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NONCONFORMING ELEMENTS IN THE
MIXED FINITE ELEMENT METHOD"
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Abstract
In this paper, an abstrémt error estimate of tmixed finite eloment methods msing noneonfnrmlﬁg

elements is presented. In addition, a class of nuncoqfﬁrm;ng rectangular elements is proposed, -and .
‘applied to Etnkea equations. The upt:mal exTor aat:mate s gwen | -

I Introductmn _

Thé mixed finite elemant method has been apphed to many d;ﬂ'arenﬂa ﬁelds Huah
as solid mechanios, fluid meohanics, and so on. The Btudy— of this method can be
reduced 1o the following abstract saddle-—pomt problem Let V and W be two real
Hilbert spaces, whose norms, scalar products and dual spaces are denoted by |-|v,
(e, Dy, V7 w, (0 2w, W' respectively. Let I , +» denote duality bgjweeq
both ¥/ and V and W’ and W. The va:rmtmml problem is - -

Fmd (v, p) €V xW, such that

| {ﬂ(ﬁ- v)-+b(v, p) =<f, w) Yovev, (1.1)
b(u, ¢) =<9, ¢, - VgeW, '
where a(+, +) and &5(+, ) are bounded b]lmea.r forms on V%V and ¥V x W,
rcﬂpeﬁmvely, and feV’, gEW’ are given. -

Given two finite dimensional subspaoces V;C:V und WiCW, 0<<h<<hy, the ﬁmte
element apprommatmn of (1.1) is the solution of the followmg problem e

HFind (‘Mn, Ph) GV],}(W;, sach th&‘l; &

{ﬂ(fh, v) +5(v, ;) =<7, vy, YUEV,,

; b(ﬁ;, q)ﬂ@: Q>: Chge Vgewl
In 1974, Brezzi'’ studied the saddle—point . problam (1.1) and its finite element
approximation. The main results are the foﬂgw;n_g

Let Z={vEV; b(v, @)= =), YeEW}.

( ) there 13 A ﬂﬂnstant a>0, such that

' (1.2)

a(u v)?aﬂwlh VwEZ (13)

(11) ‘bhare exlstaa.mnB'Mf B::—o such jhi? S E M e BN "
e b T % I S

A Thf L =8 ] - . (1.4

S EEm{ﬁﬂEﬂ'F?{} ]'vﬂf 9’ A ﬁ &t [T ( ?E

then prohlem (1 1) hasa uniqne aolutmn (u, ,hp);: | T
Lat Zl- {”EVM b(ﬂr g)‘f;o: i VQE Wﬂ}ﬁ"ﬂ E SR UEL NN s s s o
* Bosotved’ i\abrnary 22 1933. SRR e -:-’-"-"-L'-‘*F'-"'r_"-i_i:‘-.':-j-*?;-'h-"-"-'- ".! ECTERE s TEF T E g e j_i
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(i) Z, is not empty, _ .
(i) there is a constant a >0 independent of 4, such thai

_ wli, Divatloll, We£F, vl L o« il
(iii) there exists a constant 8*>0 independent of 4, such that |
Inf Bup ool =g, | 1.4),

g€ Wali{0) veV\(0} -“W"Y“'Q'F ~
then problem (1.2) has a unique solution, and the following error estima tes hold:

aEW,

o —tta] v +- lp— o8] wsO{ u{]elvf,. ﬂ“‘““'»’n“v'i‘ﬂlenf lp—alw}s 1.5)

whero C is a constant independent of h. S

To get the optimal error estimates of the mixed finite element approximation of
problem (1.1), ‘we musf choose finite dimensional subspaces ¥ » and W, carefully.
Firstly, Vs and W should approximate ¥ and W mththe game order of precision.
Secondly, ¥V, and W, must satisfy the compatibility condition (1.4)a. Babuska™
tudied finite eloment approximation of general variationally posed problems. The
major ;@sglts_ of [2] apply to problems (1.1) and (1.2); #wo similar conditions
squivalent to (1.4) and (1.4) reSpéGﬁVBly_'ﬂain be obtained,” In general, conditions
(1.4) and (1.4), are called Babuska-Brezzi conditions. |
" '*‘ Th_e_ boundary ‘value problem of Stokes equations 'ri_'sl"ﬁ"'f"ii:lbdel of the absiract
variational problem (1.1). Suppose QER® is a rectangtlar domain with boundary
' We consider the boundary value problem of Stokes equations:

