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'DIFFERENCE SCHEMES FOR HAMILTONIAN
FORMALISM AND SYMPLECTIC GEOMETRY“’-

'Fexg KaNG (J_% )
(Gomwﬁng Cfentar, Academia Smsm, Beis ,ﬁﬂg’, Ghim)

§1. Illlftrodui:i_i:dﬂj

The present program [1] that the author and his group have gtarted is a
‘gystematic stndy of the numerical methods for the solution of differential equations
of mathematical physics expressed in Hamﬂwhformahsm. M is well known,
Hamiltonian canonical Bys’oams serve ad ﬂ:ua ,c mathematlcal formahéﬁl, “for
diverse areas of phymes, mechaﬁ:.cﬂ, engin - a8 ‘well as pure and applied
mathematics, e.g., geomeirical optics, - andly'twal %dyw -non-linear: PDE’s: . of
first -order; ‘group wrepresentations, - WEKB - asymptotics, pseudo-differential and
Foumsr ‘integral ‘operators, electrodynamics, plasma physics, elasticity, hydrody-
namics, relativity, control theory, etc. It ig generally accepted that all real physical
processes with negligible dissipation could be expressed, in some way or other, in
‘guitable Hamiltonian forms. So the general méthods developed for the numerlcal
solution of Hamiltonian equations, if good, would have wide applications. =~

Since symplectic geometry is the mathematical foundation of Hamiltonian
ferma.llsm a wealth of theoretical results is a.lread}r accumulated which should be
and could be explored for numerical purposes. So the proper mode of research in this
area should bo geometrical. We try to conceive, design, analyse and evaluate
 difference schemes and algorithms specifically within the framework of symplectic
geometry. The a.pprmch proves o be quite successful as one might expect,: and we
actua]ly dérive in this way numerous “unconventional” difference schomes.

. Due:to: hlsﬁoneal reasons, classical symplectic geometry, however, -lacks the

mmputatm ” component in the modern gemse. Our present study. might be
mnsldared as:an attempt to fill the blank. We got'a number of results .(e.g. Th. 1,
.§ 2) which are crucial for the construction of gymplectic. difference schemes on the
one hand and wl:uch ha.va mdependent theoretwal interest in themselvas on the
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q” esey q“ ,,H'M(H’u o H'.l-) .F. (1:1) can be Wri'li‘tiﬁﬂ. as . ;
b o @ dz - - o L7 .
e raygnen 5 npm A o el - .3

deﬁned mﬁ)hasﬁ gpace RB* w1th a‘standard aymplectlc giructure given by the non-—
ﬁnlar antl—ﬂymmetrm closed differential 2-form
o= dz \dznri=Zdp Adgu.

Tha Fundamenta.l Theorem on Hamiltonian Formalism says that the ﬂolutmn of the

cqnnmca.l system (1. 2) can be generated by a nna-para.meter group G of canonical |

transiormatlﬁnﬂ of R™ (locally 111 t and z) such that -

igms{Tima) 'ﬂ“f‘g"f . ?
_ '_ thh B Gh-l—h.l
_ *A fbrahsformﬁtiun a-—a»z z.0f R’“ 13 called canomaq.l 1f 113 is & 1oca1 d:lﬂ'e«omorphlsm whose
,'_L ol ﬁiiaﬁfi_ M 13 everjrwhara eymplechc:u a it i |
ped 47 2 3 :
Bty e eoerselives MIM=J,  ie, M & Sp(2a):

iinear aanomcal transforma.hunﬂ ar&fmﬂaply symplectm transform a.hons.
a5 The canonicity of Gy implies the: preservation. of 2-form w, 4-form wAw, -,
ﬂn—-form o Aw A+ Aw. They constitute the class of congervation laws of phase ares

iof oven dimensions forrthe Hamiltonian system’ (1. 2).
ot +Moreover, the Hamiltonien system possesses another class of conservation laws
related to the energy H (z).. A function: qb(z) is-gaid to be an mva.na.nt integral of

