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THE USE OF MAXIMAL MONOTONE OPERATORS
IN THE NUMERICAL ANALYSIS OF VARIATIONAL
INEQUALITIES AND FREE BOUNDARY PROBLEMS®
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. In this mrk we use, maa:imn.l monntona npamhom thenry fnr sulnng 80me 'ruria.tmnal moqnaliﬁu
and some free hound.u.q fmblams This utilization, a].mady adopted at theoretical level for giving

anstanca, uniqnenm and ‘rogularity theorems ([11, [6], [10]) in this fiald, was ignored. until’ now
in numerical methods. We obtain in this way a direct computation method extremely simple and

goneral enough as we shall prove in concrete examples.

Some Second Order Problem

§ 1. Introduction

T WB adOPt usual nota.tmns in the field of vanatmna.l mequalltlea (51, [3]) Lot
¥V be a real Sobolev space,
K a closed convex seb in V',
“a(+, ) a bilinear, continnous, V-elliptic form on ¥ x¥:
la(u, v) |[<Miu|lv], Vi, o€V,
a(u, u)=aful?, a>0, Vu€V,
<+, *» the duality pairing between ¥’ and V¥, |
%: F—>R.a proper convex funatmn, IOWGI‘"-SBIDIGGII‘EIHEOUS on. V, hﬂ"iﬂg K as
effective domam,
f€ F” an, Aassigned fu;uctwn, which we suppose belongs to L“(Q) in numencal
ﬁxa.mplm
We oonsider the following variational inequality: D IR
o find wEV: a(y, v—) +1(v) —x (W) ><f, v—uw), VoET. L (1 ;’i);
It is well known thai (1.1) has a unique solntion: ([8]).. -~ '.t. ... '

‘We recall that a vector (u) is said to be a subgradiens of z at a pomt u, 1f
_w(u) satisfies the “su lent inequality”:

"'z(u) —~2()><u(w), 0wy, VoEV. 1.2)
The subdﬁ'arentml b/ 4 (u mul tivalued mapping from ¥ to 27, is the set of all

subgradients ([7]). We suppose (o) @, Vo€ X; (0, 0) belongs to the graph of 8y.
If we consider the operator A: V—-—J"’ associated with a(-, |

. * Reosived NuvamberBB ‘1935 |
A i Parhallyaupporbadbj‘@rogethoﬂ'lmmlﬁmﬂm” C.N.E. ‘Bﬁttoprogqthuﬂg.p_p_lu=.«.

w.-l' v




| a.n.d. then Hﬁe subdlﬂ"erentlal |

o~ PR = _“Fr_*- T\-:-R-;I:-_-!‘_ e A SR O
SEISE Rl St SRR
prd T TR L T
S g, g s .
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<Au: ﬂ)““(ur ‘H), I ' T .I (1 3)

we obtain from the theory of maximal monotone operators ([1], [11]) that A and
Oy as well as A+8y are maximal monotone operators. Besides, A0y is coercive.
Th'us the problem | '.
Ay, M(ﬂ)}EVXV" {Au+p(y), ©3=<Lf, v», YoV (1.4)
ha.s a solution ([11] 4 Gorolla.ry, p. 120) and only one solution. In fact, let uy, us be
two solutions; by setting unui, v g in (1, 4) and then u=tg, v=ity— U, We
of:tam respectwely | | | .
At (), g gy <f, U~ g, L. @.5)
. LAust+p(s), va— wd=Lf, ta—tsd.. (1.6)
By addmg (1 5), (1 6) and by using V——elhpt:lcity of A and monotommty of 9z we
have

Oﬁﬂﬂm mll’ﬁ@i(ui —¥a);, Uy — ad~+ () = ﬁb(us), Uy — us>-0 (.7
which proves that” Uy = Uy, p(u) is & ghotion of 1. (1 4) is‘equivalent to (1.1). The
same type of equation appea.rs in .some; irea bounda.ry problama, for example in

Btefan’s problem.* ok

+* . §2 TwoObstacles Problem

_Let
ﬂ be an open, boundad set in R" with bounda.ry 3ﬂ=1” regular enough {is a
convex polygonin R?, in numerical examples,

V"HG(Q): | _ .
L m(u, 4.:) j grad tLXgradw*dm Au-=-—dw,

K&w= {0: #EV/B?!J}:: a.e. in 2}. « and B are aﬁlgned functiong such that
B|r>>0>a|r; We can suppose a, BE€0°() and a=0 by translation.
We conmd&r the variational inequality ([B], Ohapter 11, Section 6):

