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~ Abstract

This paper describes a method for investigating the analyticity and for obtaining perturbation
expansions of eigenvalues and eigenvectors of a matrix dependent on several parameters. Some of
resulis of this paper provide sustification of the applications of the Newtoen method for inverse matrix

eigenvalue problems.
- § 1. Introduction

Although investigation for the analyticity of eigenvalues and eigenvectors has
a long higtorg™ % 81%  relatively little attention has been paid to the analyticity
and perturbation expansion of eigenvalues and eigenvectors when the matrix
depends analytically on several pa-.rameterﬂ and we feel that this problem should
be discussed whenever one is trymg t0 ‘treat inverse matrix eigenvalue problems
(ref. [2, B, 8]). The object of this paper is to deseribe & method for investigating the
analyticity and for obtaining perturbation expansions of eigenvalues and
eigenvectors of a matrix dependent on, several complex or real paramseters. Our
approach is on. the basis of the theory of implicit functions and matrix operations.
Some of our results provide justification of the applications of the Newton method
for inverse matrix eigenvalue problems. .

Notation. The symbol €™* denotes the set of complex m Xn matrices and R™*
the set.of real m X n matrices, C*=C1 C=C? R*=R"! and R=R. A(A) stand for
the set of eigenvalues of a metrix 4. I is the nxn identity matrix, and O is the
null matrix. The supersoript H is for conjugate transpose, and 7' for transpose. |z|

denotes the usual Eunclidean ‘vector norm of @ and | 4| denotes the spectral norm of
A, " |

Before all we cite the following implieit function theorems,
Theorem 1 1. m_ If the oomplem—mlw ﬁmctmm

fi(gzh e fu "?1; e, ), G 1

are analytio funatwm 0 f 8-+1 oamplem variables in some nmgkbourhood of the omgm of
C*+, 4f £,(0, 0)=0, i=1, -, 8, and &f |

a(fif e fed g e
— 3(‘51: "% gl) bk fDT gi' : gl

?‘?1=Iil =7}t:=0’

then the equations, . - | -
| fi(fh vor, gy M, s 7)) =0, =1, .-, 8
* Received Janmary 8; 3985, "
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have a unique solution
vanishing for mi= vy = 0 and ﬂnmlgﬁo in some néﬁ-ghba%rﬁobd of the origin of €'
Theorem 1.2 377, If the real-value functions * "~ .. . -
fi(éil % gl; ﬂ:u **% ﬂt)j i_lr *e*, 8
are real analyiic functions of 8-t real variables in yome neighbourhood of the origin of
ﬁﬂ-t’ ‘iffi(oj O) ={}, .i,g'l, TTRE ard 'frf S T T

3( 1, *°% f!) ey ese o b am )y S e S, =
dﬂt‘—a—‘(gh =y ‘5.) '15'0 . fm‘ £1_ ‘ f; T T 0:

then the equaiions ; | L .
| C flEsy ey €y v, ) =0, G100, 8
have @ unique solution

Eo= gi(m, **» ny), T=1, 3
vanishing for ny=—<-+=n;=0 and real analytic in some neighbourhood of the origin of
R,

F

L ]

§ 2. Simple Eigenvalues and Associated Eigenvectors

Tet p= (p1, =+, Pw)TE€CY (or Rﬂj, and.A(p)==(a¢;(p)) c €»* (or R**) be an
analytio (or real analytic) function in some neighbourhood B (0) of the origin.

1.e.,

A(p) =A@ +E(p), BE(p)={eu(p)),

“whero _
su(p) =3 DNl phpl, 1S4, <N, p € B(0)

r=1 3t="r

-and 2'& = t;["""“ +tn.
Suppose that A 18 an eigenvalue of A(0), then there exist vectors =, ycC* (or
‘R*) such that | | |

A0 zs=Aw, yTA(0)=Ay". | (2.1)

‘Quch vectors, z, ¥ will be called right and left eigenvectors of A(0) corresponding
to the eigenvalue A.Tespectively.

First applying Theorem 1.1 we prove the following theorem, )

Theorem 2.1. Let pE€C¥, and A(p) €EC™" be an analytio function of p in some
netghbourhood B(0) of the origin, Suppose that X, i3 @ simple eigenvalue of 4(0), and
z,, Yy are associaled eigenveciors saiisfying the rdations (2.1) and o] =1, yiwy=1.
Then |

1) there ewists a simple eigenvalue M (p) of A(D) which is an analytic funciion of
p in some neighbourhood By of the origin, and Ay (0) =As;

2) the right etgenvector &, (p) and left eigenvestior ¢1(p) of A(p) corresponding fo
A p) may be defined to e anolytic functions of p in By, and (0) =24, ¥1(0) =v1.

