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Abstract

The estimation of the molation to the matrix equation AX —~XB=(C ia primarily dependent
on the quantity sep(4, B) imtroduced by Btewari®!, Varahi® has given some examples to show
that sepp(4, B) can be very small even though the egenvalnea of A and B are well soparated. In
thmpaperwagweaamalumhounﬂaufasp;(d.BL B . :

- §L Introdﬁcﬁon .

Investigations of perturba.tmn bounds for invariant subspaces are frequenﬂy
reduced to estimations of npper bounds for the snluhon X to the matrix equation™

. AX-XB=C (M4) NAB)=9),
where A(+) denotes thB gt of all eigenvalues of & matrix, @ is the empry set. Stewart™
has difined the separation beiween A a.nd B -

1X1=1
whero | | is any matrix norm; thus we obfain

1 X <]O|/sep(4, B).

Therefore it is necessary %o find “lower bounds of sep(d, B) whenever one i3

investigating perturbations of invariani subspaoces.
For A and B normal, Stewart™ shows that if A(4) = {A\;} and }\.(B) = {4} then

sepr(A, B)=min [AX —XBlr =Iﬂln|?u iyl , (1.2)

iIXIp=1

where | |5 is the Frobenius norm. However, for 4 and B non-ﬂnormal a.ncl
A(4) NA(B) =9,
up to now we have only the following estimation™ . -
O{BBP(A B) -Qmml?u.; il (1.3)

and Varah'® hag given some examples to show that sepr(4, B) {}EII. he very small
even though the eigenvalues of 4 and B are well separated.

. In this paper we try to. give some - lower bounds of H'BPF(A B). Wa use
feduatiﬂns of A and B %o Jordan canonical forms in § 2 and 0 some blook diagonal
forms in § 3. g

. Notatéon. The gymbol C"** denotes the set of oomplex m X n matrices. I®.ig the
‘X n identity matrm and O is the nu]l matrix. Sometimes we express ‘the: block:

.
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diagonal matrix [4,, -+, Ap] as [+, 4, 1. (g [‘_di’ 0-" A )(m d'enu_tés the
0'_“9._.. -411_,_,__0 | ‘
. 1"-. .--..A-!

matrix e e, in which every row and ‘column contains p submatrices.
| 0 : 3

0

Let | |2 denote the spectral norm and «(Q) ={Ql.]@*]s. For A€CT™™ with
A(A) = {M} we write dr(4)={]4 ||F'“EM¢IH}E

LS T o e

§ 2. Lower bounds of sepy (A ‘B V] (D

| Let AEC-”“‘"‘, BEC™ A(4A) NA(B) =@ and X'€ C"‘"". Now we consider to
estimate lower bounds of the sepa.ra.tlﬁn

sepr(4, B) = mnﬁﬂ X.Bﬂg_ (2.1)

1Xir=1

Fzrst of all we use the Krﬁn eoker prod‘uﬂt to geis another repre&enta.tmn for
sepr(4, B). The Kronecker produét of any two matrices’ 0 e= (c;;) €CP¥ and DECr=s
ig the matrix O®D = (eyD) ECF . Weo associate the matrix X in (2.1) with the
mn~veotor @ which is the direet sum of the column:vectors-of X. Use the same
method we assooiate the matrix AX — X B in (2.1) with the mn~vector Tw, where

T IO@ A — BFQI™ € Crinxem (2.2)

(see [4] , 8—9), B” gtand for transpose of B.. From A(4) NA(B) =9, the matrix 7T is
nonsingular (see [8], 259. Theorem 8.3.1), thus we obtain

|E—‘l:-—-1 B P & | 2 #*U

EEPF(.A. B)'= HTESH3='=IH11'1 "TRJ = max - T_ ) T*I L o= (2*3)

Suppose that the Jordan GH.D.OI!JB&]. deﬂompomhon of A a.nd B” are
A=QuI QT BT =Qulsh (2.4)

wf:ie_’fa
Ja=mAs+ Ny, Ag=[o, J'LJ{_”“} 1w, N = Ni(-A-) 2L PY
N(A)=1[--, Ni(4), ]m,;e@“""f*, 1<e<p;
Jp=Ag+Np, Ag=T-, I, Yo, Na= [, Ni(B); “]co,
1 Ny(B)=[-, Nju(B), ++]ap €CV™,V1<j<y,

Aﬂ.ﬂfﬂlﬂ Iﬂﬂ-‘ﬁrlﬁﬁﬂ N{,];(A) e @”“r‘"”“v‘ and N,F;(B) e ﬁ“’"xn"' 8-1'9 Hﬂpﬁt@ﬂt as

(2.5)

L]

11.. .