—pAu-tgradp=f, -on 2, |
divu=0, on &, (1.6)
u|r=0, | _

where u= (u, ug) is the velocity vector, p is the pressure, p is a positive constant, the
ooofficient of kinematic viscosity. Let ¥V =H;(£) X H(Q), W=H"(Q)/Po(£2), where
HLi(Q), H°(Q) denote the usual Sobolev spaces on 2, and Po(2) denotes the space of
all constants.on £. Then the boundary value problem (1.6) is equivalent to the

following variational problem:
Find (u, p) €V X W, such that

, {a(u, 94+, p) =<f, ), VOEV, 4.7)
_ _ b(“:'Q)'_':O: e VQ'EWJI
where a(u, v)=w (grad v, grad ?)";?[_"4,%1(%’-”,%: s s

b(v, p) =~ (div v, pla=—(div ¥, Plmxare,,.. - -
For.example, 2 is divided into nine equal. rectangular .elements. The subspace of
velocity field ¥ is formed by pleuawwﬁbﬂlne&r fmmqsmgﬁe gubspace of pressure
W, is formed by piecewise constants, but up to now, it di;ﬁ%gﬁf nown whether subspaces
Va.and W, satisfy the B-B condition or not™. Somefinite element schemes satisfying
the B-B condition have been proposed by many ‘authors. For instance, quadratio

conforming triangular elements for the vélbéifjr."ﬁéia @nil piecewise constant iriangular

‘elements for the pressure were used by Cronzeix and. Raviart®: :Their corresponding
subspaces V' and W) satisfy the B-B condition, but with a loss l:lfp:l:e':l'flﬂln:}l:t1:1f'fi11‘3"_ﬁiiﬂ15

e
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element approximation; and the eptimal error estlmﬂ,te cannot be obtained. If we use
conforming linear triangular elements for the velocity field, and constant triangular
elements for the pressure, then the corresponding subspaces V', and W, do: not satisfy
the B-B condition. Henoe, Orouzeix and Raviart proposed % use the noneonforming
linear triangular elements to form the approximation space of velocity field for solving
Stokes equations, and gave an- optimal error .egﬁma,ﬁe. A fow yoars later, the
nonconforming friangular elements were" ‘applied to Navier—Stokes equations™®,
Recently Zhou Tianxiao"” studied the a.batmnt saddle—point problem (1.1), and gave
two criteria of strong Bobuska-Brezzi ‘coxdition. In this’ paper, we emphasize the use
of nonconforming elersents in. the mixed finite element method. In section II, an
abstract error estimate of mixed elornieh ap‘pruxmatlon using nonconforming elements
is given. This result can be understood as.an extension- of seoond Strang Jemma'®: 1%
o mixed finite element methods or a,n extenmon of the abstract error eﬂtlma,te for
mixéd finite element methods given by’ "Falld and OSborn““ In section III, we design
& class of nonconforming rectangular” slefents, : and ‘apply them to solve -stokes
equations. The opinmﬂ.l error estimate aﬂgwen in tha last section.