(1.2) if 1taﬂmvar1ant nnde.r (1 ) s lmgry

P _ ﬁb(ﬂ(t))qu’(z(U))
whmh 19 equwa.len’ﬁ to e
e e {';61 H}"'O
where the Pcusson bra.cket for two functwna qS (z) , Yr(2) are daﬁned as
B X o |

ﬁ.H 1téelf is a.lways an mvarlant mtegral goe;e.g., [2].

| :For the numerical study, we are less interested in (1. 2) ag a general system of
-‘GDE ‘por 86," but rather s & ‘specific: system ‘with Hamiltonian struchure. lt is
piatiiial 10 look for those diseretization systems which preserve as many. as possible
the': dharacteristic properties:and’ inner symmemes of the original confinuous
‘gystems. 'We- hope that this mlght lea.d to more mhsfactory thanrehca.l foundation
a.nd practicdl performance. - *

" The above digressions on. Hamﬂtoma,n systema suggast tha fo]luwmg guideline

for dlﬁ'erem schemas to be constructed. The 'ln-anmtnon from the k~th time step 2* to
v sanonical for all k and, moreover, the

-1

integra]ﬂ of the ongmal sya‘l:em; sl:mﬁl}l rem mvaria.nt under these

.E’ﬁi; S Ed’! e F{ | B v;
s 2. Some lefﬂ'ﬂnc& Schemaz t'gj_"__;f__; dami

éem:g L. . he Centored, Elg“" Sﬂhﬂmﬂ ﬁﬂd Its G%mm

i #ll# a .Ll

Gonaid.er first the case for wh.wh the Ha.m.iltoman isa qua&ra’ﬁlc fﬂl‘m
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; S ; | H(ﬁ ‘-_—*—-—‘L’Iﬂz, S.I=S’_ H.-S(ﬁ). . I . (2.1)
'i;l;:an the canomcal ijﬂtem i linear |
LA Is, ' - (2.2)
where Le=J78 18 mﬁmtemrnally symplectic, i.e.
| - L'T+JL=0,
The "solution of (2.2) is
2(£) =~ Ge(0),
where G (i) =exp tL as the exponenhal transform of m_ﬁmtesmally symplecﬁc tL,

is symplectic.
Proposition 1. The- wmghted Euler schema

(z"“ —2) -L(az“"—l— (1 ~a) z")

for the linear syat-em (2. 2) is. symplqacﬁ.cifand o:nly if a=%, i.e. it is the case of

tlme—ﬁentared Euler scheme with the tranalhon*
>+ Por the hme—eagtered ¢ase,’ “the tra.nslhun ma.tnx |
M, FmdGD), 60 =3

2
where F. is the Cayley transform of mﬁm’uea]ma-]ly Eymplectlc 'rL ig symplectic.

- In order to generalize the time-centered Euler schems, we need, apart from the
exponential or Cayley transforms, other matnx transforms carrying infinitesimally
symplechc matrices into symplectic ones.

-Theorem 1. Let () be a function of complex variable A satis fying

.m( LY. ¢(x) is analytic with -rsal uaa_ﬁom: én G mghborhood D of a.=-0,
Gn(IL) (A (—A)=1lé D, -

(IOT) $.(0)%0. - . |

Aéta mtrw of ordar 2n, then ;

(2.8)

T ey Apety=A
for all © with su_ﬂiomntly small ||, if end only &f
£ L’A+AL=-0
I.f: WW: GIP 3-"‘#'(3-) =0(15’v|"“): then - S |
S L T - (2_.4)

L 7 f,;miws scMme far the :oanondoal aystem (2. 2) oy 2
’ Dropist _';,ﬂmt ¢’ Aw i3 mwmt’amdﬂ‘ _‘(‘rb)'ﬂ%f