Proof. By the hypotheses there exist X,, Y,€C*® D guch that
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I__ bk S el e

I= (mij Xﬂ): Y=‘ (yix Yﬂ) (2 '2)
are nonsingunlar matrices satisfying ;
YTX =] | - (2.8)
and -
YA X = ('Aq " ), AEA(AD). (2.4)
0 A, .
‘We sot |
b - = .
A (p)=¥TA(p)X = ( ®u(p) Galp) ) 5a(p) €C, @.5)
@ay (P) Agp (P)

and introduce a vector-value funection
(f1(z, @), -+, faca (2, P))T =220 (p) + [zna(p) —ay1(p) Iz —z2a45( p) 72,
2= ({1 =0 ta-1)TEC, pECY, | (2.6)
Observe that the functiom (fi(z, p), --«, fa-1(z, »))7 is analytiec for z€C** and
p€ B(0), £i(0,0)=0, é¢=1, .-, n—1, and

» (dﬁt g((é?: ' : g:_-;)) )uu, p=0

hence by Theorem 1.1 the equation

(fi(ﬂl _’P); WSy fﬂ-i(z: ,'p))=(01 " 0) (2'7)
has a unique analytic solution z=2(p) in some neighbourhood B;(0) (CB(0)) of the
origin, and z(0) =0.

Combining (2.5)—(2.7) we see that z(») satisfies

=dEt (Ag —?L;;I) %0,

o~ 1 i = ;
A(P)( )==[an(p)+am(p)"ﬂ(p)]( 1 ) p€ B4(0). (2.8)
z( ) 2(p) -
I..IEt' : B -
11() =5 (p) +isa(D)72(R), @5(p) =23+ Xuz(p), (2.9)
then from (2.8), (2.9) and (2.5) it follows that
A(p)zs(p) =M(p)@:(p), »EB;(0)., (2.10)

The expressions (2.9) show that the funetions A(p) and z,(p) are analytic
in B,(0) and satisfy

Ay (0) = MAq, mi(ﬁ) =01 | (2 . 11)

Moreover observe that A, isasimple eigenvalue of 4(0), by Ostrowski Theoremto.»-63;
A1(p) is a simple eigenvalue of A(p) provided that [p], is sufficiently small. We
may consider the neighbourhood B,(0) sufficient small such that A;(p) is a sunple'

eigenvalue of A(p) for p€ B,(0).
Similarly, we introduoe a vestor—value funoction
(9:{w, P), **, Gu-1(w, P)) =&12(P)T+WTEXE(P) ~ a3 (P)I] —wTay,(p)u?,
*'H.?= (m:l: "ty mn-—l)rec’“qj} PEC‘N' (2'12)

Observe that the function (g:(w, »), ---, ga_1{w, p)) is analytic for wEC* 21 and
»EB(0), (0, 0) =0, i=1, ---, n—1 and
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(det (g, =5 Go1) ) ___det(_Aﬂ.;.li_[) w0,

3(0)1, e mﬂ--i) w=0, p=0
henoe by Theorem 1.1 the equation
(gi('w: .'P): =y gn—i(w: P)) e (01 T 0) (2*13)

has & unique analytic solution w=2w(p) in some neighbourhood B;(0)(=B(0)) of
the origin, and w(0) =0.

Combining (2.5), (2.12) and (2.13) we see that the ansalytic function w(p)
gatisfies C | S

T

W_(P) | | w( D) -
Let = |

then from (2.14), (2.1B) and (2.8) it follows that

s (p)TA(p) =M (D) (p)T, BEB(0),

i.e. #:(p) is a lekt efgenveﬁtor of A(p) corresponding to the cigenvalue A(p).

The expressions (2.16) show that the functions A(p) and y1(p) are analytic in
B.(0), and satisfy A(0) =A; and #1(0) =9. Observe that A, is a simple eigenvalue of
A(0), by Ostrowski Theorem™%*® ' A(p) ig a simple eigenvalue of A(p) and A(p)
=\, (p) provided that |p]s is sufficiently small. Hence there is a meighbourhood

B,C B, (0) NBs(0) of the origin such that |
A(p)=M(p), |w(p)T2(p)|<1, PEBLo.
Thus the analytic funotion y;(p) satisties |
v (0) =1y, 9i(p)7ou(p) %0, #:1(p)TA(P) =M(p)va(P)", PECBo. i (2.16)
Theorem 2.2. Assume that the hypotheses of Theorem 2.1 are valtd. Then there
are the following formulas for the simople eigenvalue by (p) and the asgociated eigenvectors
o,(p) and y,(p) defined by (2.9) and (2.15): ' :

om(p) N _ rf 2A(D) |

' ( é‘?i )ﬂ=0 _yi( 3pi p=0 1y (2.17)
021 () » _yr e POALDYY T oy

(Z2PL) | = Xa[aI ~YIA(Q)Xs] Y] (2GR), jon  @18)

oy () Y T oA (p) T e .