. . uEER%E a(uv—u)><f, v—uy, Y€K, _ (2.1)
and nonsequenﬂy have as “mdma.tu ? function of K4
=0 ifvyC K% |
: 2.2
x(w_){ﬂ—i—m if v K3 i | | .

b A - é’@ if "!!'GEIK'L’,, .
| J ]—00,0] ifv=a, -
E :(ﬂ) i
sy g lﬂ'ﬂ HBW>0 " . % ¢+ > 28.7
- —[0 +m[ lfﬂ-ﬁ P e TR n B g

o ML) +5O 3> 00, OCT, @)
I ABHYER xFina(w; 0+ W), SmCfyeD, WOEV. . (2.5)
nst.ds Mdea u, & medsure u(u) =u* —p- setisfying (2.5).
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~ Diserete Problem -

With hé aim of discretizing (2. 5) we construct twn ﬁmte—d_lmensmnal sPacea
Vi, V& respectively :contained in ¥ and in ¥V’. We consider  first a “regular”
triangulation 7' of £ sur.:h that all triangles T € T, have all angles<<w/2 ([2]) and
denote by fo= {1 .-+, Ny} the sei of indexes related wﬁh internal nodes z; of T, by
Ly={No+1, -, N } the sot rela.ted to boundary nadeﬁ by I the gt LU I,. Let 2 be
the set of mdea m,w. (q-, 8€ I) of triangles T ET,,, 1., their length V=H3,(2) is
the space {¢?( ()}, spanned by finite affine elements ¢} (z), s€I o- Then by using
Green’s formula we can verify that the measure m—Au.E V' of u,EV, consists of
Dirac measures &%, concentrated on m,.m.

oA,

, -Q.b;: 0;>=-J. tindm—z-_ﬂ_'r.l '”:bds: MruER; "{%EV" | . (2.6}
In partmular we hava | |
) e =M gra=1/23 M4, =M, i€lo

By - » '
where m.(s-l lesss RE) TS & noder contiguous 130 @i in the support w; of t;b‘ To an
assigned function u, €V, owing o linear independence of 3y, there corresponds a
unigque determination of the coefficients M,,, and thus of M= {M oo

On the other hand, denotmg {@is}1,x1, the inverse of matrix {a(¢j, qb")} LT

M ={M}, and 2, determine the function ;= E M o} 4% such that

it o :u 5wk ﬂ'(uﬁj )gMII Q’EI{' s e B -- S - (2 7) .
F’E—H;"(Q) is the sPace spam:led by Dirac - ‘meagures 3 Iocated on 3. It is well

known ([B]) that ¥, is an approximation of V.
By using the mentioned spaces, we obtain the dlscrete problem:

{ta, wn(pa)} EV XV ﬂ(ﬂm oy +~<,wn(u:.), ‘Un>=<f: %), VueV, (2.8)
and thus the algebram system: |

{U M(U)}ER‘”‘K R‘"* AU+M-==b o= (2.9)

where Uﬂ{U;};,,. | - | |

L A"'{Gid}r.th{ﬂ(‘#f: )}I.::I. “gtiffness ma.tnx".',
b= {b}r,={(f, ) xar}s, “load term”. " i

Algmthm |
We solve (2.9) by usmg a J&c{}bl type 1tera.t1ve method llke
.. G, 4l ¢+1+M“+1“Gi(U'): %EI.;., S (2.10)
where &3 (U) - b;-—— ’2 a,sU;. g -

We sob .A4-=n(m;) ; B..=- B(m;) a:nﬂ conmder the tfolluwmg cases:

aaaaa

% G"‘A‘+M“+1=G(U"} ."‘" Sawesn i (2‘11) |
We have e mﬁ: 10 i obstadls in @, and. g neéih?e Tnéasure i, on oy o
o M<g‘(un} <q,;3‘, we ee*blmateﬂ""”hsuch thet o .

r*{, . Ch,iUn-H'*GI(’E!) L P T {2,]:25
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We have detachment from obstacles in =, p; i zero in ay;
III) if G‘;(U“) '.-?GMB;, '_we calculate My+*>>0 such, that

G BAMM=GO. . (2.18)
We have contact W11zh upper obslaacla and & posmwe meagure On ;. '
Oonvergence of the algorithm -
" By confronting, (2.10) and (2.9) we have - . - - - £ . -
au(U;—U“”)—I—M — M =@Q,(0) ——G;(U“), 0Clo.. . - (214
“At" thls point we emphasma the ‘monctonicity. properties of operator dyp and

4(a4i>0, @,4<0, i%j, A*>0) (seo [2] p. 172, [18] p. 85, Corollary 2 p. 87,
Ex. 7). Then we can eagily verify the following relation: -