BT PP !
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scheme only when §(A) is a ralional function. Ag a concrete a.pplmatmn for the
congtruction of symplactm difference schemes, ta,ka the dmgona.l Padé a.pprﬁmmanta

to the exponential functmn

expa——mnl Otlﬁ-lﬂ"'“),

where
Po(A) =1,
Pi(A) =242, |
 Pa(A) =1246hA%, 0
Py(A) =120+ 604+ 12?@+M

Po(A) =2(2m— 1)1—",,._1(3.) +:L 1—".,,;_E (:0, etc.
Theorem Q. The difference schemes

1 Pa(zl) . s LT G gl
a (—m'llyzIl im 1}2 | | 2.8

for the system (2.2) are symplectw, A—mblﬂ, af Em—ﬂa ofrdefr mumey, and having
the same set of biljnedr émwaiiants as that of system (2.2). The casse m=1 s the
centered Euler scheme™. -

For the comparison of stablhty pfope-:rtleﬁ of (2. 4) and (2.2), we consider the
simple case of separable Hamiltonian

8= = L,,J—:lg [ e ]’
_. _ 0 Sﬂ] : : S:L 0
Si‘=gl POS def Sﬂﬂﬂﬂ
The sigenvalue A of I is related to the eigenvalue i of the pencil Sg-—psll by A=

— i, where p is real, u=0 or +w? or —a? (w>>0, a>0). The Jordan normal form
of L, G,, F. congists of n dJa,gﬂnal blocks of order 2 of the follﬂmng three posmble

- types;

| 0 0 Ceg o0 T " ™dw. s, .Tae 0
| 1 0 Pt 0 e 257 0
~ [0 1] - .0 ﬂ"""’] | [0-~ ? e"‘"]
m(@mr) 0 _E,,.'(afs' |
LO 1l o P ~bey o

When type-8 ‘is missing “311 elgenvalues f > l:m:rlih‘?‘EQ.-L ﬁnd F ‘are: uﬂﬂo&ﬁar m’ﬁh |

linear elemantaryf‘dlﬂﬂﬂrs Type8 1éads t@’fiﬂgﬁa’bﬂﬂy for*both G and’ F : .
~ For the genard m%w ﬁanomcal_._ m ‘(1'} ')iptha tm:m—aentérb&ﬂEulﬁr '

wheme 19 g el w___f” }'} 1 2 g g el i . "“rﬂ:ﬁih :
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™ L

Aenes-rEbenss). o @o
The transition z""‘f—a»z” is eanonical with Jacobian '- 4
. Fy [I-%J-IH (““‘(z"“+ ))] [I“L_J'iﬂ (1 ("'mﬂu))]

everywhere symplectic. However, unlﬂm the linear case the invariant mtegrala
$(z) of system (1.2), including H (z), are conserved only ﬁ.ppromma.tely

1F . $(@) —$E) =0 o ® o wwslh
Thﬁ a.na.logou& avara.ged Eu.lar scheme .:;_E ‘ I DL T
B Gl z*)a-ai-i[-— A Or EIOT

which reduces, like (2.6), to the sarme symplealim HBhﬁ]I[E (2 4) for lmear sya“liemﬂ :
is not canonical in general } g ﬂ& ‘5{1: i d T

2.2. Staggered Ewplioit ﬂohemes fo-r Sepﬁmble Hamzm.mm_
For the non—hnaa.r separable aystem we ha.ve B

T Ll e,
(qk+1+1.fﬂ_gk+l!ﬂ) _U (,PHI)

The p’s are sel atl 1nte»ger times t=4Fkr, ¢'8 ab half—mteger Yimes ¢ ==(k+ )'r: The

. [_i& "][OI “j‘g“] BumTnB), SumV (),

is aymplectm , of 2 nd order accuracy a,nd pracincally exphclt Smca P, g ATe
computed. gt d.lﬂ‘eren’s times, we need synchromzat:lon, e.g. using g

i e Gy e

tno oﬁﬁpﬁ.:he the. mv@t mtegrals ¢(p, q), Sy SR
¢(P"* ¥ 1) NP", 9") "OW)