( ép.; p=0 ffh( o, p=0 _Xﬂ [A] —Y3A(0) X 5] Fay (2.19)

where i=1, -+, N in (_2.17)—(2.19), X, and Y, are defined by (2'.2')——(2.4)."
Moreover, for h=2, 8, -+ and for any natural numbers &5, *++, W€ {1, +-+, N} (some of
ihe wumbers 54, «+-, in may be equal) the following formulas are valid:

PM(p) N  r( PAP) | . S 4
' 3?*:"‘3?&) yl(aph“'aﬁia )F“mj

S 2, o) [ o Go o )

i=1 =0 (frs-eln-121-1,r
T 2, 20)

p=0
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I — B T

&’z (p) = R -137T
2B ) | - Xu[T - VIA0) XY

E G A® -mon) | (Frue) (ZAD)) L],
(2.21)

(aapily-' (32;31 )ﬂ=ﬂ' { 3;:? (g_@?)i p=0

& ‘yi(?’) }
o E {hztﬂl(apﬂﬂ' 3.231‘; )Fn (3Ph _ 3?#1 [A(P) ail(p)l])
X Xo[MI-YIA(0)X,] Y], | | (2.22)
The meaning of-the syfhzbol > dn (2 20) is z‘.hmt cnnscder the numbers iy, +--,

(tps= tfl-l]l-] r

thash—1 d@ﬁerent mdemax we seleot arbitrarily 1—1 indezes ti, +--, 43 (A<I<h—1)
Jrom the set {85, ---, ia}, then select arbitrarily r indexes &, -+, tipp 1 (r<h—10) from the
8¢t {9:2, e i’h}\{t:h ey ﬁ;_i}, ﬂ-ﬂd W‘T‘Etﬂ the residual i-ﬂdﬂm a8 t,r,q.r,".", t].,_.j_, the
summation Z is iaken with respect to all such combinations of the set {ig, *- %

(Frar-sin=1)i-1, »

t}. The meaning of the symbul E in (2. 21) and (2.22) 48 that: consider the

’’’’’

numbers. iy, - fipas h d@ﬁ”ﬂmmt mde:ms we select arbitrarily 1 indezes 14, -, i (1<
h—1) from the set {41, +--, 45}, and write the residual tndeves as tipa, =, tn the

summation 2 £8 tﬂkﬂn with respect 1o all such combinations of tke set {-zfi, %},
{Eiaro taldy _ _ : R G

Proof. |
1) By Theorem 2. 1

=-'31(_?)Tﬁ_fp)m1(p) Jrape B '
halg vu(p)(p) @ PEBe (_2-'2_3)
Utilizing ‘t.ha relations (2 10) and (2 16), from (2.28). it follows that
33\1(?) (p) _—& zy(p) e e s
P, = (p)?%i B forpEBﬂ, g=1 - N. (2.24)

Combining with (2.11) and (2.16) we get the formula (2.17) at once.
- 2) From. (2. 10)wa0btmn-‘.i L 2w -

Da ()T~ A(p)] 220D _ ["“"“f’) L) Jmaf(p)ype_Bq- (2.25)

35;{ op, R .ap{
Moreover, from (2.4), (2.9) and 2(0)=0 " - B
s (B0 -x(0 0 Newy ) e
- | i /9=0

Binoce Ay € A(A4,), it follows from (2. 3), (2.25) and (2.26) that

¥ \ /0 0 | s .
(o) 0 o () -(22), 1
~and thus | -- | | | !
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_.lﬂ

0
( 355;?) p=0 =X (( 32@ ) -0 ) B 4s) _iyg(aéﬂg? : §=0 a

Combining with 4;=Y34(0) X5 (sce (2.2) and (2.4)) we get the formnla (2.18).
" 8) From (2.16) we obtain

1(P) o[ DA(p) _ oM |
(ayapf’ ) Aa(p)I—A(p)]=9:(p) [ aﬁ’ ———T;QI], pEBy. (2.27)

Moreover, from (2.4), (2.15) and w(0) =0

0 L
ay1(P) \ » " 0 0
(iap‘ ),=u (A1 —A(0)] ((M(p) M) (0 wa AE)Y". (2.28)

Gince M E A(Ap), it follows from (2.8), (2.27) and (2.28) that

0 T 0 .
((3w(p) ﬂ=ﬂ) =yI.[(3A3§f) " még))’:u I]X (0 (MI—A;.)-i)’

oD
and thus
F
i 0 T
i b
agég) )p=u 5((3“‘(?) ) i (3‘3;;5’ ))ﬁ=ﬂ X, (ul —A)YT.
op; /9=9

Combining with A, =YTA(0) X, we get the formula (2.19).