31, N m iy B my—m, 2n;,:=-m-=and iy, z..sem, and g1, %
"~'_“_~:}?=t‘f.&5=ii‘;'r._'z.~if_1i; i i.'i!r-zszp TR T ot S &5 S W & i LY Yo
0
if l'#t. Thﬁ highaet ﬁrdﬂ;l'ﬂ Of 'lshe Jordan blmks of J,{miand J p &Ye ra and rp

_.’f‘-f-ﬂi'x_{m*-t}: *-*'a=n;gx{a;;-i}; ;__-,  esat '(z'.'ei
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Thug by (2.1) and (2.4) we have -
sopr(4, B) = int HH XB“F!’"XH

A=

=inf “QA(JAQEIXQET Q le TJT)QB"FK “Xu

" el la, Sl (QA)H(QB)] . 2.7)

Moreover, from (2. 2, (2.3) and (2.5),

sepFi(JA, JE) = | (T"®J 4~ —~ eI s - -
'@1‘[I+(I®AA A0 IRN 14— NB®I)]'1II “(I@)AA AB®I)-1“5

I I+(ﬁ4 ﬁ.‘ﬂ)]“— Jﬂ -
el S PTE RN 2.8

where (A, B)Hmlnl?t.; ,u.,,! and |
£, =0-IQON 4, ﬁB=Q-N3®I Q=(I®AA-AB®I) 1-=[

g]l the £,(1<j<n) are mXm diagonal matrlee-s
Lemma 2.1. If r>r4+_rn-2 then (EA B)"=0

Proof. Develop™

— - I

Qh '] (n)s '(2-9)

-----
. [

(Fam m-:g_ (~ 1Rt A288, o=, B=2B @10
i) Accordiag 1o the definition of the Kronécker product we have |
ﬁ4= [-or, Ny osJowys. Ny=Q.N 4 1<o<<n,
Now we rewriie N;, Ng, oo, N,y as - L |
N1, N:1171: nl‘u N$S 4, o, Nﬂﬁ,};l,., -‘;', N1, oy Nitems, 1,7
thus |
ﬁAﬂ [=ee N?I t L ems (211)
and by (2.5), for every principal square submatrix of N, we bave
. §1£t= EN( !)t 1, *° N: Lt kot +an] e, (2-12)
the order of every N (). . is not greater than 74, and - -
O . O
NR=l R T B T R o7 % (2.13)

0_ '._0

With same way ag above we rewriie Qi, Q,, ++, 2488

Qg.ll 3 O e 511 1,17 5.1% Ty 5.12 1,87 "9
where all the QY. are mXm dmgnna.l ma,trmes By 1

product, s _ -
m eee L4 -
ﬁ,,[..., (0 1o, »am.=-ﬂ) -~ .14
- 0 25 o B o AT N Qut~$l .. 5 &

.. ii) ‘From (2. 11Y—(2. 13) l":'i*:={} if oqz=ra;. and for ea<ra, sf we write
(NG2)= N3 and (Nﬂzt.)%N % . then . o

: ﬁ.’ﬁ _’= "' 5“1 . {n}:
[Nj Ll-»lr Nfi:f.l‘-ri""+kf:| eﬁmh{m | lﬁf"&:n! i lézﬁzh lgjqq'

Qéilq s PR Qu%q g 1?2
he definition of the Kronecker

TRy g N -§ uﬁ
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Where the order of every N{%}, is not greater than r,; and

/{}...0 ™ O\

Na=| |0 ISeShiteth,

.. i [roa
\ 0 0/
By (2.6), n,<rp (I<I<};, 1<j<9).. Hance, it follows from (2.14) that
ﬁ""nﬂ if 31;3"?"3, and for Bi<{rp we have =