- sign(Us— U"“)-slgn(ﬂ M"*‘) P e (2.15)
by ascemmmg,mallcases]f) I, TIT), fhapiess vy’ o e Tane e o

| &e:U:“-QU;-gBi mphes MHQM;. o ow o 7(2.16)
me () {810 wofbblain ¥ Vo' SERRENSEE TR B LR
. | ﬁ;.i[Ud +1|Qﬁhi|Ui Uﬂl"}‘lﬂfi ﬂﬁ&lﬁglm,;l |U; U"[ (2.17)

" and then

# | |U"U"+IH-QP(|35.J|/51-¢) ﬂU U‘I].., (2.18)
where |:]. is . norm, - .
p, the spectral radius of n:atrrx {|c3;,,e /as;,;}, ig -<:1 (see [181, Th 3.18).
Thuas {U*, M i oonvarges o golution {U M } of (2.9). g Y

§ 3. The Semlpermeable Membrane Problem

Let
V= H(Q),
a (u; v) ==I (grad uwx grad ﬁ+tw) -dm,
K = {v: werv}Oaé I}, 5 7 |
WB consider the variational mequahty ([5] Ohapter 4, Sectlon 8):
v€EK: a(u, v—uw)=>{f, v—wp, VeekK; | -(8.1)

the md_lcator funchon of K . P s i S
=0 if 920, on 1,

“(8.2)°

x(u){—_fi—m if »<0 on I" ( )
and the ﬂubdlﬁ'arenhal gy ¥ L
Ty . L. & R N

TN 3o sl—e, 0 e=0, © @9
S - | fx‘w{ia’#
g B B . ===O 1£1.r:=-0 on I‘. B S

T 4 E-E;ﬁ e

i Ly e & e : -~~¢.: Pmblﬂmﬂ 1 : it :F::“ g _
- ruEFiial ':;."_’f-ﬂ)+x(0) () P<.fw-u>, WEV; e (3 4).'" |
i A : :Lii*(f) (U 0) +(,w](u), v)=<{f ; _">r V'”e V" (3 ﬁ)_' .
<2 1s dhe denlity geiging Petween. HYA(T). sod HTY (l‘:}mds& %.m .

s
. ."'_..
vl
Y
1 = ) 4
YL P
s e
:. ._.. i e
. = L
H o et T
. oA .
- it
- L .
1 [ L
LN HET
- bty
IH i By s
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The Discrete Problem .
 We consider now a “regular” tna.nn'ula,tmn such that a.11 tr:a,ngles T ET._ have -
“all- angles <Go<x/2 ([2] p. 172) and the get I) of Section 2" and construct the

corresponding spaces V= Hj (Q) = {Pt}s, Vi={0¢.s}- By oPeratmg the d;scretmatlon
of (8.5) we obtain

. {ta, M(M)}EVLXV' G(Um: ﬁ)+(m(u1.), %}ﬂ(f: ”t): V‘ULGVL : (3*5)
'-a:nii ’she algebraic system |

' ' -(A+h’0)U+M B aiBEE e Tl @A)
mhm U-{U,},, g e A T U R
_ M-{M;}I {Oﬂ Mi}h)ﬁ]’.j b B ‘,;i;::{_-_';“- e
o6 Amm{aubaxe={(grad @}, grad i) martaxns o0 |
O={ci,i}1xr=11/ hﬂ(‘ib.u ¢} ) xoy frxs 18 the pom-hve “m ma.tnx’

.Aigomthm _
'We more exphmﬂy wnte the system (3.7) a8 follows TR T U e N
- At Rou)Us=by §€1e. 0 o (3.8
'Z‘}(ﬁhj"i‘h ﬂl.J)Uj+.M{'=b{, @GI;\ : | (3-9)
‘and put o |
| | _‘__ | G‘;(U)=b; g(ﬂl.j"}'h Gi.j)U;- e Yewme s | (3.10)
. : j.ﬁ
Then we calcnlate U™ and -M*** such that . oo g B ow U0
(a;.¢+h c;.;)U“+1==G‘ (U~ iféclo, (3.11)
M =GO i G (U)<0,$ET,, (3.12)
(@4 +he,) U =G(0%) if G(U") >0, i€ L. ~ (3.18)

We can verify the convergence of the iterative method as in the prevloua goction.

