l} fﬂ (4, j5) (r—ey)

—|—£-P-—{[ (b (9’ D+ jg:ri‘ll(é 3+1) _ £ (8, D (q____m.] |

P+l

~[ 126, g+ L2 D TELS > - J}

T:i

PEI[PH PH:!J: g = ""n_l:l teey B, reC [‘Tj; "i'j.;.ﬂ, jﬂ et | PR LS n—1.
The proof is analogous to that of Theorem 2.
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