4) With the same argument as above, from (2.24), (2.26) and (2.27) we can

Joduce the formulas (2.20), (2 .21) and (2.22) respectively. [

Now applying Theorem 1.2 we prove the following theorem similar to Theorem
2.1.

Theorem 2.8. Let pERY, and A( p)=A(p)TER"" be a real analytiic fumction
of p in some neighbourhood B(0) of the origin. Suppose that A 15 @ simple eigenvalue
of A(0), and z; 18 an associated eigenvector satisfying

AQ)zi=2am1, 2] =1

Then

1) there ezist a simple eigenvalue M (p) of A(P) which is a real analytio funoiion
of p in some neighbourhood By of the origin, and A1(0) =y

2) the eigenvector w1 (p) of A(p) corresponding 10 A (p) may be defined fo be a reak
analytic function of p in Bo, and 1(0) =1, |

Preof. By the hypotheses there oxigts X, € R™®D guch that X = (21, X,) is an
orthogonal matrix, and |

. (M 0 .
XA(O)X-—(D Ag)’ MmeA(As).

Let .
A ()= XTA(p) X = (‘;g ; 3(3) ) 55(p) ER.

Taking an approach similar 10 that in the proof of Theorem 2.1 we can derive thatb
there is a Teal analytic function z(p) €R** in some neighbourhood By of the origin
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such that 2(0) =0, |z(p)| <1 for p&€ By, and the real analytic funclions

A (D) =811 (p) +8a1 (P)2(p), 21(p) =1+ X:2(p) (2.29)
satisfy A;(0) =2y, 2:(0) =24 and

A(p)oy(p) =M(p)a(p) Tor pEBo. |

By Theorem 2.8, with the same argument as that in the proof of Theorem 2.2
wo Obtain the following theorem.

Theorem 2.4. Assume that the hypotheses of Theorem 2.8 are valid. Then there
are the following formulas for the simple eigenvalue A (p) and the associated eigenvector

w1(p) defined by (2.29):

A1 (D) o0A(m) .
( 5_@; p=0 1( 3Pi )F‘:ﬂ' D1, b (2 ,30) .
oz1( p) _ " 3A(P)
op, )ﬂ-—-u =Xa [3‘11——.3%* A(O) Xa] 1X2( 3?: ):P='D 4, (2.81)

where =1, »«, N in (2.80) and (2.81), (@, X,) ER* i3 an orthogonal mairiz.
Moreover, for h=2, 8, - and for any natural numbers is, =+, € {1, +-, N} (some of
the numbers iy, «-+, 4 may be equal) the following formulas are valid: g
( ChalB) Y L gn ( " A(p) ) -
3}?;, a.{ph = D 3@&'”3_@7’&. p=0
A—-1 k-1 3"&71(@) o o ai—i 3_‘4(}'3) . 3?1-1—1'%(?)
¥ 1=21 ’E‘ff:-*"gﬂx-l,r( Py, OPrir-1 )I'='3' [.32?:1“'523:;*1 ( Ops, ]F“ (3Pt;+r‘”3i9tn-1 )F“’
(2.32)

3hm1(ﬂ _ =" ¢
(E’P{,"'a?ﬁ. §=0 Xa[Ml— X2 A(0) X o] X5

X{ﬁ (b10 vy B (Sjpn 323:;[.‘4(?) — a(p)1] ):ﬂ=ﬂ (ﬁi:fa(g;l )F“ : 3ii:j4 %E‘h)’.":“ - }r

(2.88)
where the symbol ) in (2.82) and the symbol D) dn (2.88) have been

{fgs s dnli-1,r (SR TY}

explatned in Theorem 2.2,

§ 3. Some Applications

The following inverse eigenvalue problems arise freguently in applied physics |
and structural design:

(I) For given complex nXn matrices Ao, Ay, +-», Ay and (A1, ---, A7 €L,
find p*= (g}, *++, p¥)T ECT such that the composite matrix 4, expressible as