~ § 4. The Elasto-Plastic Torsion of a Bar
- Let o ' | .
¥, a( , ) be like in Section 2, |
Li=1~(Q), L' =space of Radon’s measures,
A—{p p€ L/p3>0 a.e. in Q},

() =1/2[ p-Ulgrad ul*~1]-da; pEA.
We consider the varmhonal inequality ([b], Chapter 8):

i 1 | ﬁEKF alu, q:—u)?(f, !?*!5};# ;v'ﬁEK (4.1)
‘Whﬁl'ﬁ | /

o K-—{ﬁ vEVﬂgmd u|-q1 a.0. ma} o . (4.2)
We can deﬁne the mdmator fanction of K" inthe fo]loﬁing way i S RS R
8L R -0 1fu€K % .0ded “"‘i?wh :

.
bn ™

'ﬁ'ﬂ(ﬂ) i3 a diﬁ'arenhable func‘hbn and-wé havs Df oourah 2 a 2 R
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L L

| (dlﬁ,(u), v)-I pegrad u-grad vdo SR = (4.4)
- - calculating the subdifferential of (4.3), we find |

. Cu(w), o) #_J-p:ﬂd;z(__u) -_-iJ’ﬂ g.-‘g:_md yegrad v de, (4.6)
where W #
if=0 if [grad u] <1, &
g3 € [0, +oo[ if |grad-u|==1,. e _ (4.6)
€8 if jgrad u{>1. . . ;

: Instead of (4.1) we nbta,m tha eqmva.lent problem: } = . |
| {u, gteV x4 ((1+9‘) gmdu, grad v)ma>=<f, v>, WGV- - (4.7

- wa ﬂ@wata Problem
“We set ; y . .
A= {ps: Pa(2) = 2y 0r(®)pr, P, € R, rE T}, (4.8)
.where Je={1, «., 8} is the set of indexes related to triangles 7', GT,,

8= card ( U T,

cr(g) 8 the characteristic fumhon of f’ (the interior of T,.)

We obta.m the discrete problem:

{“M q;.} EV.I.X .A;n (1+9n)gmd "i.; gracl 'l?n) L"(ﬂ}=' (f: vﬁ)L’{Dj;. 'Vv;'E V;. (4.9)
and in pariicular |

{u, gh}GthAh ((l—i—qh)grad Up, grad o )L’(ﬂ)= (f> qb?)mn;:_ ¢C Iﬂ. 4.10)
- 1hat is .' |
2;((1+9'r)3’1'3d Un, gfﬂd- & INT) = (f y P loswos € Io, - (4.11)

where

{=0 1f ]grad u.l-(l on Ty, (4.12)

€ [0, -I-m[ lflgraduﬁl=10nT,. B

'The constant term g, is well fitted for hlockmg |grad u| to maxima) um’cary va.lua
on 7,. We now deﬂunbe an algonthm for Holvm.g (4. 11)

Algebraic Systm |
.. 1ot us guppose that we mge Ooura.nt’ linear finite alemenm qbu (see ﬁgure)
relaiiedto ‘nodes P;,, and ‘the haxagon @y, 4 | Py e
We obtain: in}thi% way “the ‘following sysbem- eE oy e o T Py

_ ((1“1‘%) grafl s, grad ¢} Jpey -

e ._,-.‘*'.-?*_i. " J(__:"Lf‘_;:.i-!-:t)m.s.-u" (14'9’4-1«!) i Poigs l
L ge )V (1+gm.:)Um.:' - |

= i E e . P . 4 n i
r T B _:l:_r _\.“;'_. 1-'1-7__."_,"..-\. ; .-'_, ] \r:._ = : - -h
] * an PR o : ;’ i T jae
: : AR o e i e
vk 3. yeiy sy M‘!ﬁiﬂ)Uuﬂi | S
# - Taim ) o 1'-":5-._.
[ L - -
& ] s
o Dot vrs. v o0 = U ,_:E ; (4 13)
1 b e e -_',‘Ih'."_ by i : 7 Lnt b R L ok i : [ e
oV b e g B TR Y e s
: ¥ori i '#-;":""1 , =z W :-%ﬁ e, o ‘{$. r EE .&
i Ry " s e oy e, F : Lr B
S C o R T D _E Loy
: : = : pLoes | i 5 _.:::1.:':. e
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e s P PR rrCe—— = i iy
. [ ]

g, ;—1"‘1/2(?1'4"?3): 9’1_1.5=1/2(Q9+9‘4): . |
g4 =1/4(q;,f-1+g:_1 J+Qi+1d+th+1): : | . ‘_ (4-14)
Gis145 '=1/2(§'3+gﬁ): g, 5+1'=1/2(§Z4+!?u) '

We must calculate constants ¢, and then Q1,5 such that the consfraint |grad | <1
will be satisfied. It is well known that we can realize this aim, step by step, by
using Uzawa’s algorlthm ([5], Chapter 8, Section 3.2.2), that is by putting -