!'J—l E Il’ ; .i :

11. An Abatract Error Estlmate

In this sectiop, we disouss nonconforming finits element approximation t0 problem
(1.1). Let V%, W) be two finite dimensional spaces, and W W; but, in general, V',
is not a subspace of V. Suppose that H ig a real Hilbert space, VCH, and ViCH.
We extend the definitions of a(u, w) aqd b(w g) to (V;.b UV x (FaUV) and (FUTV)
X Wi Let ay(u, ) and by (v, ¢) denote ‘IihDEB éxtensions, and

{a;,(u v) = a.(u ra:.') Vi, WEP", | (2.1)
bl(ﬂ: g) b(”:g): V'UEF, QEW.

For v, €V, let [va]s denote the norm of v, on space Vy; and suppose [nafa= oy,
VYuon €V . The nonconforming finite element Aapproximation (ua, p») to (%, p) is the
“solution of the following problem:

Find (up, o) EVaX Wy, such that

{a:.(um ) +bu (s, 73) = <f ) U0, V€V,
ba(ts, qr) =<g; €n>.- e Vo EWa,

me now on, suppose that f € H'. Wa have 'bhe followmg abstract error mhmatg
Theﬂrﬁm 2 1 L@t : - s:. S A W "

ae= {02 € _Vm bn(‘!?h bl) ""0 Vq:. EWn}

(2.9)

If the following conditions hold: - "%
(i) there is & constant a>>0 mdepmdént*bf h;y'such that
ﬂl”ﬁﬂn‘izi(%ﬁﬂn),‘ i V%GZJ., (2.8)
(.u) there smat two constanis A>0, B?>0 ¢ndependent of A, such that
| l&i(ﬂi, 'ﬂh) l Qéjﬁlﬂﬂﬂlﬂﬁ“kvﬁ, nweVs, - - (2.4)

|b;(v;, 0 | <Bl s imlm Vo€V, EW, (2.5)
(i.u) th&re exisis a constant 8> 0 independe _“t,“_ﬂfh #uch that —_ 4
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2 S — ]

bh('ﬂ'l: ql) : T .. . ! (0 3y
. | ﬂ;gg 0} u'r'iﬂ ?B" HFP'; Vghe,};vh - : k, (2'6"' .
(iv) there i3 an operator II,: V=V, such that o
' ba(u—Iw, ¢») =0, anEWn, T @D

where. (u p) i3 the solution of (1.1), then pa-obf-am (2 2) has a umqwsuwtm (un, Pa);
moreover, the following error esivmates hold: N

- ‘QO{ -—Hu +In.f —galw+ Su IE"(“’ %) | 2.8
[~ [s<O{ lu—1 t|a+ Inf p -galw up ﬁg } (2.8)

-OREV AR eim M Hl
zoll  (2.9)

: ||?.Fpuﬂﬁ'€0{ﬂu—ﬂnuﬂ,,+ Inf HP ?nﬂw—l- Bu |E"(
qaEWa Ae“li"i{&ﬂi ) 4

whewﬂwamﬂtwcmstmtmdepmd&ntofh and "’h-'fﬁ ﬁs | .
-  Ex(y, p; n) =r.h(u, ") +b:.(*va, 19) -—Z} “ﬁf (2.10)
Proof. Equahty (2.10) can be rewriften B g v ony e
o (¥, ﬂn)“l‘bn(‘l?n, p) =4S, 4’1>+En(ﬂ P; ‘Un), , V‘U;EVn - (2-10),
and combining the first equation of diserete problem (2.2), I,we obtain
an(us, 8) =aa (%, o) +ba (13, D—0) —En(g; Do)t YR €V, (2.11)
Lot wy=us— s, Thett cn€Zyand we have -~ cumen o |
- afwli<ay(wn, @n) =a(us, ©x) +¢z;(-ﬂ;u, m.)
= oy (u—1I, @) +ba(wn , P—Pa) —Ea(u, P an)
On. the other hand, by the second equa.tmn. of disorete problem (2 2), we have
 balun, @8) =<9, I, VO EW,,
and by (Ixu, gn) =bay, @) =0(u, qu) = (9' ih).. VHEWS
by condition (2.7) and (2.1), which yield

v

a3 "g-—{ﬂh(ﬂr“‘ﬂﬂ wy) +ba{wn, P—) "En(u, P; m:i)}; Vo EWa.