R )
0 0 ’ (nu}, % {:1+--+r,)

where all the Q%) (1<i<n;;— B;) are mXm diagonal matrices.
- 1ii) Therefore, we have NaNG =m0 if a>ea or ;31}1'3, and for o1 <74 and By <rp,

if we write N{%02{%, = N{%, then ,
0 [N@E, -, N2 , N\ 5

ﬁilﬁﬁl"['":( [NV fobinas )] " ....].- o (2.15)
0 0 (myg) - - (Il.'i"""‘l'*l.l)

| NEE0 = [NEED, oo, NGBy in . ] ECmxm 1{::-@,,,, 1<i<y,, 1<j<g, (2.16)
the order of everyNj%:2 ig not greater than r,, and -

’-
(0 . 0\_

NGl = IR IR 2 R N (2.17)

\ 0 il
iv) Consequenily, from (2.15)—(2.17) we see that
NeRG. .NoR8=0 if a=ai+-+m>rs or B=pBit +B>rp
in (2.10). But r:ﬁ-ﬂ+rn—2 implies a>=r, or B=rp, therefore the lemma is valid. |
Applying Lemma 2.1 to the inequality (2.8), we get

I+ SV (—1) TUI®As— AR I®N 4 — Ns®@D]" |2
sep; (S, J5) < ———t=1 = a(ﬁa)“_““—‘“_"‘—‘“‘_'

where
: A 0 lf*:l";ﬂ‘rn-'-‘l

p(ra, ra) = TN fa+ | NP I[s=4{1 ifry=1or -r3=1 bnt n*rnb—l (2.19)
. 12 ifra; rn?z m
Oomblmng the 1119qua.l1t13& (1.8), 2.7 and (2 18)‘;’ we obtam
. Theorem 2.1. ILet A and B be any t-wa mmms mk }\.(A)—{?ui} and
?-(B) = {11}, and g L A |
3(4, B)=mm|3«c—m| 5

Suppose that Qs and Qp are the trmfm-matwn mam wfmh transpose A and B to the

Hih
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Jordan canonical forms, and the highest orders of the Jordan blocks of A and B are ” 4
and rg, respectively. Then ; g |

v(ra, 1) —0(A, B) - (8(4, B))ratrst | o
(v (74, Tﬂ))r;+rr—1_1 (3(4, B)) 4+ T H(Qd)x(%) = 8epr(4, BY<<a(A4, B),

(2.20)

Where v{rs, rs) 98 denoied by (2.19) |
Specially, for normal matrices 4 and B, the inequality (2.20) becomes the

equality (1.2); and it follows from (2.20) that for diagonalizable matrices A and B

we have'™ - |
__ Y4 B) - <sepe(d, BY<B(4, B).

Varah'® hag given the following example to show that sepr(4, B) can be very
small even though A(4) and A(B) are well separated, Varah has computed the
sepr(A4, B) for some A and B (these values of sepr(4, B) are denoted by sep in
Table 1), applying Theorem 2.1 we give satistactory lower bounds for these sepr(4, B)
and the lower bounds are denoted by & in Table 1. | M |

Example 2. 1. 7
1 -1 (1—a 1
A=}* —1 B = 1 , a>0,
1 MMy | 1—5‘ F ba
_ B A U
For Qu=[i, —4, », (—1)=%] and @z={ 1), i=v =T, wehave
1
. L ; l—a 1
Q4Q=| .1 GBQ=| .1
| | s

Obviously, x(Q4) =x(Qz) =1, 8(4, B) =, ra=m and rp=n_ ' Therefore, by Theorem

2.1 we have

- ) - amhl-—:l
mPF(A: B) = 251+n-—fl an+n—1 =3,

Some computed results are given in Table 1.

. Table 1~

T S 9.250—5

7007 1.0;0—7

2.7—11

-
EIH ool i x| B3| | R

58

|

B 5

o




G

" Proof. Weochoose

194 . JOURNAL OF COMPUTATIONAL MATHEMATICS = | Vol. 2

§ 3. Lower bounds of sep, (4, B) () -

" From [2] we gain inspiration and suggest a method to estimate lower bounds of
sepr(4, B). The main points of this method is that the estimation of Iower bounds
of sepr(4, B) is reduced to estimation of upper bounds for the condifion numbers
%(Q,) and x(@g) of the transformation matrices @, and Qg which transform A and B
to some block diagonal forms regpectively. But it differs from 121 in the following
two points: 13 We reduce estimations of upper bounds for x(Q4) and x(Qp) to
estimations of lower bounds for a series of sepr corresponding to certain matrices of
lower order, and the lower bounds of these sepr can be obtained by the same argument
in Theorem 2.1; 2° The way to estimate upper bounds. for j@;'[s is similar fo that
for |Q@u}s, and the development of (Z—X)™* is unneocessary;:(see Lemma 3.1). The

results obtained in this section show that for any matrix 4 with :closed eigenvalues

