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Abst:ract

In this paper we use an iteration methedX) to get an a.ppmxlmate mluhon u* and u.ﬂ which
approximate the exact solution & with error estimates ﬂﬂ—ﬂ“l Ao fu—=unfy+ pu—un | Kokt

'

Let us consider the following system: | o .

A { 'R-EE‘H; f
®|p=0

in two dimension, @ is a bounded dommn Wl‘bh boundary I suﬂimenﬂy smooth. The .
week form of (1) is:

(1) e

{uE(Hﬂ(Q))ﬂ=V, o ' e
_ Sl L | ' CDr
(u, w)1+(;u§ or, l_f, *v)mﬁ,‘ V*vGV._ ) i
We assume that v is an isolated solution, i.e. the linear problem
" we"7', ' - : i .

Eeo )

(w, m)i—l—(z W; 31&

ha.s only a trivial solution w =0 in V.

Let u* €8,V be the finite clement so] ution™ of the corresponding Galerkin
problem, i.e,

) (Z«u;kam',,,)o} Wéﬁ @

@® - JS'},,C:V, |
ou® _ '
{ (?.Go, ‘U)J_ +(2 u_l[; f ‘21) = 0 Yo& Sﬁ,, | (3)

where §, is finite element subspace Wlth piecewise linear polynnrmal
Let 4° be the solution of the followmg Poisson problem

{M“EV

(u’ T’):+(Z “: Sz“ i, v ) =1, Ti’@EV @)

. and ui—u"—l—ep with ¢° € 8, and
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(@, 3 +H(3 G- (o +§—18) + T 1 - (F*+E—), 0) =0, VoESs. ()
Ty

Problem (5) has a unique selution whioh will be proved below.

Let . @ -
'1 u"“-—u“ +.p : 'u."GF' such tha.t | (6)

e (S D f w)=0, YvEF 7T
@, D1+ (PG +7, 0)=0, V2EV (7)
mﬂ o TR L 0 g - "'i—r:' T "ln
(0, D:+(S 2L (o1+i—) + S 5 (o + W —w), 0)=0, VoES (§)

Let ug define the operator K, w=Kyg by

{WEV

(w, v)1=(g, v), VvEV, g€ (L¥(Q))%

It is easy to soe. thatK (L"‘(Q))”—:-(HH(Q) NHI(&))? and
K: [(H; (@) =V'>V.

Set 0 : o | e SR S T
= ou o Op
. 4 Ll}“ ? 3&:; : s 'I“;Uq 32:, :
So
(Hi(ﬂ))ﬂ—*(Lﬂ(Q))“ .

is lineat continiious npera.tor we will prove in Lemma 3 that L (L-"" (Q) )Lrj
[(H1(£2))?]'=V" is linear continnous operator, i.e.,

1Zply=gup L2222 <olol. (9)

Problem (8) can be rawntten in operator furm | | e

| P +pK Lot +pE LW —ury=0, ' (10)
where p is an orthogonal projection onto subspace S,. wﬂh the sﬂala.r product € ; S
Problem (2) can be rewritten in operator form

w+KLw=0, | (1)
where 58 P e - ,

fw—l—Z ( o, w1y amj) p (12) .
As v is an isolated solution, I+ K L has bounded inverse (I+K L) “1 in (Hi(LQ))ﬂI
Since u°—u™!, we can prove that (I4+KL) has 2 bounded. inverse operator
(I+KL)™? and the norm |{I+KL)™*| is uniformly bounded. This conclusion
will be proved in Lemma 2. By using the operator K and the projection operator

p, the problem 1y, (8), (4), (7) can be rewntten in ﬂpera.tur fﬂrm E B

: : O ' _
ﬂ“—l—pﬁ'(g]u}} ‘;Z :-f)=0, | - (14)
e 0 | ' B |
W+K (Saf 5o+5) =0, @
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u"+K(2’w; O, 'f) . (16)
(I+pK Yy =(I+pK L) (u“—l—q::") = (I —I—pK' L) @*+u"+pK Lu®

—-PK_L(%'-_-% ) -I-pEDu"-.K'(g g,%+f)

—-pK Lot — (2 'u'.f

(I+pKL)u=~-—K(Zu, L )+pE'Lu

: W
(I+pK L) (u-+-*--u)-=—z(zu, g‘;j _ 3"' ) +pK L(ut —u), (17)

(I4+pKL)(utt—y) = —(Iﬂp)EL(u -—u) -%—K'L(u -—u)

_K(zj:-u’ 3=1:: “s g:,)

- —(I—-p)KL(u“--u)
+E(32L T (- )+ uf 2 amj (#—w))