Furthermore, we cbtain.. vz ¥ mbe s ‘-?E_' e |
s — Dulr <= {A||u—ﬂ,,u||,.+3mu g;ﬂw-}- hid |'E*(“r ﬁ.@.L} (2.12)
dAEW, L ﬂaE?ﬂ{ﬂ} _l”l h
The mangle inequality ylelds (R —
Jue— unlln'ﬁﬂu—ﬂnullﬂ-ﬂun—ﬂnuﬂn e - (2.18)

By combining (2.12) and (2.13), inequality (2.8) 18 sh.own&#_
For any v &V and gs EWs, by equation (2. 11) Waﬁﬂ g
bn(fva.. Pr—ga) = n (U—tta,. ta) +0a(0n, P 915@-;#-(&& P’ 'vn),
| 5, - V€V, & Emh;:;,; ;@g@»e’: Fage s
Gondltlon (2 3) yiﬂld.ﬂ vy Ea R 4"'&1 a:'; O s ey 1 5

I%—qn!lw‘: {A[u-mﬂ.+3lz:—q;lw+ 1Eu];‘) iz b 0. O
" T T R M S ] iﬁw&#ﬁmﬁwhﬁ
In.aqua.llty (2. 9) is shown. by the friangle meqﬂ’by' 55& W&a
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||P“Ph||w‘<“i‘3 %ﬂw"’"“qn—%"w

snd inequalities (2.14) and (2. .8), |
For the conforming elements, the finite dsmenﬂmna,l gpace V' i8 & snbspace of

space V. Then we know that Ey(y, p; vy) =0, and error estimates (2 8) and (2.9)

[ﬂ'.'l :

reduoce to the results given by Falk and Osborn

[I. Nonconforming Rectangular Elements

Let ﬁ be 8 square, and K = ([—1, 11)% Let a=(1, 0), Ga= (0, 1), G5=
( -1, 0), g,= (0, —1) denote the middle points of the sides of E regpectively, and

G == (0 0) dencrte the central pomt of ﬁ (a8 shown in Fig. 1).-
Let 1;0(#) = — (5t"’ —8i). Then we ha.?e

L c9(0).=0, i |

| r - (‘t)dt%{}':;"

Furihermors, apaﬁe- P is defined by
P—{$)$ is a linear combination’ of 1, &, &, @1(51) g:a,,(gg) on E’},

and we have fhe following lemma. T
Lemma 3.1. For any five real numbers 0 (%—1 2, 5) there exists o unique

function u(€) €L (E= (£, £2)), such that

. Fig. 1

. 4By =w, €=1,3, =5 (3.2)
anud |
1 [ v, era=ud, 0=,
| L[0 a(-1, edbamu(-1, 0) =,
{ %j;u(&, 1)dg1—u(0, 1) =ts, (3.8)
3 [ D=0, ~1)=u,

L-&-[ u(§)dg=u(0, 0) =ts.

me Let u(¢) = As+ Asfa+ 4ofs. + Agp(£)) + A (£2), where constants A,
(4=1, 2, -+-, ) are B0 be dﬁ'ﬁﬁ:l:]:ﬂlﬂad By ﬁondl‘ﬁlons (3 2)., we obtain the following
linear equa,tmnﬂ to determine constants A; = |

-A-6+-A:I.+-Al'—ﬂ:l,
A ApEdgmmng, . - =75 B0 5 e tWALE
Ag; A-1+-A3=!53, W g '.v-.:‘.u" | . i o 4.;(3’:}4}

molegin anid

o b A5 A+A4=-= o . i

;  Emy o Rl gt 2 : ‘M‘, pe s m s vplnesdh Bl et ol S ’i?ﬁfﬂﬁ |
:-h. - .,.i i ':. v ; 7 s : A‘ : - ; 5 = v '] ok o : |
e ETd 13z it | 'ﬂﬁ, T Bmigele L 2 o Y ; }”1 o ﬁ" -r.l-é hi‘&; La