(by ‘.ﬂgioﬂed eigenvalues” we mean that the smallest chatanﬂe _b@i;ween the eigenvalues
of A is smaller than 4z(4)) the npper bound for x(Q.) obtained by our method is

sharper than that in [2]. For this reason the way tq_eﬂti;ngﬁeigppé;':boﬁnd for x(Q4)
olarified in this seotion may also be useful for perturbation analysis of eigenvalues
(rof. [2]). , ~ : 8

Temma 8.1. Let ACT™™ e an wpper triangular matriz: -

"'/.A.i' | Fy '

,-ui*ﬂ"- |_ ¥
\ y

Here A=A J™+H, and H, is an upper triangular matris with zeros on éts diagonal,
1<i<p; and MF Ay for i5j. Then there is g nonsingular matriz Q4 such that

(3.1)

Il‘AQAg [Ay, vve, AJmde, - (3.2)

Moreover, of we set .. :
o BT g Ay=TAi; +; 4g], 2<i<p; - AV=T4y, -, 4], 1<isp—1, (8.8)
o 1Pede oy 1Pl el
ot Sepr s, Ay " T Sepr (s, AD)” e

o S G 8 e _ _

)L A
. Al ™ " e, o i) . s SR
o (o Sa)pty o &
=S o :73‘1: - WPF(AH)_,}A];.FI) ’ e S il | | ( . )

«@<(1+y S g;_:)(lj-kf/ Sia): ' e

gk Tl aptiar R e TRy L I C N R S e gl al it gl 7 il gt R S - Les
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,_____——-_————l—-———-—‘——_—__--.u. .——-——-———Fﬂ'—"-‘_‘_‘

-(OW« = \
 gwr [ X ST
o-I-x, 2= . T ==V @
\ E y .'. O[m;ﬂ-ﬂ Xp-—i |
) O(mﬂ/
From (3.2),
| AQ4“Q.AA{1) (3.9)

Bubstltutmg (8.8) and the ﬁrst expresmon of A in (8. 1) " and ﬁomparmg the two
gides of the equation, we get

- -A-I:l—l-x p—:l_'z p—-—i-A-pﬂP p-:'u | | (3 10)
and for k=2, 3, -, p—l we have: L.« '
: w Aﬂ kx—p——k— .p-*‘h-A-@—k-l-i)E? n—Xs A Y | (3*11)
here | s |
I ._ | z -L- 11- l A ,*r : -. % “‘-_—X-p—k+ﬂ| 4 : | .
"F:ll—H‘Pp.-—k j"' R - " T A : . (312)
.:' I "

From }\.(A,,_i) ﬂl(A.,) =¢ the equa.tmn (3 10) has a umque s.l:r.l'utwn X e (ref [3] |

Theorem 8.5. :I_.) and

' ﬁP_iﬂF N . 3§
PEoy -QEBPF( ¢ ey A,) B (3.13)

For k=2, 8, ---, p—1, it follows from A4 ) nh(.A(,_k+1])=ﬂ that the equation
(8.11) has a umque solution X pk» a,n.d |

_x ol ﬁ p-1{ TR | 3.14
H x EHF 5o F('A?-E: A‘fﬂ—k+13) ( )

here 1-5,-;, is expressed hy (8.12), and s-o i

E?ﬂ—ﬁ Fﬁ(l'}" ‘=1 lx:p-—l_) ﬂ-k“ | | | : (3'15) _.

" Henoe, if £,1, &p.a, **, £1 2T computed sumesswely according to the formulas

(3 4) and (3.5), ‘then from (8. 13)-—(3 15) we ha.ve IIX,,_EH pﬁf,,_; (lﬁkﬁp 1), |

thus by (3:8) we get -

Now we estimate the 1Qz Hg from the abova It is easy to see that

IQA"EQ:L"I-HXI|9Q1+\/EIX’“klpglﬁi_s/ig—k o "(3';16).":

i PO Yy -
" = ch N __
=TI, ol T IR R
and Q-jj_ Bﬂﬁﬁ]iﬁﬂ ":: ‘: i ) .= oo i ." 2 Go& i il L ;& g : . |
QAIAE'AQ}Q—I | B ot m.(zg ,1-335,: A4

| Substltut:::g (8.1 17) and the second e:premon of A in (3 1) into (3 13) ;
comparing ﬂfﬁfﬂﬁﬂﬁeﬂ of ﬂha equat/i,orf, we! ghii o e Rt e 1 m;fjfs ﬁii-f
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AY Y Ay=Py; APY,—Y, 4y =P, k=2, 8, -, p—1,
here | /I Fy = I\ |
- 1 . If_k—:a