: =1.3.“3?'i~553§v£-§??~¥'.:-_.'-*..*'i S S EARE :
] é mmrisdn ‘of "'stability for the hnear Eystem (2 2) .with Eeparp.bla
" o schame and, the applim.tmn of the 1atler 0 the wave

T

| ; ﬁea’tﬂ In [1], .. clas ; stive schemes Wwas copstructed
sing the. 7 -' -of the: H'aimltoma.n funétian, 'bhe symplectlc property. i3 not

‘. i
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§ 3.. A General Theory of Generat;ing Functions
and Hamilton-Jacobi Equations |

Hua [4]. Every matrix

A-[AI]EM(M: 2“): Ay, Aﬂeﬂ(‘?ﬂ)J rank .A.-ﬂn & . PE T
. | s Y

defines in R* a 2n-dimensional subspace {A} 'Epanned by its column vectors, {4}
= {B} if and only if A~RB, i.e, B CE L 3R

A, P | ol
AP=RB, i.e., [ e ]—[B"J, for some PEGL(2n).

| 4P |7 B, |
The spaces of symmetric and symplectic matrices of order:2n will be denoted by;
Sm(2n), 8p(2n) respectively. Let e g . b oai o

F o I Tds 0
Ly } Bl e B
! _"'-Iﬂ. 0] h[ O Jgn]

" g ot e
s e f 4
X ._ x, ], ¥ [YE]GM(%, 72:*;);, of rank 2y

X
Subgpace {X}R* is called J h—La.gTangiag,n(and- [ Xi ]igca,ll&d a symmetric pa.u-)

a
if .
X' T X =0y, 16, XiXgm X, X;=0,,.

| X Nyl
If, moreover, | X,| %0, then X1 X3 = N € Sm (2n) and [Xi ]N[I],where N ig
: a

determined uniquely by the subapa'ce; {X}. Bimilarly, snbﬁpacei{? }C R ig called =
Yyl | - o
J w~Lagrangian (and [ Yi} is called a symplectic pan') if

8

Y'T oY = Osns e, 1S a0 ¥ 1= Y 3T 3, Y g o.ﬂ-i'-

4

If, moreover, |¥,|=0, then Y1Y3le= ME8Sp(2n) and [I’;]&[' ],‘ where M is

determined uniquely by the subspace {¥'}. . |
A. 2n-dimensionzl submanifold U= R* is called J «~Lagrangian (respectively

J w-Lagrangian) if the tangent plane of U is a J w-Lagrangian (respectively

J e-Lagrangian) subspace of the tangent space at.each point of U7, . , Bt
Let z—2=g(z) be a canonical tra.nﬁforn:gaﬁon in Rﬂ',mthJacoblan f'- M(z) LR

o S, R pre
AR - £ 1> LR PR =
e s SR xR A R . -

I

bl
o
e

€8p(2n). The graph

Wy _T.I.f"'f;;s'[M(ﬁ)]
Aympiecko paier
0% ;-;.L!’ e e 3
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e <S5 o o,

Similarly, let w—> 1= f () be a gradlent transformatmn in R*™, Yise Jacobian
fo= N{w) € 8m(2n). This is equivalent to the (locq,l) existence of a scalar function
¢{(w) such that f(w) =¢, (-w) The grﬂ.ph

U-{[ ]ER‘"lw——f(w)}

of f is a J-Lagrangian submanifold with tangent planes spanned by the symmetric
[ N{(w) ] - : _

pair| T | _ . .
Theorem 3. p €GL (4n) carries every J ..,.—Lagmngmm aubmmfold into Jeu—
Lagmngwn submm fald e.f and maly @f

¢.6. | .
ggp 4 S AIH_MFIJHHU' Bi“ﬁpllﬁ.ﬂ.’ o

T | i 01=”*—1th’ | .D1=' """:.ﬂ':riiJﬂ’ s

| G D _ 01 .Dj_ :

T}lﬂ totality of T8 in Thaorem 8 will be danoted by 0:5‘9(7 iny; Jan), the subset‘

with u=1Db ;S'p(j iny Jan)- The latter is not empty, since J i 18 congruent 0 J.
le Toe Sp(/ ans J an); then every TEOSD(T eny Jan) 18 2 product

-T=MT, M € O8p{4n)=conformal symplectic group.