A=A, +9;A1 MR +EJ;TAN (3 . 1)
has eigenvalues Az, «-+, Ay, (ref. [6]).
(II) For given Teal symmetric n X n matrices Ay, Ay, =+, Ay and (A7, -, A7

cR™, find p"= (9§, -, pN)TERN such that the composite matnx A, expresmble ag
(3.1) has eigenvalnes A3, -+, An (ref. [2], [9]). '

From the theorems Gf §1 we can derive the following Corollary 3.1 and
Qorollary 3.2 which provide justification of the Newton method for solving the
above mentioned problems (I) and (II). | |
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Gorﬂllary 3.1. BuPP'OEB that .A.o, A;[, wee .AN E@nxn’ 1(14.0) e {)ug}:=1, l];*}.; for
k%l and 1<k, I<n, 2, and y, are right and left eigenvectors of 4, corresponding to
2, Tespectively, and

|z, =1, yTo,=1, =, 4,€C", s=1, -, m. (3.2)

Let : | o
el o 2‘l= (mlj ses, Dy d, Tpyd, *°°, mn): ?l= (yi: ey ‘y!--'.'l: ‘ya+1: % gﬂ-)l (3'3)
¢=="2=|I: ‘!’aﬁ‘"-?lﬂr 'n.-=||y,[|, d;=min “vn_?"ll (3'4)

1<i<n
2 o+

for s=1, QL--, m, and ;
o= J A, $=1, -, N. (8.5)
Then the matrix

N
A(p) = 4o + 2 4, for py, -, pr€C

has analytio eigenvalues {A(p)}i-1 and associated analytic eigenvectors {z(p)}i-1
and {y,(p)}2-: in some neighbourhood of the origin such that A,(0)=2,, #;{0)=a,

and ¢,(0) =y, for s=1, «-+, n, and they satisfy the following estimations:
’

' I(m’(p ) ) < 1y0%, (3.6)
Op; p=0

3533 (P ) ‘}”al.baﬂi 3‘3,‘3 ( P) T q&slp:ai :

l 3131 )Fﬂ = 3,. . ( 13}]{ )p:ﬂ - 8; ; (3 -7)
32?»3 ( 'P) 2ﬂs¢alpa“iﬂ

‘( OpOp; / 9=0 - Os - _(3.8)

l(aﬂm,( p) < 2(nat-Bob) Putratiany ( 32%(121) ‘ 20 (s +Psths) Pty

A\ Opdpy /e=0 - * I\ Opdp; /9=0 R i
: (3.9)

e M(P} 2’??3(2??:4-34?53!!'37 Qbalbaaiﬂﬂ
(3p =) < e - (3.10)
where s=1, -+, n, and 1<¢, j, FA<<N.
Proof. Let

X = (@, =, tw), ¥ =41, *=*, ¢n), A=diag(ds, >, hn).
Then from the hypotheses it follows that X and Y are pnon-singular, and
YTX =1, YTApX =4.
Thus by Theorem 2.1 there exist analytic eigenvalued {2( p)}ry and assoociated

analytic eigenvectors {w,(p)}i-; and {9:(p)}e=1 satisfying A,(0) = A, 2,(0) ==, and
4,(0) =y, for s=1, +-+, n. Moreover, by Theorem 2.2 we obtain

A p) 7 - - -
(ﬂ Op; ),:u Ys A, (3.11)
o, ( p) » _ AN—1pr (DNt s P (0T AN
( e WP X, (I —4,) 1 4@3 i ( o0 )ﬂ=ﬂ yTA X, (AT A)pr,
. (8.12)

&M (D) B " T_ 1T _AN-PT A,
(3;0 1323;) o Y (AR, O —A)PTA+ AX (AT A)-1PTA4]z, (8.18)



No. 4 EIGENVALUES AND EIGENVECTORS OF A MATRIX... 359

&z p) ﬂis(ksf_ﬁ:) *1?3 [Aija (M—js) ‘1?3114!—[—14_52,(?\,,1-—&;) _'1?3"4*] Da

OpPp; /9= i _
_-2': (1'31- S As) _ﬂ?f (yr-dimaA!‘l_ysTAjﬁa-Ai) Ly, (3 . 14)
3;;{;% ) ;u =T[4, R O T — Ay P T At AR (T — A PTAN X (AT — Ay FT
— yT (YT A, A+ T A A) Ry (WT — A,) YT (3.15)
and |
38?“3(2}) —iE _ = R .
(22)) |~y B, 42,00 A PTAROL-A) P14,
— {:.Em y;"Ahm, [Afﬁ-l (laI T —/L) _E?EAI.
+ A4, X (I — 4) PP T A}, ' (3.16)
where @,, 4., £, and ¥, are defined by (3.2) and (3.8), and

