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LOCAL ASYMPTOTIC EXPANSION AND
EXTRAPOLATION FOR FINITE ELEMENTS'

LIx QuN (#fk ﬁ) . Zuu Q-pive (k& R)
(Institute of Systm Science, (Depariment of Mathematics,
Academia Sinica, Beijing; China) -~ Xiangtan Usiversity, Xiangtan, Ching)” .

Recently, the elliptic Rits! projection-with linear finite slements is shown to
admit agymptotic error expansions on certain uniform meshes if the exact solution
is globally smooth* (see [1, 4, b, 6, 7]). We will prove in this nofe that the
asymptotic error expansion éven holds true for locally smooth solution. '

Oonsider the Ritz projection method applied to the Dlpch._l_ﬁjg E];thppg; o

—-Au.==f in O, u=b on 2Q:

on & convex polygonal domam QCR’ For llnear ﬁmte elements on a plecemse
aniform triangulggion thers hold" | S T A

(P,.u ~ut) (2) =h%(z, u) +a(h’) 4 1f u € W* 242 (Q) n H (Q) | (D)
D(Pyu—u) (z) =h% (z, w) +o(h?), i ucW**(Q)NHi(Q), :(2)_ |
in nodal points z, where P;,u is the Ritz projection of « in the hnea.r ﬁ.mta element

gpace Sy, D is the nodal point averaged gradient®® and 6>0.. = - -]
In general however, the 901111;1011 % is only locally smooth

wC W ﬂ*"(U,)ﬂHﬂ(Q)nH{Q), =3, 4, (3)

Upy={o2€Q: |#—2|<p}. - ' (4)

In, Blm—Lm—-Rannacherm it. has heen pointed out that there holds an extended
e.xpansmn in interior nodal points and that an expansion like (1) in interior. nodal -
points gven. holds true fnr mtermr smooth solution. We nOW prove the followmg
local expansion theorem by 5 fn.miuona.l a.na.lyms method - -

Theoram 1. There hold : £ |

(Pau—u) (2) =h? (P: u-) +ﬂ(h"“), | | LB
D(Piu—u)(2) =W (p, w)+o(h?), ' (6)

for nodal point z, :md % in.(3) and (4) (k=3, 4, raspsc#zvely) s "
Proof. Let us d.l‘vlda the lr.‘n::a.]_'ljr smooth solutmn % in (3) a.nd (4) mto a globa.l
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'm.__,{'l in Un(p'<p),
in Q\U,
and o € Og (U,j.-Then' |
PP uy=0 in Q\U,, v=0inT,.
For the good part u, it has been proved (see (1)) that there holds -

= We IRINO —o(w)toD). : <
And the bad function ¢ (or ¥s=(1—w)u) can be appraxlmated in H"(ﬂ) by good |

functions
‘.;_f , B EE u(ﬁr ﬁaﬁ(l—m)ﬂ)ewﬂ ﬂ-I-ﬂ(Q)nH (ﬂ) |
wl:uch adrmt the axpanslﬁn of the form - ;. . b

_ TEE (P atbyg — ‘!ﬁﬂ) (zj - 6(‘&-9) +0(1) | !, | .f |
It remains o prove the expanmon - ' < ol
L (Pla—u) () = e () +o D). o ®

For this, we deﬁne, corréspondmg to a nodal pomt -5 the fn]lowmg hnaa.r fIlD.c‘lilOILLl
_ 4 F,.(iz)== (P,.ug Ua) {z),'-'uﬂ=(1-m)u. | |

Wehave' | D ._

R —— |<P.u,— ) (z)l - I(v (Puta—ista), V4D

Sl v(tta-%nva)v(g‘ - Yo

——I (v(w—hun), v(.'-;‘ri—sr‘))l =

1
%hﬂ

where p"-(ﬁp, m,uQES;. is the mterpolant of u;, and gneg' is thﬂ dlSGI‘E’I’;B Green
functlun (see [1]) Then, for b, <1, |

T ) = Fulu) | <] F.(u) ~Fy(@) |+ [Fw () — Fa () l -+ IF.(«») Fw(‘“)l

{Gﬂu—uﬂ-mm}+§< 8.

ﬁﬂn — sl g~ 9 ﬂHlm\Upn}'Qﬂ“ u|| HYD) 3

anﬁe
i ]-"lm F 1(‘“) =e(ug)

(s) holds tme. Oom! (7) anﬂ (3), we ohtmn the expa.nswn

H;U.? (& 03
- g (Pnu—ﬂ) (2) = E(ui) +a(ug) G (1) (p, u) +a(1)
Henos (5) holds true. (6) folla%ﬂ’”aimﬂai‘i; ﬁfﬁ&h @. R
T uzoD-meNsaG 0w @

in nodal point 2, with p MM én (10)
-~ Proof. We ﬁonslder here only the case where the trlmgu‘.laﬁon i ﬂnjform.. |
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Then, from [1], there holds
- (Pwu—u) (2) = ke (u) 4 Rtel® (w) + o(h‘) !

where sﬂ"’ are the Ritz pm]echons of the functions e sa,hsfymg
— Je® e DA%+LYy  in Q, ¢™=0on Q.

Since 62 € H2(Q), there holds .

gn}._ ﬁf.n) o 0 (h)

" e‘”E W) nH “(ﬂ) n H ; (Q) for some >0 (10)
we conclude from (5) that

Bince

e — oD e h’e(p é“’) +0(h“) .
’I‘hen (9) follows by taking e (p, «) =¢P+e(p, 6V) |
- Remark. In the case 2 is a smooth demain one may assume that the exact

E -"'E"I

solution’ u'ig amooth enough Bu‘b in"this case, @ can ﬂnly be triangulated into a
locally mform mesh a.mi one ca.n, nnly pruve a.s in [1],, a.n mﬁprmr estu:nate

(P () =Rz, ) +O(R1g --) it oy

where ¢ are interior nodal points. A simpler case occurs when one considers the
eigenvalue problem o | TEE S

-\.- ',;'1'. i C '5"

i

—Mu=hu in 2, u=0onoQ
on a smooth. domam L. By using a locally umform tnangulatlon there holds for
the linear’ finite element mgenvalue y .
Ap - Ae=he+O(R®) "uﬂi'{'ﬁﬁ
and for the guadratic finite element eigenvalue Mbs -
- 2a—A=hte+O(h") | u| &.&)l ©f 0ud)e
For details see [3]. VR e
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