71 for T € O8p(T . s J 4,,) carries J 4,.-Iﬁgra.ng1an snbmamfolds into J ‘,.—Lagra.nglan
submanifolds; '

A major component of the transformation theory in symplectic geometry is the
mathod of generating functions. (Canonical transformations can in some way be
expres&ed in implicit form, as gradmnt transformations 'mth generaﬂnng functions
 vid snitable ]mea.r transformations. The grapha ‘'of canonical and gradient transfor-
mations in R* are J ,~Lagrangian ‘and J w-Lagrangian submanifolds respectively.

Theorem 8 leads to the exisience and construction of the generating functmns, Imder
non-exceptional conchtmns, for the canonical transfurma;hons.

- [A B Ay Bs |
Theorem 4., Lat T=[ ], T‘l-[ ! ] TEOSp(jh, Jh), whwh define
" lopl” oo DJ" -

linear transformations

agepblaene U el s g wd D ‘!;“AE"I'BZ, 'E"'-A-ﬂ;"]‘Blw; . | . = 5 ek
- | - w=0z+ Dz, z=-01w Dyw. i g s e Sl K
. Lat z*a-z—g(z) be a canonical transformation G (ma mghboe-kood -0 _f) R, with
Jaoob‘bma g.—iﬂ;{z),\eﬂp(%) and gmfph A e e .
: '*“.L':" i -‘.-f-"iﬁr_ BN, e el SR . :1_ ﬂ,;;.‘_ {}' i ‘s z; LA oy ﬁ r%-‘*gjwh
|QM+D| 0, TR

‘3;* “f’&'; e r?“{ﬁ iy E’ g

: . HL ﬁa@yhboq'haod of) Rﬁ'

T
L AP
et s R p
T :! - Py
. - £ i —l .. 3t
. W ity T an S
_ . Cank LFohibe Ee o
E il e r s Fodr
. SR Boiin
: r - iR ol "=‘ '
.,l e - o Tk " - -
: e R L
.. R o LTI 1 .
2 Fl 1 H ' " =
“ D oqian ) Pt
v T s i 7
e W it E
T HOs ok, e
i T S + 4
e g £ .:
o e e - iR
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£ () with Jacobian f =N (w) € Sm(2n) and graph

= {[::] € R*|é— f(w) ;.o}.
" and @ scalar fumtim*——geﬁagﬁt@ny fmm—-f-gb(w) such that

@ Fw) =Pa(w)s

(@) Ne=(AM+BY(OM+D), M=(NO—A)*(B—ND);
(3) T(YV*™)=U™, Pr=T"1(0>). : |
This corresponds to the fact that, ander the transversality condition (3 L)
R oW () PP B _
gives the implicit representation of the canonical transformation z=g(z) via linear
{ransformation T and generating fanction ¢. | ._
For the time—dependent canonical transformation, related to the time-evolution
of the solutions of a canonicalisystem (1.2) with Hamiltonian function H(z), we
have the following general sheorem on the existence and construction of the time-
dependent generating function and Hamilton—Jacobi equation depending on T’ and
H under some transversality condition. D | ‘
 Theorem 5. Iet T be suok as in Theorems 8 and 4. Lot 2—>z2=g(z, t) be a time-
ent canonical iransformation (én some neighborhood) of R*™ with Jacobian
0.(z, £) = M (2, £) € Sp(2n) suoh that ! e -
(a) g(», 0) és a linegr canonical transformation M (z, 0) = Mo, independent of z.
() gi(x, 0) g(=, 3) .48 the time-dependent canonical transformation carrying
the solution z(%) at moment & 1o 2(0) ai moment t=0 for the canonical system. If