B— - . Yia | Pi

I
\ R
It follows from a similar argument ag above (see (3.13)—(3. 15)) that if »,,
Tig,***, Tlp-1 Ar6 computed sucoessively amordlng to the formula,s (3 4) and (3. ﬁ) then
Wo have |Vl r<mp (1<k<p~—1); thus by (8.17) we get

Q2 a1+ Y i1ty 3 ITal3<14 Em (3.19).

E I'debining (3.16) and (3.19), we obtain the: est:mafjnn 8.7). 1
‘Lemma 8.2. Let .A.(1)=' [A, -+, A,] €EC™*® and B{:l} [Bh ees B] c e, Here
&—MI‘“}+H¢ and H; is an upper trmngular matrie with zeros on éis diagonal, 1<
i<p, and Ak for kwkl; Byjep I K, and K, 95 on- upper triangular matrie
with zsras an iats dmgonal 1<j<q, and ,uq,#-.w: for h&l Thm |

'. ﬂﬁ?r(ﬂfin Bm)? § Al("' Am: : B, 1})]-#;.2 2 S(Aa:u Byy), (3.20)

where
i 4 + 4z(B
Sk B g, At B 8

ss=max{m}, sp=max {ﬂ;}.; -

Bl ey | 1 | | _, r -
Proof. Let ,5'.=( )EC’“‘" and §By,8 = BT, then by § 2 we have
e 1

sepr(dqy), Bw) *=86DPp (4qyy, BT Y -
where 3— [B,, =+, By, By=pu,I"+K, K, is an upper mangula.r matrix with
26108 011 ite dla.gonal and 4y (B;) =4»(B,), 1<j<gq. Therefore
vt 5DF (A, Bay) = | (IV@ Agy— BRI™) 1, (3.21)
*ertmﬂ' A{i)-AA+MA and E—AB"I‘MB, here A‘- [?GIIIM "'.J u(m,}]
w(ﬂ') =iy ﬂvi.z{"ﬂ] M‘[ [H;, wae ,] and Mﬂ- [E;[, “", Eq] Eﬂbﬂﬂtﬂting
(3 21), we get | 2
sepPr (Am: Bm)'ﬁll[f +(I®A4 AB®I)“‘1(I®MA M@I)]'iﬂ
B [C(CY PR RT S N
ime -H[I+ (M,—M5)]7%|2/3(Acy, Bay), (8.22)
where - (I@A; A@I}ﬂ:@jﬁ and My= (IQ Ay~ 4:@I) M1
- Applying vtha same argnment a8 in Lemma 2.1 we ca.n prove that (M, — Mp)*=0
for 8}8‘-1—8;""2 FHE];LPQ (i "Ha . ,

| I+ (ﬁd—ﬂn)]‘i-l+.‘2ﬂ( 1) (M- ﬁn)'
Bu%tuﬁng (3. 22), _weg%e . ;f;a"?{;' |

i : iy 3 .‘+. _2 I@M —M3®I S ~ .
sop5 (Agy, Bey) < 3( e [14+ 5> _La( o E ). (s.28)

- Py
"i'l_a_.- _..pl-rr- -1;
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i —

Observe that o 3 W | , . ‘ -
| IQMa—MsRI[x<|I®Ma|a+ | MR = | Mals+ [ Mals<dr(4w) +4r(Bw),
cubstitating (3.23), we obtain the estimation (3.20). "I |
The following lemma is a corollary of Lemma 3.2.