It is B‘ﬁra.igh‘t forward 1o getb 'bha unique sﬁlu'hbnf*of Tinear agmﬁohs (3;4) 44 ';I#ﬁ i

- : T
[ - . T g e
ABFE L L R ST P

- IR A et b2
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r A‘1=u1;uﬂj B g :
Aﬂ= E-Gﬂ;u-i’

Fit : TN i
korf 1Ly ; j_E b

Fi]lﬂ]ljl', g o abegpate

() ~uprt Ao g YU g Bat e gy IEMTRA g (),

| = T
and a simple caloulation yields equalities (3 8). il b
| Suppose K is an arbitrary rectangle. Let a (=134 4) denote the middle
points of the sides of K, a5 denote the oentral point of K .and ¥ (i=1, ---, 4) the
sideg of K. Furthermore, suppose h—=meas {lk} (¢=1, veoy. 4) and ag= (o}, @) (=
1, 2, ---, ). Then there exists an invertible hne&rmﬂ,ﬁimigij?l £ cR—>e€K, and
K=Fg (E): ai=Frg (&i).: 'i'=1: 2: i 5- Let PEE{P(ﬂFl,ﬂﬁ(.FEI(ﬁ)), J{EEPJ H.Ild

-----

K

Sr={pla), 1<t<B}. "__l‘hen. Lemma 3.1 implies that for any five real numbers
(=1, -, B), there is®a unique function p(@) € P&, such that

p(a) =i, =1, +, B, = o
| - -’]1._{ ,Lu Pdl=2’h 'E'=1: ."'.:- 41 o

o = j P ax =Py
meas(K) Jr =
For an arbifrary function u(e) € H 1(K"), the infterpolating operator g is defined by
O x: H*(K)—> Pg, such that |

1 "1 ey

—E- Lﬂﬂ-udl-— h; Sh _'-ifrtﬂ, 2 | 1.! | , 4,
1 ik 1 i

e | Hxudo= meas(K)"jg_‘f"d“"

" For any linear function ¢ € P,(K), obviously, e obtaiﬁ. b
' u=Hw, VuEP(K). |-

By the interpolating approximate theorem™%, we hi_wé Lemma 3.2. For any
u€ H° (@’ Emfi hx/px<0, there is & congtant C independent of #x and u such that

. i i g, D g e
& AERISE i i

Hu_ H‘Eu' Is 'E{Ohﬂxnjlulﬁ'x.’ j 12’3‘;& - - (3.5

where o>>0 is a constant, hg-mf__._{h}, Pxﬁiﬁlill {h:}; o el n |

1<i< - <icd } Schg. S

Remark. In the three—dimensional ocage, | & nonconforming 3-rectangular
element can be constructed in the same mMANNEL. We take the gix central points of
the faces of a 3-rectangular element and the ceniral point of this element as the
nodes of this element, and the oorresponding’ space’ P={p ﬁﬁ alinear combination of
1} ‘51: Eil.l gl: 9’(&'1): ?’(gﬂ): q’(gl)}. Then the l‘eﬂ'lﬂ.tﬂ i]lLBH:Iﬁ& 3.1 and lemma 3.2

-

hold for the rionconforming 8-re¢idngular element:.: b D T s
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. ke

§

1V. An Appllcatlon

Congider the finite element approximation of problem (1.7) usm.g noncc}nfurnﬁn.g
rectangular elements. Q ig d1V1ded info some subreatanglea K, and g denntes this

partition satisfying
(i) @=1J K;