-—K(E P, (u" Us) +$ Uy -a (u® ""“))* (18)

As I+pKL=I+KL—(I—-p)KL, = (19)
1 (I—-p)K Lo|1<ch|K Lv|s<ch|Lv| <ch|v|i. |

H(I p)K L|11<ch and I+pK I has 4 bounded inverse opera.tor the nOTM
H(I +pK L)~ is uniformly bounded. Henoce problem (8) has a unique solutmn P".
Note that

(I+pKL)(ut?—u)= (I +KL)(ut —'u) — (I -p)K L(u**1—u),

| (I —p) KL —u) | <ch®| K L(u** —u) |y <ch®|u** —ul,. - (20)
By (19) we can rewrite (18) as - :
(I+KL)(ut—u)

-~ (I—p)K L(u" -—u)+E(2 - E g +3 aa.-., (u*—u))
+ (I —p) K L(ur*!—u) ~K(; Sor W)+ w o (—w)).  (21)
Using (20), (21) and | K fg] <c|f]|g]™ we have ' -
fur? —u| <ch*(fur** —uf s+ Jur— ”ﬂ:) +efu” —uﬂ(llu —Hfll:-l-llu -u®]1)
+el|ur—ulqlu—ul| " i s W
<chP(fJurtt —ufly+ fur—uly) —I—ch!]u"—u[l +c[]u"-—-u [Iu"——ull;, (22)

where we have nsed

-] b @, i
By using (17) and |(I+pKL)~*|<o (umformly) we have
e i< K (B 5 —u 5 )|, +oix oo (24)
3";3 3 €y |
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Let -

R (Euja_f‘_uiam,)
i.e. wE(H @)2=v,
A ' a,mn v 3% o 25
e, q__:>1=-=(2u;= o D), VoeY, v
(0, )= (3 - u) 5+ Sty (0=, )"
- s | '__. OUs ¢on_
(zcu, w) S, v)= (Zu,m W), 22) (3 G (i =u), o),
Juwli<e|ur "ult{"unﬂi,i'l"““.ﬂ—+H“H1J)l’wﬂ' "
o <ejur—u| (el tulad el
ﬂw“:tﬁ*’“?"-‘_:':‘ R
Yooy B oot PEN] pfem
i.e. ;"K(Eu, u; o, )ﬂ *éal]u' ul, (26)
where we have used {u*|14xc (umformly) which will be proved in Lemma 1.
U smg the sapae method as in proving (26) we can prove
=y s | K L{uh—w) \Ia*%’«cllu —u. (27)
By (24), (26) (27) we get
| ﬂu“*inulhééc\lu ~

].'- : (28)
From (22), (23), (28) we-derive the conclugion @
o, e e, 1 fu ——uu +chilju® ——wﬂ <chtta, .

'Using thé sam¥ mothod as in prnvlng (26) we have 15

- fu -"‘!,6||1== “E Z .f 35: Uy 3’:‘3 )“ Qcﬂu u“ﬂf:cf“”

Therefore we have the following theorem. .
Theorem. Assume the u is an isclated solution of pmb!am (1) and (u*,u") is

defined as above. Then B,
|1u u"ll-i—ﬂu u“ﬂ —!—chﬂ u“|| «Qch“”

'1'

where ¢ 3 mdapendafmt onh. i B :
Lemma. 1. Ufndea' tke cond'atmn of the theo*r‘m we have

| | Aurfome, Jursi<e™,
qwhere ¢ 8 mdﬂpendent on h
Lemma 2. Assume that problem (2) ha% a umquﬂ mluﬁou T?wn tha problm

(I+KL)p=0 has only a trivial solution.p="0. * , i

Proof. As prublem (2) is equivalent to . . -i e Sl
R e R w4 K Lw=Q ° Mo, B HS o (11
by the deﬁmtmn of the operators L and L we ha.ve : |

K(L- T’?.?_’ (Z u‘} 3@;’} + wfg::) _._K(E u; ?“fi .I; 1'1‘3;;)
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=i

Using the same method ag in proving (26), we can prove

NE &= Lyvli<e|u’~ u]s| o] <ch] v]s. -
80 I+K1I has a bounded inverse operator and the norm |71 EL)-3] is

uniformly bounded. - -
Lemma 3. | Lt aseann <ef e, V?E (72 (Q))E-

S

Proof. 3

L, = (3022 " 20 )
R L e o P
meom [<Lg, v} ‘%fﬂ-ll_*?l ()14l voq+ .l!u“ﬂ.u_.n:ﬂﬁ} ) <clel [o]a..

"L'?’J Vr'gﬂfil‘?.-llli V@E(IF(Q))E .
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