Lemmas 8.8.  Suppose that A, Ay and A® are denoted by (3.1) and (3.3). Then
for k=1, 2, -+, p—1, we have - .

i g [4ip-1(A) —110¢-0 (4) S 3 94 |
EEPF( p-k; =09 Tﬁ+1)) } EA(F-:E} (A)]mﬁ+mw—:+:r-1 —1 S(p—k) (‘A') ) ( )
sop (AW, Ay LA A ~TIT(A) o j0en(4), (3.25)

[ﬁﬁk+1}(Ji)JFﬂ?+?“ﬂrq‘—{l

wheré - el sae £
g o g sl _ Ar(Ay_s) +Ap(Ap-riny)
Son()= min, [has—hl, dp(8) =S5 TIGTESES O A0
ey v '- L3 “.;r'"‘ﬁ -A-w} +A .A.
am{'”_(ﬁ)’ﬂﬂi lli—auk-pﬂ , d{Hi} (A)"‘ r{ , 5¢2+1}(£§_ k.+1) y (3.27)
Mgreny= Mmax {m}, mM=max {md, (3.28)

p-k+l<i<p ‘ 'i i<ick
Oombining Lemma 3.1 with Lemma 3.8, wo get -
Temma 3.4, Supposs that A€ C™ is explained as in Lemma 3.1. Then there is
a nonsingular matriz Qa such that the equality (3.2) 48 valid, and
. : F x(Qs) <ms, (3.29)
wheré the x4 can be computed by the following steps (1)—(3):
(1) According to (3.24) and (3.25) compute 8p-x(4) and s&U(A) k=1, 2, ¢,

}J—i,. -
(2) Let ; P s
2y 1= | Pyslle/se-(4), tr=)Pilr/s®(4), (3.80)
and then compute successively _
- tps= (144 S s Y Poasls/ten (D) (3.81)
» _ _
SR, o

k-zj 3: S _'P—l;
(8) Compute

- LECI ez
e (1 St Y1y S2). (3.33)
k=1 k=1
From Lemmas 3.1—38.4 we obtain

Theorem 8.1. Suppose that A € L™ gnd B OV are upper iriangular mairices,
A is denoted by (3.1), and | 5 5 5 n

By ]_-______ 0. — B, Q o
| B, | E____Qﬂ_— ==
B= . | : = ’
'£q;1 ' -'.Qq-i

(ee. g \ ¥ PO
: it'. L A ) : i : _,_ZI'J. Bq
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e mo st — iETT s —

in which the By, Ba, -+, Bq aré ewplained as in Lemvma 3.2. Tfum'
| sepr(A, B)?S(Am, Bm) - | ' ('3 84)

I HA‘#B ORI -1

Here s(Aay, Buy) s given by (3. 20), x, and xp are cmnputed according to the steps

stated in Lemma 3.4.
Proof. By Iﬁmma 3.1, there exist nonsingular matrioes Q. and Qg such that

QJ. AQA='A(1) &Ild Q51 BQz=Bay= [By, -+, Bgl, therefore (see (2. 7))

A B -, Sepr(Aa, B(i.‘r) o 3 35
o - e BEE @ e
Suhs{ui;utmg the lower bound s(Ady;, Bay) of sepr(dqy, By,) (see Lemma 3. 2) and
the upper bounds x, and xz of »(Q4) and #(Qz) (see Lomma 3. 4) into the rlght-hand

of (3.86), we obtain the inequality (8.34) at once. § .- . .
""Y¢ 4 'and B are not upper triangular matrices, by ‘Bohur’s 'lsheorem we can use

unitary matrices t0 transform A and B to upper tfriangular forms reapectively; buj

the {4}, {PF, {Pi}, {Bs}, {@} and {Q)} are unknown ‘beforshand. In such a case
we.can nse the following inequalifies 0 compute tha lower bound of sepr( 4y, Bay)
and the upper bounds of x(Q4) and x(@s): -

44, LA, 4r(A), [ SIPB, J iz 17 |FQAF(A), _

Ap( Ay 3) £ Ar(Apren), 4r (4% ) +ﬁr(ﬁu+1) <v/2 4 (ﬁ) :
for the matrix B there are gimilar mequahtles ‘Thus Lemma 3.4 can be rewrite ad

follows.
Lemma 3.5. Suppose that A Cmxm mth chﬁﬁrmt mganmhws ?\.1, Aa, *°1, 1., of

maldtiplicities my, mg, +--, mg vespectively. Let S (4), 3%V (4), Mpiry and m '
be denoted by (3.26)— (3 28) Then there is & nonsingular mﬁrw QA stch t}mt the

eguahty (3.2) is valid, and o | -

where 4 can be computed by the following steps (1)--(3):

