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Abstract
The problem discussed in this paper is to” def "% -'mnr;eg'at:we interpolating pnlynnmial
W’hiﬂh tﬂkﬂﬂ the prescribed nonnegative values ym s Ly Yt g1m ﬂmt:mct points T, %1, +r*> Tnd
vy F’ B
o(Z) -yc. l-ﬂ), 1, o 4;; : {3}
This paper shows: (1) 2 ig the least number ufm a'uchﬂ:at thmmhqapolynomalpél’;, the sot .

of all nonnegative polynomials of dogree <m, Batlsfymg t]:ua abova qquahons for any choice of y=0.
{B) The above equations have a unigue solution in Pia 1fa.nd qnly it ab pmat- one of the y's is nonzero.
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1. Introductlon -;,-.je.;;} i
.o», @, be n+1 distinet ‘points in the mterval [ﬂ: 5] Satlsfy:mg
B o< 21 < c:a:,gb i

Lot mo,'ml,

Lot %o, 1, ***, Ya Do any prescribed values sa.t:lsfymg y;?ﬁ 5=0, 1, =+, n, Lot Pp
denote the set of all polynomials of degree equal to m or less. In thm paper we
consider the following problem: to find a nonnega.twe pglynomla,l p such that

plz) =y, =0, 1, N . (1)

That is to say, if we denote by P, the set of all nonnegatwa polynomials of degree
equal to m or less, then our problem is to determine & polynomial p € P} patisfying
the above interpolating conditions.

It is not hard to see that the problem is not necmly solvable for m=n, For

examyla taklng n= 1 o =G, wim—(w+b) y.;.=1 a.nd y1===0 there does not exist a

pE Py s&tlsfy"mg (1) Therefore we arc concerned mth the exigtence of a nonnega.twe
polynomial satisfying (1), in partioular, the® loast numbar of m for which the
‘problem is always solvable for any choice of y;}ﬁ i- =0, 1, ---, n, That is the
content of Section 2. Section 3 will discuss umquenem ‘of s'uﬁh 8 polynomml

2. Exlstence

The main result in this seotion is ad follows. - _
Theorem 1. 2n is the least number of m such. tkai thera exists a polynomiak
peE Pg mtwsfmng the equations (1) for any choice of y;?ﬁ ﬁ-==0 1, |
Proof. First, we are going o gshow that tharé erislis 8 polynom:ml p& P3,
satisfymg (1) for any chowe of y;=0, To do this, put e

A mo)(m—m:) (w-m.),
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S WY . ii0 1 e
Z; (m) (:‘.E mi) w, (m‘) , ¢ 0’. 1 . , 1,
here | W (m;) H(m;—-m,) =0, 1, , n,
| " .
Then R ) =‘Eﬂyil?(m) : | ¢ (2)

ig such a polynnrma.l _
. In faot, it is clear that pEﬂ, On the other ha,nd by an observation one can
seo that .

1 j %,
-
| | ‘(m‘) 0, _1-;&@
Hence | p(m;)==y; =0, 1,

We turn now to show the minimality of m= 2n. To the end let us consider some
choice of y;: | | . ._
- go=1, B1=+r=9a=0,
Suppose that p € P}, satisfies ' E
plz) =g, ¢=0,1, -, 9,
i e., p(wo)y =1, p(zs) —*--'—P(m.) =0,
Since pz=0, each of @y, +++, @, i3 a zero of at least Iﬂll].tl]_)].‘lﬂl‘ﬁj?’ 2 of p. Meanwhﬂa

p#0, then p should contain a factor (p—a1)7 (m—m,.)“ This meang that p has
degree at least 2n and therefore m>>2n, This provesthe minimality of m=2n,

3. Uniqueness

A simple example indicates that a soluiion ‘i:rf the interpolatory problem in P3,
is not unique for some choice of y=>0, ¢=0,:1, -+, n, :

Ezample. Let n=2, [a, b]=[-1, 1], a:u=—1 @3=0, 2a=1, 90=1, 41=0, and
ya=1, Both 2® and 2* are the pnlynommls in P} satisfying (1), Gemerally, p,=
trt+ (1—#)2® with 0<<i<1 is also such a polynomial.