= (gp~ 1+?u(|g1‘ad u;'-1|’-—-1)[1., *, A>0,eCJ (4.16)
and then solving tha gystem - ' - |
| = (1+gn:'—1) Ui.l—l“' (1+9’i—1,;)U¢—1 5+ 4(1"1"51'“ j)Ui,J
= (gt ) Ul — (i) Uhpa=biy - 0 T (4.16)
We can take as primer function ¢7,=0, fthus obtaining as initial . configuration Ul,.
By continuing we obtain the sequence {¢i; 73}, that conyerges to solution
{g.,;, Us.s} of (4.13) ([B]). h S o

- .§ 5. Signorini/Problem |
We set 7 and « ( )} as in Section 8 and consider the vanatmml inequality
([5] Chapter 4, Section 2) .
wEV alu, v— — ) +x(w)—x(u)‘:=-<f, 9 — u}, ‘v’wEV . (8.1)
where x() in. this case, is a more regular proper, convex, ﬂemlcontmuoua function
(see [11]) | | |
| o %(v) =-J‘P[=u[._d: (convex integrand). . | (5.2)
We observe that -
- [=—1 if <0,
- 9x(w)- E[;l "-I-i]j!" i peu(), . B E (6.3)
=41 fo>0onli’ S
and 13]1511 we write the equahon eqmvalen'li to (5 1) as follows
{“: Fb(u)}GVXA tz(“: *’)'}‘ (ﬂ'(’u): ‘”)L‘(P}“ (f: ”)L'-:I'J: 'V'”EF: (56.4)

L

where | |
A={po_": 1€ L”(I')/-—l-_ﬁw=£+l a.0. 0N 5
Disorete Problem - - B
By using tha notations of Section 3 *we put p,,(a:) -EM (m) and ca.lculate tha

scalar producﬁ 7;,,-1/33 (Db, D). We obtam 1;]19 fo]lomg a.lgehra.m system

; ; g(ﬁi!f—}.h cirJ)Uf— bﬂ | QE Iﬂ{( B E 3 = (5 5)
o e WL ;}ﬁ.gﬂf,-b;, €, ¢ 6.8
Whﬂl'ﬁ ¥ ; ...LZH__:' _-':E ; . fr-ai- --‘ .h-..; w'-?_i: < BE 7Y b "*':-?"-' 2 E )
.,‘ . i ' E.”‘.%\J ‘; ] e _1 if Ui{ﬂ . i
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s = L S T S
o T e e b [ y—

Algorithm )
_'a.wemt Ll p R R B | T | |
G‘(U-).=bi+ E"(llaldl “hﬂﬂh!) U?: éGIUJ

S

GI(U )='6¢+;;(Iﬂ¢,;] ""h ﬂi-!)U:‘ hlg '}’MMh %EL:

| and propose the following algorithm: s B |
(@,i+h%,,)U? H=0G, (U“), if @E Lo, (5.8)

(ﬂi.i+h 06, Urt —hy, o= G (T, if G(U*) < ~hy,, $€ 1, ; (5.9}
ﬁ'}'hiﬂ"“-&(m)ﬁ If k‘}’i.iﬁgi(g )'Qh?’i.h ¢ I, . '(5-10)'
(a;‘.l"l'k f—'f'i- ) “+1+ﬁffﬁ! Gi (U ): lf GiCU“) }h‘}*;, 0 & E I, (5- 11)

Conver gence vf tha Algﬂmtkm | b '*f’ A "

From (5. 5) (5 8), (6.6), (5 9) (5 11) ; 111 ‘ehe usua.l way, we obta.m
'U{ U"H’l' gg[(lﬂidl _“h ﬂhf);(ﬂhr{-h ﬂil‘)] lU.f U.f | ¥ QJEI{I? | (5 12)

L_.J J

Joi
1Uj"‘Uﬁaﬂl hT’!l.M; Mﬂi‘i]QJZ{(Iﬂi,g] ?b 0;,;)/(&;,{'}‘;3 G;,;)
Ined
IUI U‘l'l"h;'ﬁ('}'hi/'}’i,f)]M:‘_MJI} 'E'EI?: .. -(5-13)
: .H-i = | g o

| Where 1:',—7;,,/ (a;,;-l—k 6,0) 18 pomtwe &
We ‘¢an unify (5.12), (5.18) by setting -r;==0 when ¢€ 7, and

N@-U", M- M) =sup(|U;~ U,.|+fm|m M,,[) - (B.14)
From (5. 12) (5 13) we ha.ve . | | | |
| NU~-U" M~M")LpN(TU-T", M—M"). (5.15)