Hedy
(ii) for each distinet Ky and Eﬂe.ﬁ’}, E;l_an is empty or & common vertex of
Kianngoraaommonmdeofﬁianng, Ay L v .
. ef 3 Ay R },f/p‘g#r ¢ % (4'1)
Whereu'lsaconﬂ'hant | o o o w0
Lot N, denote e ot 'of the eléraent nodes, which belong ‘to ‘thé boundary of £,
and N, denote the set of all element nodes except those that belong to the boundary
of Q. Furthermore, let ny =the number of the nodes in set Ny, The finite dimensional
space }* assuom.ted W1th nonmnformmg rectangular elemen‘ca (K, Pg, 2g) is defined
by |
A {q;l-vIEGPE, w(c&) -*0 wENn, and fu(m) is ﬁonﬁnuous at N},

By Lemma 3.1 we know that V* is an m—dzmenﬂmml space, and for any v(w) €V,
v(w) is uniqubly determined by the values of v (@) at N,
Let Vﬁ = Vh p Vh and

W, ={qlq[#i3-a constant, ﬂﬁd I qdwﬂ;ﬂ}

Clearly, W3 is a finite dimensional gubspace of W, but ¥V, is not a subspaﬂe of V.
Therefore we need to define the approximate bilinear forms a,,( , *) and bh (+, *) On

(VaUV)?and (VaUV) X W a

2 h .
ap(n, o) = F’Eé. i,%l gﬁ ?’31 ) Vg, v5 € V;, (4.2)
bn(‘l’n; p) = —EEJ (div o, D) x, V€V, pEW; y (4 3)

where (-, ) P denote-s the soa.la.r product of space H“(K ), Ua= (u{ ug) vy = (21, 'Uz)
We obtain the discrete problem: |
Fllld (H«n, P;\) CVaix W,, such that |
{ ar(un, o) + 0 (va, Bn) =<J, ‘!?hj;' W‘n Erh 4.9
by (s, @n)' =0, Y@ EWs, b, o el e R e Mg

For any v4 € Vs, let | valx= (a;(fu;,
definitions of m'z,( ) a.nd b;( 2), we have

(13 A Elwnﬂﬁda(m, w), V€V, i
(ii) Iau(u:., wn)lﬁﬁﬂuall boallas Wa, wnGVa, g
Ibh(%: 91)|‘QB"%“ ugﬁ\iw; V'vxEVn, QnGWt,

5 d '\-. . 'I""-.'- --i‘.“""._] = '
; s : 4 23 -:lil'&?.« o
TG ' g ~.' P e s . P~
2 ; : * p " R R BT e SR, o
W = = ; . ""-i:".li .'E" pow
: i 4 " - W i t S i '.-
L T : ; ; - ; 1 & i ; . A & - M
; 4 + J e ALF - 5 ~ . o 1 [ -_'? o
& ‘ o g . . b E . _ _ --I ioOF ".'_il.""i :":;I-_
; ’ R e
/ : - ; e ol FALS
J .= o e - ; L =

is a nurm of EP&GB V;. By thé’

------

el
L
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Caase oo e i

Furthermore, operator IIy: V —= ¥V ig defined by 1 ;
(o) =HOgv(w),  VoEK, K'é’-?z, . Y&V,

Hence we get .
" b (u—- Ty, g =H§ (div (u— I ), ?n)x=3§ q;.. L div (u— I g1e) dew s 0,
Vo €E W, I

The above- disoussion shows that conditions (i), (ii) and ' (iv) of Theorem 2.1
hold. The remaining condition (iii) will be checked in the following lemma.