A, = dtag (K, 5, Mty Fesdy ***5 Dn)s (3.17)
The meaning of the symbols 31 and > in (3.16) is that: consider the numbers

ESTRTTRT D (21,15)

¢, 4, k as three different indexes, the summation S ig taken with respect to all
(flrtii ttj

permutations of the set {4, j, #}; consider the numbers j, ¥ as two different indexes,

the summation ﬂ% is taken with respect to (I, la) =(4, k) and (l3, la) = (%, 7).

| From the formulas (3.11)—(38.16) we get the estimations (3.6)—(3.10) at
once. |

Corollary 8.2. Suppose thai the symmetric matrices 4o, Ai, +-+, AxER™,
A(Ao) = {Ae}ra1, M Fe 2y for Bl and 1<k, I<<n, and the associated unit eigenvectors
of Ay axre w4, **-, Ty,

Let

ﬁ-lﬁl (ml,r oy Ty, Tas1, ", mﬂ)l qbin ”X""’ 6'=E§£-1.|l’_l‘[ (3'18)

£
for $=1, «-+, », and
=4 <=1, N, (3.19)
Then the matrix

N
A(p)=Ao+§p¢A4 for 4, -, PxER

has Teal analytio eigenvalues {A;(p)}i-; and associated real analytio eigenvectors
{z,(p)}’-1 in some neighbourhood of the origin such that As(0) =Xy and z,(0) =g,
for s=1, -+, n, and they satisfy the following estimations:

l(‘a‘%_agl)m - 3“’5&‘” L (3.20)
K%‘i%)m <28, (e e <5 (3.21)
(32:;;%21: p=0 b 10‘3‘2«‘“" ' (3.22)

where s=1, -+, n and 1<, §, k<N,
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Proof. Let
X = (2, +-*, Tp), A=diag(M, *, B s
Then from the hypotheses it follows that X satisfies
XTX=I, XTA4,X=A.
Thus by Theorem 2.8 there exiss real analytic eigenvalues {As( p)}r_, and associated

real analytic eigenvectors {2:(P) }i-1 satisfying As(0) =2, and #,(0) =2 for s=1, =,

n. Moreover, by Theorem 2.4 we obtain formulas for ( 315;23 ) ) : Bmgj(:'p ) .
i =0 $ p=0

Pu(p)\  {Fel(D) 0 (D) | op: .
( 2700 )p=0’ ( 2pBp; /v=0 and (311;8@, 3%)!,:_0 which are similar to those In (3.11)

—(8.14) and (3.16), and then we got the estimations (3 200—(3.22). 1
Remark 8.1. For the eigenvalues {A:;(P)}i-1 desoribed in Corollary 3.2,

Bohte'?? has obtained

Fr(p) 2(n—1) M . -
\( Bpdps )= < 3 , §=1, <, m, 1<, J<LN, (3.28)
wheTe M=111131|]A4.ﬂ, 6=1mi11 | Aa—Rs ] . (3.24)
wran g, Pt
t=a
But from (8.21) we obtain
&ha(p) 2M® o .. g _
( ) <5 1, oo, m, 1<<8, j<N. (3.25)
Obviously, our estimations (3.25) are much betier than Bohto’s estimations (3.28).

Bogides the above mentioned applications we ¢an derive perturbation expansions
for simple eigenvalues and associated eigenvectors of a matrix.

Corollary 8.3. Let AT Suppose that Aq 18 a gimple eigenvalue of 4, and
w4, 11 aTe associated right and left eigenvectors satisfying |#:] =1 and Yimw=1. Let

e .
8=(311: =r*, B1p, €21, "7 ap, "3 Eals "7y Eﬂﬂ) ECH

and
A(e)=A+H, E= (8i) -

Then there are an analytic simple eigenvalue As(e) and associated analytio
eigenvectors z.(e) and y:(s) of A(g) in some neighbourhood of the origin, and

M(e) =M+l Boy+yi BXo (Md — Ag) -1V Be +0(| E]?), (3.26)
z,(8) =W1+Xﬂ(3=11—442) Y3 Emy
+ X oM —Ag) (Y2 EBX 53— YT By I ) (I — Aa) 1y IEs, +O(|E|®  (8.27)
and
vi(e)T =g+ yTEXa(MI — A2) 7Y 2
+yTE X (I — Ag) WYIBRX,~yi Eay ) (AT — Az) 17T +O(| E|®), (3.28)
where X, Y and Az are determined as follows:
X = (&, Xa), Y = (g1, Ya), Y X =d, YTAXf——-(?E jﬂ). (3.29)