Taking in to account the definition of v, as scalar product in L*(I"), with an easy
calculation, we conclude thal pemax [spectral radins of matriz {(|a,] —h ﬂ;,;) 7/
(ai,i+7° c;,,;)}, spectral radius of {y,,;/7:..]<1 ([13], Th. 3.18) and thus

th(U ~U", M~ M“)=0=>th“—U EmMr =M. - (B.16)

“1§6."The Two Phase-Stefin Problem

| Jod. gob in. B with boundary Lem Dy U L. : g ik
We' f’%ﬂl&gr a? lermic phenomenon which involves a material in hqtu and
'gtate. T 'ha e ture iy expremd by -ulz, 1), (o, 2) €02x%x70, T[. The freo

| hounda.r 1, :?- “g _equation is tesl(w), -an unknown of the problem st
mperdH Hitide Q in’nn Q:s.ﬁand( a,, Whare are located respectwe”l}’ ', 6. Bolia .
] R .. .I. e '.1 =l 5 il H I, S
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A fe— T O

known (¢=1, 2) and have the properties: =
o, b, are positive constants defined in the 1111131'101' ﬁ; of 2, (6.1

| Bi=01/k1>>03/ka=Bs>0. o ) (6.2)
We consider the follc:w:mg heat conduction problem ([31):

oiau/ﬁt ke ﬁumﬂ mé;,qw-l 2

wa, )ln=b@, - o (6.3)

ou/on| p=0; . - L. | |
S (%un=0, | i |

{ ks(grad ﬂ);mn-—k,(grad u)g-nﬁL‘F". on L(t), | (84

where ¥V, is the propa.ga.‘lamn velocity of L(t) along W,
L is the latent heat of melting. i
The m:tia.l onnd.ltlon is asslgned

g s L e O=w@ (6.5)
d we suppose uo(m) is stnctly nagahve in 0. - |
The suthor in [3] examines the circumstance of a degeneration of L(¢) in a

mushy region, that is an interior non-empty region where u(, ) =0 and by using
-the change of dapendoms variable: -

v(z, 1) -r kaut (z, -r) —k;'u (ﬂ:, 1:') d'r | (6. 6)-

he obtains the following -weak setting of (6 gy (6 5) in the form of va.mtmnal.
inequality: to find v(f) €V such that _

a(v, w—av/t) +®(w) “df’(@ﬂfa?‘) = ¢4 (o, m—ﬂﬂfat)m VoV (£), (6.7)
o) |~ b(Ddm (6.8)
v(w, 0) =0, | | (6.9)

f'r

“where ¥ = H*(Q),
L T =Ae: mEV/mln-_-b(t)},
T HeIN@), '

0(w) = | Bu(w)de, B1(0)=1/2B1(w7)*+1/2Bs(@*) "+ L,

b(#) =ka(B(£))* — LGE),
a(9, ®) -=-j grad vx.grad w-dz.

- -i: i
.d‘lﬂ-\..Tr: T :

3 By mtroducmg tha proper aomrex functlon, lowar senﬂmntinuaus in H ([11])

B

2 ;:de BB‘IJ‘HJ]g ol R .':_i.lli'- wEyE % :}t, 1 3..“; L tan B g ! :

(6.11)
¢’ we-can write (6. T)mthefo]lowmgfurm B |

L r
1 o1
R
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| (ﬁ@'ﬂ/@t_, E;l'—aﬁfat)g-]‘ﬂ(ﬂ, 733 -*3‘11/31) : e 3 *'1_
+ Ly () — Lz (20/28) >01(te, 0~P0/08). = (6.12)

" We have .
- ifm{O p owow GRS
_._a(-m+) = [0, 1] if =0, . (6.18)
T =1 i e>0. '

So we obtain, in the ue‘ue.l wey, the fellewmg problem ecj‘mwihlenﬁ 10" (8. 7)—(6 9) ‘
to find {v, p(@efﬁt)}EVXA such that

(Bﬁﬂf@f m)H"l'ﬁ(‘U, m)+L(p(3ef3t), ﬁJ)H"Ei(uo, m)HJ V&IEV (6.14)
| «{p~0 and’ (6.8), (6. 9) ‘satisfied;
where A= {u: MEH/OQ#QZL s.e.on Q}. . ' |
| The problem (6 T)— (6 9), when %EL”(D), bGL’(O T), hae a unique
golution o such Yhat: 5?%/35 € L0, T; V) {18])."Wé ghall dse ‘the fermulatlen
(6.14), (6.8), (6.9) to calculate the numerical epprexlmetlen