- Lemma 4.1. There exists a consiant 80 wdependau of k; such that
Su bn@hﬂq_ﬂ_-;;mmuw, Vo EW,

VR eV () II"J‘.Jh ®

. Proof. For any € Wa, e EW and there is m elemenja v G V‘m such tha.'li

ediv: v=-=-1-:q,.,.w Hvllvﬁaﬂqnﬂw

e ana héﬁiieforth the letter O
denotes varmus aonsta.nts inde-

pendent of k.-
For any .-::EF', we have g

V. Now we prove the inequality
| Iwlh<Clols, YoEV. (4.6)

woe

=i A g
Ax, a, o 9s a1 | - | Y. T i A i \2
| T2 g | j K g_)
T a, 4 I hﬂﬂ# #’ .!’; E K 3951
X=F,(E)
Fig. 2 o wﬂ") iz, (4.7)

where v=(v1, v5). We need 1o egtimate each term of the rlght hand side of equality
(4.7). For any E Eﬁ" x, the invertible linear ma.ppmg Fx § EE —hmEE gwen by

B =5 Amifi—l—mﬁ, o - -
e S s . {4.8)
=~ =_ Mﬂ"'%, sl -

whéfe' as= (21, o%), is the central pﬂlll‘li of K; day a.nd Awg denute flsha length of sides
of E' respectwely, a8 shown in Flg 2. i
"Let 9,(&) =0i(Fx(8)), Ov.(&) =Ilx 0:(1?::(5)) Then Wahﬂw .

,[ (Bﬂwi (aﬂ,,ﬂ,) ‘ﬁ"‘iofg{(a}ﬁﬂ) (aﬁm

.x-i'. ' JE b

'1

) .
By the defm.ltmn of 01391'3’601‘ ﬂ ﬂlld Lemma 8.1, wa b" L J“

: __p!

ﬂﬂi‘u¢1§1+ﬁa§n+ds?(§1) +M £3)
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A _ S e g T

P ﬁ‘i.?l(ﬂi);ﬁﬂi(ﬂﬂ) 1_1_ jl [.y,,(l §gj—w¢( 1 £a)]dEa=— '[,ﬁ gg:dvf,

g = {r [w;(l §n)+‘ﬂi( 1 §ﬂ)]d£ﬂ f r ﬂ‘"(‘fl’ gﬂ)dfidgﬂ}'
[r 'E?i(l fﬂ)dfﬂ'—'_jilj_?i”i(gir gﬂ)dgidgﬂ]
o e ] vt

L -,43-=741-_-]’E-3i:d£,
a5 e va-5 [ [ it E2d6: i, |
R T[T —1)&5;‘;2- j" [ i, ga)dgidgﬂ].'
Henco, A< Iﬁ(_af: 'gj ( )d‘f

a<f,(8Ye, - acf, (e
By caloulstion, we obtain R

[ [(204Y + (21 <ot st a4

<o [ [(Fe) +(Fer) Joeso [ LG ) +(5or) Jow

And it yields inequality (4.86).
For any ¢n €W, ﬁmt we find a v EV satlsfymg (4 ), a.nd combmmg (4.8) we
cbtain

Sa bn(‘b“n, Q’h) > bn(ﬂ A, t}n) . b;(w, q;,) _ b(au, gh)_

N S T ﬂﬂiﬂﬂn [ [ |
i B
e "|!§,:'!!|}" I,IQ'J&" Wy Vgﬁ e Wi;

which completes the proof. |
An application of Theorem 2.1 implies th&t abstract error estimates (2.8) and

(2.9) aro valid for discrete problem (4.4).We need to estimate Su | B (u, p; o) |

vaE€ Val{0} " Ux ||1;

to get the concrete error estimates of disorete problem (4.4). We have
Lemma 4.2. ZLet (ﬂr p) be the solution of problem (1.7), and uCV U (H2(Q) x
H2(Q)), pcW U HW(2), Then there exists a constant O independent of h, such that
| Ex(u, p; ) |‘§Oh{|ﬁ|ﬂ,a+ |2|1.0} {oalla, V%EVM ) AN

where [ulg,gdﬂd ]vpligdenote the semi-norm ofuandprespeGMdy s e |
~ Proof. Combmmg (1 6) and (2. 10) _we obtain i S