0 {OMe+D|%0, (3.2)

then there ewists, for sufficiently small |§| and én (some neighborhood of) B™, a time-
dependent gradient ransformation w—rw=f(w, £) with Jacobian fo(w, t)=N(w,?).
€ 8m(2n) and a time-dependent generating function ¢(w, t) such that |
| (1) [w—f(w, £)]2- LsBow=casrpe =0 8 the impliolt representation of the canonical
.tmnsfwmmﬁm z2=g(z, t); . Ny |
(2) N=(AM+B)(CM+D)™, M= (NO~A)"*(B—~ND);
- (3) ‘ibw(‘w: i) -f(wlt)l i g E |
(4) pe(w, £) = —pH(Ordo(w, 1) + D), w=0z+De.
Equation (4) is the most general ‘Hamilton-Jacobi equation abbreviated as H.
J. equation for the Hamiltonian canonical system (1.2) and linear transformation
TGGSP(.‘TQ:L'J#)- F e B B LA m Thae g |
‘Special types of gexerating funchions:

~I. 0°0 o
(D T=l. o 1?;.3“00 =1, Me=Jw, |OMot+D|#0;
0 0 0 L '

o SR
&

ool gmeGens

1 : 1g! ..-: *J%ﬂm:";{- . et
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o e ed TP T Fid T N T
"’1'-". ' ft”‘!?tf""ﬂ-! ”.r - ] ‘ibu] _¢:-“H(¢q’ g)' = RS o S T T

This_iﬁ the rE&e::fara.ting ffunﬁtiﬁn and H J equation of the ﬁrst kmd [2] . | |

R L 3 S B B S bl T

r-—I 0 0 Q

~esth MYy LTy P % ¥ oEE A F G BE g ™
| | w-[ ] ¢. qb(sr,p, t), -
a Lo .

N ] -9 8- ZHn, ).
T]Jiﬂ iﬂ the generating funotion and H. J. .equa.tlon ﬂf thﬁ semnd I«:mcl [2] |
; i _Jﬂn Jﬂl Hﬁ-, '""-r__.‘. i
o l _2__15’. ""'2"'Iﬂn

- b = ! =7
e
-, = - [ E s 1ML *
. ..l'. P ek o it A, (e i S
- e . 3 i 1 y: .
H

w=%<z+é‘>;¢%=¢(w, D

H=J @) =, ¢.,-H( w—%-JTu).
' This is a new type of genemtang funﬁtlons and H J. equa.twns 11{)13 encountered “in

the olmloa.l literature. -
By ‘reoursions we. ocan ‘determine explioitly all possible hme—dependent

generating fanctions for analytic Hamiltonians [6].

Theorem 6. . Let H(z) depend analytically on z. Then ¢(w, t) én Theorem b s
expressible as cmwgent powes series in t for sufficiently small |#]:

b(w, = Z$P@,

¢ () -=-—w’Now, Ngu- (AMo+B) (OMe+D),
. Puw ey ¢‘“(w>-—ﬂﬂ(ﬂw)r Eu"-(f”fuw)"
A xg;r (cw:ﬂ(w))h---coﬂwcw));.- .