~ Precisely, we have the followmg crlterlon of uniqueness of & solution of the
mterpolabory problem in P4,
" Theorem 2. The polymmml (2) és ‘the unique one mt%sfymg the equations (1)
frmPE.éfmdodymfatmstmofthey;smmsro ~ | o
Pq-oof Suﬁmency Euppose that, say, §i= =0, W qék for sorae index &, Thus

o (m) yxh(w)
Q(mi)“y;, §= 0 1 e -
for suoh*a ahoina ﬂf the y;’s Then - we Obimn B v e s P
Paleayid " . p(m;) ‘48, =0, h ol '
d#"ﬁkﬂﬁ; W ?(ﬁ);,)g‘(ﬁﬁ)?o ‘Zv=0 bk, ]G-- fH—l

No’aing :tha-t P, q € Pa,, thig yields that p= q.

- Neoggsity, Denote. Lem{d: 40} and. J #{j g;=0} Enp_pose on tha gogj;ary |
$hat cardil>1, whem Gand«I denoiies the cardinality of I, Write. snca.rd ﬁgﬁ §0W_'_

htﬂe'fﬂh o
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g(@y) =g (z)=0_ forall jEJ f
and g(z)—y, forallé€l, .
Such a polynomial, as a Hermite interpolation polynomja,l , miust exist.
Our proof would be completed if we could show that for some t>>0, ry=(1—%)p+

tg=>0, here p(z) =;Euy¢3?(w) -—-E Yl (). F]iﬁdeed,' ginoe §=card J =n+1—card I<a,

.Pn+aC:Pﬂ, Hr',lld hence Q’EPgﬂ, MG&HW]JJ].EQ:#F because q ig Of de E Voo i Do and.
p is of degree 9% Then 7€ P3, but r:+p. On ths other hand, g_. ,

re(@) = (1—)p(a) +ig(@) =y, =0, 1, - M

Thus 7, is & different solution from p of the equatiéns (1), & contradiction.

The remainder of the proof is devoted to showing how %0 golect ¢ so that r=>0,
First, take z==, with jE€J, It-is easy to verify that
@) =@ @+2E @)
and 7 (2 __j’_f_(m) (v—2y) —w(®) |
i ) W (o) (—z) e T
For ¢ € I, sinoe ¥,(2) =k(z;) =0, we have RS
()] =2 ) w(z) - .a,)ﬂ |
N o=l .
which is positive. On the other hand, since the second derivative of 7, (@) with regpech
o § et .

8 = (L) S (@) (@),

i€t

its value at =0 and z=2

J w (2 :
 re-mu( s e)
is also positive. By continuity for such a point 2z there exists & number $,>0 and a
neighbourhood N, of 2 such that | ;4 el
| ry (2)>0, vz EN,, V€O, &l.
Now from r¢(2) =7} (z) =0 it follows that R Ve | :
. | | 7(z) >0, Vo EN,, VtE[ﬂ,!t,]_* . o | (3) .
. Next, take z€ [, b]\{z;: j€EJ}. In this case ro(2)=p(z) >0, So by continuity
for such & point z there also exists a number t,>0 and a peighbourhood N, of z such
that (3) is valid. - PR P . LA Y :
Now the collection of sets {N,: zE[e, bl} 15 & cover of the compact interval
(e, b], from which we may select a finite gubcover, say N, *=, N Lot e, "5 L
bo the corresponding numbers and take = min{ts, 71+ bet. Obviounsly, ¢>0. For
<uch & ¢ we can claim 5,>>0. Indeed, for any #€ L4, blythere is an index K (<K<
M), such that € N,,, whence by (8) ,g':(m)-?,o_-b@qaﬂﬂﬂf}hgtﬂ.i | ‘
.The proof of the theorem is completed. Bt
To conclude thig séction, we meniion the foll
which is omitted. .. -~ | ol By B
.+ Théorem8: . Thé set of aohf,tiaﬁsfswtésfgw&?w__ #6i

l : - - i _"7'...,"'
o Yy oha o r N P
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