Deeerete Proble-m

-We suppose pe=2; ﬂ & convex pelygen and dleeretlze (6 14) bjr the hnee.r ﬁmte
element method as regards space variables and by -the finite difference method as
regards time variable. We put T,=1, UTI I'y» where Iy, is the index set related with
nodes on I'; (i=1, 2); Ta=I,UIp,. |

| We obtain the following implicit scheme: $0 find {6%; uF} € Vaxdy euch that

(S ) il (B ),

“ﬂi(ﬂo.h Cﬂn)e; VﬂhEVm 8.1 C-J:ulr.'“o m—l - (6.15)
_;where F’;— {3, | = W
A= {1 m-,f,‘ M P}/ 0< M, <1},
e"-E‘F’,tﬁ" e is caleula.ted by mtegra.l (6.8) whei jGIp, .

S Mt=T/M, MGN
to,» 18 the interpolated funetlen of u.,

A Z.i'-.;i b
Algebraio Sysem R T | |
oy g[e,,z' +%.n‘,,,e;"z, 2 Loi.;M,] dr ;er’ﬂﬁaﬂ il M, '(6.16)
B L R o M N 5 R
Whm g -Ba ﬂiz?;ﬁo: Lt g St 1 ‘Fee B8 B U g

i iehisge —ﬁa ifﬂ?b'o,, S ,- L" “e..rf, ﬂ&m af“‘a'!;aemj e ;h yoort g 1
d.-wi(te.eﬁ #)z,% ¥ 'T “: f*mi‘ ovidsratt m"itme PTG By
“grﬁeaeﬁ gty ' ' *2.5 &t aoaldosq wiioniEac _-r.-r_.':'*;:;_; -.':

S eaf“’fue STy i (e old gheef b '-,,f;*='--,1_f;: wr sl ¥

et eeﬁn{ﬂéj “ FLs g ;’Ef'- ?W EL RN T B s

' * % E-Z‘-{ma.-i{V"—F; }:,. F o oommed e o ﬁ % w4 'f"- i b it

] TR Tt eemeﬂ »:i?eﬂ., il ){i’l" I Arnoendl aan

.......
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=N FE X il

Zo¥ e (Bt} = PP =V,
L QY(Z) =dp+ 'E [(|ﬁm|"—'_ﬂ‘ 157 )Z"‘—h m_,M"‘]

I

Mn—lﬂ {Mm “+1}I,:
we can write (6.15) in the following form:.

(a ;+— o. ﬁi)ZH—h Lo, M;=G;(Z), scI, (6.17)

and .we _can aalc;qlate the solutmn {Z, M} of (6. 17) w113h an iterative J acobi type
method. |

.Algﬂmthm T. - i R T
(ﬂi.i'l' ———e G’Iiiﬁi)zn+1=g (Z" 3y lfgi(:Z") -<',0
hiLo, M+ =G (Z"), if OQ&(Z")-&;HLM, - (6.18)

(ﬂ; i+ }; o;..;)Z“”—}-h“Lci,;hG;(Z ), ﬁG;(Z"))h“LG;,

Oonver gence of Algomthm

'We obtain in this Wa,y a sequence {Z", .M "},, that converges to the solution {Z,
M} of (6.17); in fact startmg from (6. 17) (6.18) and keeping in mind the usual
| -proparhes of matrmes A+h"6 and of bdlﬁ'araninal operator, we have the

9 e _
(o ﬁ%n‘.‘ﬁi \Z= 20| + W T\ M~ M) :
ng [(lﬂi I—hﬂmﬁi)lzi E,I—I—hﬂLa;,dM;—M,[], (6-19)
fad |

‘where 8, is a convenient choice from B1,:Ba. From (6 19) we obfain

N(Z—-2*%, M—M"V)<p(Z—-2", M—M"), -~ (6.20)
where A rm, B o2t . - |
- N(Z —Z“,M—H“)==HSPUZ;—ZH +}Wilﬂ"'M?D:

4
T:=LG; i/( 4+ "é‘- Gl.iﬁi) & |
P"m (spectral radius{ (Iﬂi.fl ‘—h ﬁmﬁ:)/ (ﬂhﬁ'h ﬂméi)}:
C o spectral radius {6,3/ Gi.i}) {1

We nomlude that {Z%, M"}->{Z, M}. F :

Remark I. The examples of Sections 2—-—6 suggest iihe bellef thad; the explained
method works well in more genéral gituation, ‘that ig ‘whehthe regularity propertie
" of matrix A of discrete system (as (2. 9)) pormit 10 appl? Jiicobi, Gauss—Seidel a.nd
succesgive overrelaxation 1te-ra.twe “methe ([13] ) y apart from: the  fact that the
initial :conbinumous problem iﬂ;,_ qrmmim 110 . i ‘ed prohlem y mvolvmg the
Laplace operator. Clearly the presehce offmnaximaly
time, some modifications 1o thef= '"ronﬁ of plgorithm convergence of the same type

.....

introduced in Sections 2, 5, B -‘j;"'.;ﬁf' 5 IR S R
| Remark II. The explain me‘lihoﬂ" can be used 1o mlva quam—variaﬁgﬂﬂ
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inequalities and also the free pla.ha umlateral problam ([4]) treated. mth thé ‘mixed-
finite element method | : ~ .