(1) For k=1, 2, ---, p—1, let
Ly (4) = VT Lr(A) [0 (), A (D)= 2A(H/3XE(A),  (3.3D)
compute il |

. 9— ) [A%HY (4 —1] 5% A
3'@-—:;} (A) [Effl_ k(.(AA)?] mrj;il-flfﬂ:::-gle 2 ’Uﬁ-[-_l}_(‘A_) . [A(y-l-j_y(( _2)]“;:]:...““1_1( :)L ’

| i (3.88)
(2) Let | B =
N p—i-AF(-A-)/ 3’@—1}(41); 9{1"'4?(5)/ 3(2)"(3); _
and ﬂwﬂ computa mmc&ssmlg &M
(1*'«/#.1 ).aruo w2 (1+J zyﬂ)afm
’4 (p—m(ﬁ) ] ’--% Hk -, "mw(ﬁ) ik
k=28, o, p=%
e alt i A ¢
T ;’ L (L e
ﬂ Eas { 8’@_1) (A) 2-:2393—11{-_8,@_3} (A) }} (3 ] 39)
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and
y“mﬂx{ 3(1;:]& A)I: .122-.3-331 { ${n+1}f‘6j4.) }}: _ " (3 .40}
compuite | |
=(1+m-dF(A))(1+y-d;(A)). o | (3.41)

CQonsequently, we obtain _

Theorem 8.2. Let AECC™™ with different eigewalues Ay, ha, v, My Of
madtiplicities ms, Mg, **°, mg, ond BEC™" with difierent eigenvalues (, M2, 5 Mo Of
midt@plwatm Ny, Ba, ***, N, wﬂspﬂctfvwly Let |

5(4, )=mljﬂl?h MI; ‘3.¢==max{m¢}; 3B=ﬂ1f'3{ﬂ3}
Then |

wpe(4, B)> (4, B) (3.42)

#A'“,B

where

CACA BY—110(A, B) 404 gy Ar(A) +4x(B)
S(A B)Pm]:‘+a,—1 1 ) A(-A B) 6(.44. .B) '
», and ' are compuied aeeorang 10 the steps stated in Lemma 3.5.

Finally, we give an example 10 explam that how shall we apply Lemma 3.4 and
Lemma 3.5 as gell as a formula -in--[2]-t0 estimate ihe eondition number of the
transformation matrix Q4 which transform a mat:clx A 10 & block diagonal form, and
compare the corresponding resulis.

Emmple =S i 1 |
o | 1 -1 i | 1-a 1
Ay Py B -
A=(ﬂ .A-E)’ A:.Lﬁ .'-._1 T i, 1 » 520,
L/ mexcema 1o mn-:m-.

(1 if =9
P " 3 ’. a =-{ P 2 ; _
S CORL U I if 434,

We choose the following transformation mafrix Qa:
I {m;) . —X 1 .A.j_ -0 :
a-{’, e ) QIIAQA‘( gy |
Apply Lemma 3.4. We ha.ve o
.- 8'51) (-A) =3{m(ﬁ) ““‘ Acu (A) “ﬂiﬂ}(ﬁ) i [AF(AJ.) +ﬁr(ﬁs)]/ o
(aee (3 26) and (3 27)), and

) =) - BT

(see (8.24) and’ (8.25))- Subsmutmg (3:29) and (3. 38), we got |
N x(QA)-g(1+ = A)) =3, | B __(3.43)
.. Apply Lemma 3.5. We have _.
(3 [dgy(4) —1] _24r(4)
() o () =S T, () N 24r( )

]m+m —1_1" o
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(see (8.38)), and

‘“"‘!f"'l/sm(ﬁ) -
(sce (8.389) and (8. 40)) Substituting (8.86) and (3 41) we get |
dp(ﬁ) . _ |
1 = 3.44
Qo) <(1+ s,m(ﬁ)) =5 (3.44)
Apply Theorem 1of [2]. Let
~ [at+de(4)]™7" [gidp(A)]w-d
T A = ¢ ) B B
we have _ S A oo |
ﬂ(Qﬂ‘%<1+9ﬂr<ﬁ>>’*;.{,;;;;:._.,.,' - (3.45)

Y

Let x= Api ) we have
o= (4 z[L+ Vg +(J_x)m+m-=])ﬂ

and .
Some computed l-es'ultg are given in Table 2 gt

Tahle 2
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