By

ur™

3 .. ~ ._1 :. i o 1 I'I_ '-, : 5t
> 'I'\. B ..II "”«. \-E -_M

§ 4. Comtructmn of Cammcal D:fferenne Schemes
nerating F unctions | |

k. _'t_;._;m# r;} : H;-'.;*;_.;’* e e

Goneraﬁng funorlsions pla.y tha o1
difference soheimmesfor:Hamiltoniaf. gyfter

latter is a8 f Ghome SOMo snimhla ty‘pe of genera,ﬁng__ funel:{tm

with 8 e: ﬂ'l “Pmﬁn ('I‘heomm B) TMMMﬁr ﬂfPP %12 * _ﬂ; st

*
. L -
T ._. d . = gy - _'_ LRk N
e i, B ! T T
% v ] 3 s : : s 1 3 T =
3 PR _:::":' -. - B ; > a0 l.._: e -".r_. i . o L - . ._!_ 22 1. iy -'.'=-_- A o g
. £x) s ER L . iy 2 : o PR T
3 . [ -
4= S NG Yol
_..' g e et v Tyl
REE s = -
"a 4 .- L] R
e ; e oL
TeE 1 P
A - PR . _1-:;.-
- . T . B
ol s w3
i [LIRe I ¥ a" y
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and take gradient of * this approx:lma’ﬁe genara.tmg }funﬁtaon I’I‘hen wo gob
automatioally the implieib representation of some canonioal transformation for the
transition, of the difference scheme. In this way one can -get an abundance of
canonical difference ‘schemes. Thisg methoaology is unaonventwnal in the ordinary
sense, but natural from the point of view of symplaetlﬂ geometry [6]. As an
jllustration we construct a family of canonical difforence schemes of arbitrary order
from the truncations of the Taylor series of the gonerating functions for each ohoice
of T€O8p(J in; Jen) and Mo € Sp(2n) satisfysng (3.2). g

Theorem 7. Umg Thaoram 5 and 6, for suﬁiomﬂy sm-aﬂ +>0 as the tww—-

 step, define |
. l'b(-’“) (w 1') w0 gé)“}(‘w)‘f, -‘m-=-.1, 2,“ s - " | (‘4“1)
Then the gmdwnt #ransformtm o : T | |
T i P e, R T
with Jacobian N ""(-.w r) ESm(2m) satisfies O i
~ IN®wO—Al%0 . @43

and defines éfmplidﬂ?ﬂy a canonical difference scheme 2=y of m-~th order
accuwracy wpon substituiion | g ;

o w=Az"‘+Bz“+1, w=0z"+Dz. (4.4)

- For the speeml 0a80 uf type (I1I), the generahng funetion ¢(w, £) is odd in &.

" Then Theorem 7 lead,afto a.family of canonical difference gchemes of arbitrary even

order agouracy, genera.hzmg the centered Euler scheme.
Theorem 8. . Umg Thsarems 5 md 6 for sufficiently smul! 1:-::-0 as the time-

step, de ﬁne

_ it «)‘, - ﬁ; ¢@H}"(@ S mel g (48)
Then the gradient tvmfnrmmtﬁm | | . |
| w—w=0C(w, 7) | | (4.6)
with Jaocbian N ’-“"'}(w 7). € Sm(2n) salisfies |
IN@MO— 4| +0

and defines mpho@ty a o::mmml difference scheme . of 2m—th order
GOCUTracy wpon substitution. (4.4). The oass m=1 48 the oentered, Buler scheme (2.6)-
For linear ﬁa.nomeal system (2 1), (2. 2) the type (ITI) generating funotion 18

------

the qua.d_ra.tuc form %

(o, t)n-——w(tha.nh L)w, L=J78, &'=8, (4.7)
: !:}aﬁ:}ﬂs*mm SRy , 5 %

-.-_1,1,‘5.: #E{i Fn
where '

iai"" iy T 41711 o .' :
tﬂ-ﬂh iﬂ?z—* ?A.B-I--—- }Lﬁ ),7..]... P 2}{%2_ lﬂk—:l.

15 312

s i 1#},‘*_}_ ] -_T ;I.J|.._.,-- -._.._.‘, : e ll_ﬂ.!'*l_

- - ‘.‘-.I -3 . - T ;
..._- T R LR A .

= R W
| Jir omaink - r o - 4 g =
) LI X, - M =i E
3 " ﬁ Lt “ {h h g - - - L) - . . 1 . k I-- b5 NS .-l-I*T

" ” - 2 A g .= ¥ =T R LR ) L - .
2J, G Bm(2n), 5, ¢ 5 e,
i £l . ] PR e T ; Ii iﬂx} ., - £k EE oy R L AR T I O T il B WO
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(4.8) bewmﬁsaymplwhio differenco schemes

e (G2

The cage m=1 i3 the uantered Euler scheme (2.3).
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