§ 7 A Monotone Algorltlu:n

To emphamze the character of the actual mathod and 10 prcwe 11:9 ﬂenhility we
congider now the “one obstacle” discrete problem (see Beclion 2):

{U M(U)}ER’-"'}:R"" AU+M—b ﬂ‘uch that U;Af (7 1)
'W.hEI'B UE{Ui}IH A"'{.A.{}f."’{ﬂ(ﬂ;)};ﬂ .. o S e '_i

T ¥ e w0
A={a; s} 1,4z, 18 a gymmetric or non—sjrmmetnc matrix auch that

1) A i8 pogitive definite; Tk o
ii) a;,,-QO V@lﬁj : s T iy g g

i ‘l. }-H;

Step 0 of tke.ﬁlgamthm s ey, ey | o i
& We mnmder the imtml conﬂgura.hon U"=A a.nd 301?& the;ax .,Iiem. ,r'_ 2 3

*'r‘-"tLU- i ﬁ'ﬂré;’ 3o ' g,
i T T AUE“FMﬂﬂb Sl : o BEeo WS i : " ; (7 .2)
in 'llhE UﬂkHOWIl Hﬂ‘* —Hat e L LB B sebn Dl S0l g e ' T
If M °<0, 1U° MOV is the 50111t1011 of (7 1) T | 3'
Step 1.
M“% 0 we consider the sets - it
| | Q"'{@ 'B'EID/Mi}O}: Q'“IE\Q:
we put My=0 and solve the subsystem: | | N T .
. -A-QQU +A-QQ!Ugr—bQ _”. | (7.3)
in the unknown Uy
- As a consequence of monotonicity proparhes i), i) of A ([13] p. 80 Corollary
2; p. 8T Ex. 7) we have U= {U%, U,;,f};-U“ Then we golve the system -
| AU"+M1-=E' . .. | (7.4)
in the unknc:wn ML | |
If M IQO {U"l .M 1} is {'.he 501{11}1011 of (7 1)
If M‘-‘%O we mnmdar the set P—{fe- i.EI.;./Mi >0} a.nd put. e B
- . new Q==ﬂld QUP MQ-O | . 2. TF &
a.nd &olve tha lﬂ.rger aubaystem s

A G e ~ AgqU% +AWUO-='60 - _. (7 5)

S - X FITEY ke

L.thuﬂ havlng U’E{U%, Ugv}?Ul Then we 501?9 ‘Iihé sysbem '&f
e i, oo U M“ b FEL TR w) o ek ey (7 6)

If M Q Q L) ";Jlﬂ the solutmn of (‘T 1)
- Continv '_ y we obtam the solutmn {U M } of (7 1) in a ﬁth'
‘number of iterglip R s Lans
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maximal-opetator we refer to (10, [12]. . wmr W P . '

Remark III.. In all algorithms 2—7 the iterative unknowns {U", M"}. play
the balanced, well defined roles of imposing, step by step, the.respective congtraints.
Thus the peculiar foature of the method consisty in working in primal and dual
space at. the same’ Tme. The presence of dual ferm facilitates the resolution of
Yarioas problems and lends versatility to the method. In this regpect the method
carries out an original idea. I S o - - |
il_i'ﬁmﬂ-_l'k_ IV. We want $0 announce in advance & profitable developmen? of
the method, concerning the elasto—plastic torsion of a bar (Section 4). The method
enablés us to express the dual term in the form: [ il T e

| , (s Wb}ﬁﬂ(ﬂh 'Ul)':l -_{;. , Ihi '_
In this way we obtain the equalion: | Comgd e
{up, 2} EVAX | 4% ﬂ(_.%: v,,) +a(2, v) =< > %}_, Yo &V

under the consiraint |grad nl<l, | S |

We are using the ccedsive overrelaxation iterative method o calculate ihe
solution {u, z»}. LThis algorithm turns out to he very efficient also in the unfavorable
case of torsion forces depending on state variable . The term z In this case has a
physical meaning. The results of large numerical experiments will _appear, in- a
short time in a spedial paper. - | i

. Ll
¥
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