iy~ & L w;)dl—-—xe: j (addwa pfv‘dm}.
| x H%ﬁi

"t ,:' -'I i Eh(u! ?’ t}lr) pKEII jﬂE faal ( | !
(t&;, !.53) vp= (111, 1)2) BE denoiies the bou:ndm:y of .E.’ a:nd 2 denuteﬂ

i
,:,_*-,-.
; 10
- '.1-3 3 :.':'.1.'_-\.'
] . ' '|_.. T=a !'.'h_l.'._r_qu.-} - o
; S _.ﬂ. : S R - Y 11 PN
- eri ative of 11 - I . . R SRR ol
= ] = 1 ﬁ o S 3 ‘ . i sl i TR oL L S e S e r_l-\.i-"..',:i;'_ & !-1. L o
5, A Lot e P i R I Ol R
A A TR e g 7 ' : e A Rt T T
o T, o i N . = et g ) e T LTy : "
o ¥ 'I"!_"' |
s Bty e F‘t-‘iiqg'r
- - _5-
AL Fe T Tﬂ‘}- _'.'::!""5':{ R
bl et %
s e .’"::-r'a.&'?: *! LRl
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Let z(w) = (21 (), ﬁﬂ(m)) where z;(2) and g;(z) are &eﬁﬁed only on the boundary
of K, VK € Fx. On each side of K, %(2) is equal fo the value of »} at the middle
point of this side. Suppt)ﬂe 7(z) =v5(2) —2(2). We have .

- _
i Iy -
2 ('u, p; vs) ’wxgr, ELE a'n Pt~ xezn -LE (Pridmﬂ Wﬂdmi) (4‘10)

We need 1o estimate each term of (4 10}.
I j Pﬁdﬂ?ﬂ, Iy= j’ P‘Fﬂd‘-’ﬁi I‘a j ——-&L‘ 7 dl

By mapping s=Fg(£), and o} (€1, &) '=‘U:‘(Fx(§)) P(Ei; £a) “P(Fz(g)): integral 14
can be rewrition as -

.

-4 [ [ sa)ei(i &)—p( -, fﬂ)ﬁ( 4, En)]déa.
On the otherhand we have = - N -;‘

o} (€1, £a) =4 §1+A‘2§n+A s (E1) H A () £ 48, i=1, 2,
21(&4, §ﬂ)|f:.-a=1—'v§(:l:1 £a) m(j;;t 0)“4&%5 +Aﬂ’(5ﬂ)

That s, #,(1, £s) =#c(—1, &), Ibylelds = S
Ll =22 13, &)-5-1, En)]%(l AU

- =ﬁ§g . r;i ; 3?(?%; fs? ej‘(_l’ '&)d&dg’l’“tf

Az A ; e e -"I ; |
_._ﬂlﬂll.ﬁ \/jﬁ (71(1, gﬂ))ﬂdf. _ :
By Gﬂmputatmn we get g e w

JI @, ey s <o v@® a>ﬂ+(A1>ﬂ<cr|6'he.'

Hence, we obtain

i |Ill€GhEIPI11E]” |1-EQO]EEIPILEI”1|LI'
By hx<<h, YK €.7 g, we have

LE (P’:L)d@ﬂ

<Ch|p|sofvsls. -
Bm:ula.rly, we can prove I

=, mm!whlml.nnmnh

| w3 [ 32 .r,)dz\qom,.alu.l..

So inequality (4 9) is shown. . o S

Finally, combining the abstract error BB‘liiIn.ﬂ'lieE (2 3), (2 9) alld Lemmas 3.2
and 4.2, we have T gahh x;mmm W o .
| Theorem 4.1. Suppose that (u'r p) i3 tha soluts (1. 7) and uEV U
(H2(Q)xH¥Q)), pE WU H(Q), and (u, Pn) 1i§£ﬁe sohstion ;
thm thm*e mm @ ctmstmt o mdmndmt of h, u, and p, 5
| G A NN OB | P ot ]5.087

lp—12]o.0<Ch{|p|15% |u|,_,,}
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