Proof The existence of the matrices X3 and Y, satisfying (3.29) is olear.
Lot e, denote the ¢-th column of the identity I®, and
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T ax: ]

Ay=ee;, 1<i, j<n.
Then

K= ji: EHAH- (3 30)

{.i=1

By Theorem 2.1 there are an analytic simple eigenvalne 4:(s) of A(s)and assoociated
analytic eigenvectors #1(s8) and wy(e) satisfying A4(0) =21, 2,(0) =23 and ¥1(0) =4
provided that |s|| is sufficiently small, Utilizing the formulas (2.17)—(2.19) and
(2.20) with A=2 we obtain

OM1{8)

o =qj7 .31}
( asu s=0 y1A|jﬂ71 (3 )

and

( hyie) =y} [AuX (Al — A3) Y T Ay Ay X 2 (Al — A2) 7Y 3 A 2.
080Ny /o=0

| (3.82)
Substituting (8.81) and (8.32) into the second order expansion of A1(e)

_ v OAs1(8) i < r(e) .
?u:[(E) li+;,;=1( Do - 845t 3 WE_M( De1,08x /oo EHEM'I'O(HEH ):

and combining with (3.80) we get (3.26),
From the formulag (2.17)—(2.19) and (2.21) with 2=2 we obtain

( 311?1(8) ) =Xg(?u11—Ag)_1Y%TA”ﬂ71 (3.33)
38{5 g=0
and
(£22)) | =Xl A ¥ LAy paims, (3.84)
where

Ai: k1= (Aﬂ ik yI-A‘HmII) Xﬂ(a’ir C= Aﬂ) ‘1YE-A-EI
+ (i — 91 Aprn ) X g (Ml — Ayg) e (3.8b)

Substituting (3.88)—(8.85) into the second order expansion of :1(s) we get
(3.27).
'With the similar argument we can obtain the expansion (38.28). [

Similarly, from Theorem 2.8 and Theorem 2.4 we obtain the following
corollary.

Corollary 8.4. Let ACR"™™ be symmetric. Suppose that A; is a simple
eigenvalue of 4, and =z, is an associated unit eigenvector. Let

E=(311, ©ro. 84n, 822, ***, B2p, **, EnH>T€ ﬁ“{"{'ivﬂ
and
A(e)=A+E, EH=(sy), saz=sy for l<i<y<n.

Then there are a real analytic simple eigenvalue Ai(s) and asgociated real analytic
eigenveotor z;,(e) of A(e) in some neighbourhood of the origin, and

?L;[(S) =li+¢{E$j+ﬁTEXg(lir—Ag)-1X%1Eﬂ?1+0("E”3) (3 ,36)
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SRR

and
1 (8) =+ X (I — 42) Xz Hay
+ X (0T — As) 'l(XEEXE-—mIEmlI) (AL —A43) -1 X T Bu 0 E|®),
(3.37)

where X4 and A, are determined as follows:

A O
B iy, Ty, XX =T, XTAX=( : )
0 A

§ 4. On Multiple Eigenvalues

Wo consider a simple example (see [9, p. 606]1, [2, p. 886] )
14 2p4+2p D
ap =TT B ) = pyTER (4.1)
Pa 1—1"2_@2
A(0) hag eigenvalue 1 with multiplicity 2 and the eigenvalues of 4(p) #Te
A (p) =1+t 20t~ PADE, Aa(p) =1+ps+2pe —~/pi + 25 (4.2)

It is easy to verify that the functions 2(p) and As(p) are not differentiable at
py=p;=0, but if is worth-while to point out that we have

3‘(( aﬁaé?) p=0 )= {( 31‘333(:5) )p:ﬂfma—-!-ﬂ}::iu {( 315}%?) 9=0,9,= -0}11’ iy B (62

The following theorem clarifies that the relations (4.8) are of universal

gignificance.
Theorem &.1. Let p=_{(py, *-, px)TERY, A(D) be a real analytic fumction of P

in some neighbourhood B(0) of the origin, and A(p)T=A(p). Supposs thai .. . is an
orthogonad matrie X €RY™ such that

. liI(r} 0O .
X-(Xij Xﬂ): X A(O)I= A > MEK(AE)' (4‘4)
r n-r 2

Then A(p) has eigenvalues A (D), **+, Acl p) satigfying

Ae(0) =4y, s=1, >, 7 (4.5)
and
v OA(p) =_{ Qhs(P) }" { dhs () }"
?L(XI( 3}); a=0 Xi) ( 3}?; p=0. py=+0 3=0U ( 3223; )ﬂ=ﬂ,p¢=—ﬂ p=0 s
Gt v N  (4.6)
Proof. Let

311(2»") Eﬂi(p>T
Aai(p) Aslp)
Woe introduce a matrix—value function
F(Z, p) =Zﬂ(p) + Zoa(p) Z — ZA11(p) —~ZAn(p)*Z,
Z = (L) ER®X p=(py, -, px)T ER.
‘Observe that the funotion ¥(Z, p) = (fy(Z, p)) is analytic for Z¢€ R®-Ox7 and

E(P)=X”ALP)X=( ), Au(p) ER™. (4.7)

(4.8)
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p € B(0) satisfying
Fu(0,0)=0, i=1, -, n—r, jF=1, 0, p

and

(dB'l'. a('fn’ “.fi"a’ fﬂi! "t f.‘?r: fn—ni; "ty fn—r.r)

a(gii.- "y gir: gﬂ‘-’t: "t cﬂr: Tty gn—r.:l; " Cn-—r.r Z=0,p=0
=det (IVRAy— I PRI ) %0,
where (® denotes the Kronecker product symbol (see [7, p. 8—9]). Hence by
Theorem 1.2 the equation
F(Z, p)=0 (4.9)
has a unique real analytic solution Z=2Z(p) in some neighbourhood of the origin,

and Z(0) =0.
Combining (4.7)—(4.9) we can verify that the real analytic function Z(p)

Satisfies

. I - 1 (r) i 1
A(p) (Z(p)) (I+Z(p)TZ(p)] 2= (Z(p)) [I+Z(p)TZ(p)] 2A:(p), (4.10)
where
. A4(p) = [T+ Z(p)"Z(p)] FAs(p) [I+2(p)"Z(p)]7F, (4.11)
and
A1(p) = A1 (p) +Z(9)"A21 () + A1 (9)Z (2) + Z () A0a(2) Z (D).
et
(r) 1
Xi(p)==X( )[I+Z(9)"Z(p)]_"’. (4.12)
Z(p) | |
then from (4.7) and (4.10)—(4.12) it follows that
A(P)I1CP)=21(P)A1(EJ): i (4-13)

where 43(p) and X(p) are real analytio functions in some neighbourhood of the
origin satisfying

Xi(p)'X1(p)=I", X3(0)=X;, A4A3(0)=1I" (4.14)
and
A(A1(p)) ={M(p), *-, L (P)}CSA(A(D)).
By (4.18)
A1(p) = Xa1(p)"A(p) X1(p). (4.15)
From (4.18)—(4.15) we obtain |
(%ﬂl)ﬁ -x;'(-‘?‘;;f’) _ Xi, i=1,, N (4.16)
Let ¢ be an any fixed index from1, -.-, N. since (ﬁﬂéip) ):_u :(3_145%),4

there is a real orthogonal matrix @; € R™" such that

Di - Q‘T(-a_};}’(ip) Fﬂ Q‘ . djﬂg (mgl}.' g m’?}) ’ &lEﬂ € ﬁ: 8§ == 11 e (4 . 17)




364 JOURNAL OF COMPUTATIONAL MATHEMATICS Vol. 3

Henee we have
A1+ oD, 0

) |

[Q‘TAI(P)Q‘] p=(0s w0y Pir Oy wey )7 =( . ’
0 At 1+ w7,

and S0

(Mt oPpdios={{7(P)]s=0.0.900, ey 07 P =1

Therefore, for any i (p) (1<i<r) there are o’ and it (¢ and #"' may be the same
index) such that

34((0, 't 0, o, 0, s, OJT) - {

3-'1 mEt!}.’ph _@i}{}:
}'1 mEt”JPh ?i{ 0}

thus

() @ 2=+0,
( 3 )=0 { 5 (4.18)

o , = _O.
On the other hand, for any w{® there are Av(p) and Aw(p) (s and s may be the
same index) such that
ky(({}, il 0: Pi, 01 T O)T): pi}oi

}vj‘bﬂ]‘(ﬂ_’p =y {
» i }*3”((01 "ty O.I s 0: % O)T)l .'pi{ol

thus
” ( 3%: ( P)
a’}?; =0, jh=+ﬂ|
o (4.19
‘ (amsutm )
g ap, /=0, p=-0-

Oombining (4.16)—(4.19) we obtain the relations (4.6). §
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