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NUMERICAL SOLUTIONS OF HARMONIC AND
BIHARMONIC CANONICAL INTEGRAL EQUATIONS
IN INTERIOR OR EXTERIOR CIRCULAR DOMAINS

YUu DE-mao (&4&5%)
(Comnting Center, Academia Sinica)

Absatract

Elliptic boundary-value problems can be reduced o integral equations on the boundary by many
different ways. The canonical reduction, suggested by Prof. Feng Kangl-3l, is a natural and direct
approach of boundary reduction. This paper givesa the numerical method for golving harmonic and
bibarmonie canonical integral equations in interior or exterior circular domains, together with their
eonvergence and error estimates. Using the theory of distributions, the difficulty caugsed by the
gingularities of integral kermel is overcome. Results of several numerical calculations verify the
theoretical estimates.

Introduction

In recent years, Feng Kang suggested a natural and direct method of redution,
called canonical redution, of elliptic boundary—value problems over a domain fo
integral equations on the boundary, which preserves all the essential characteristics,
including self-adjointness, coerciveness, variational functional, etc., of the original
problem™~3, The kernel of the resulting equation on the bounda.ry, called the
canonical 111'begra,l eguation, containg singularities of the type of the finite part of
divergent integrals in the sense of the theory of distributions, which are of higher
order than those of the usual Cauchy—type.

This paper gives the numerical method, based on the finite slement approxima-
tions, for solving the canonical integral equations corresponding to the Neumann
problems of harmonie and biharmonic equations over interior or exterior circular
domains, Convergence and error estimates are also given. Several numerical
experiments verify well the theoretical estimates and demonstrate the efficacy of the
method.

The author wishes to express his most sincere thanks to his adviser Prof. Feng
Kang for all his help, advice and comments. |

1. Harmonic Canonical Integral Equation

1.1. Numerical soluiion |
Consider the harmonio equation in the interior or the exterior to the oircle with
rading R with Neumann condition

* Received August 10, 1983,
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- du=0, in 2

¥ Pi
K ulf) on =20, - (F1)

where u, () € H % ({") and satisfies the consistenoy condition
J. uy, (6)df =0,
I

It is equivalent to the variational problem
Find u€ H*(Q) such that

D{u, ») =quﬂ (&) vds, Yoe H1(@),
D, .43 =Hw-w dp

for the interior problem. For the exterior problem, the space H* (£2) is replaced by

W) 4“\7?713?1”2 i Y WEL @),

Moreover, the problem (P1) can be reduced into the canonical integral equation,
whioh contains a singular kernel, as follows™

1 (= 1 — 1
thell) =l 1, g — 0 1o (67) df' = el *tio (6),
2 2

where * denots the convolution, which can be defined through Fourier series in the
sense of generalized funetions™ %, Since
1 (o= 1
_Eﬂ:[-'- J. . 5 _E_ de = 0_,.

2
the solution of above-mentioned integral equation is unique up to an additive con-
stani. It also corresponds o the variational problem

0

Find w(8) € H?(I") such that
Do, )= |_tn (@) (ws Vo€ HE(I), )

-D (%0, ®o) = — rﬂ L_

9 9; ":‘.&0(8 )Wﬂ(ﬁ) dgfdg
47 8in?® 5

The original solution » of (P1) is obtained from %, by the Poisson formula

nalfetd ] N - far{ogmﬂj
- 2w o R¥+9*—2RBrcos(f—6) i r>RB.

u(r, 6) = -

We can easily prove
Proposition 1.1. D(yu, yv) =D(u, v), Vu, v€C H'(Q), du=0; D(uy, ) isa

1 1
positive definite symmetric bilinear form on [HZ(I")/P,] x [HZ(I")/P,], where P,
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2 P = e

1
is all constants, -y is the trace operator which maps H*(Q)onto HZ(I").
Proposition 1.2. The variational problem (1) has one and only one solution in

HI(T)/P,.

In fact, using Green’s formula, we get the former conclusion of proposition 1.1,
from this and the positive definite symmetry, continuit y and H*(2)/Pe-ellipticity of
D(u, ») we can obtain corresponding properties of D(u, vo). Then, using the Lax-

Milgram theorem, we have the proposition 1.2.
Take the piecewise linear basis functions

I' % (9 i 91_1) 3 9;_1§8*€;8¢,

Li(6) =+ %(gm—ﬂ), 0i<O<Biss,

L 0, otherwise,
¢=1, 2, «+, N,

where §,= % 2x. Lot

Obviously, {Li(@)}cH(IHcH 7 (1. Using the formula™
1

% e e nglﬂ. cosnd,
2
from (1) we obtain equation
QU =,

WhﬂI‘B Qz [gﬂ]}ﬁ.{ﬂ’. U= [U:I., s UN:IT; b=[611 SR bN]Tj
B=
b= ua(6) Lu(9) R,

Qu=qu5=%i-5, (2)
A4N2 &= 1 dintn T nk
@y = — g_a nﬁﬁoaN&mk =0, 1, ooe, N1, (3)
which is a convergent serieg, -
[ @ @1 v Qy-a Ox-1
By_1 Qo v Oxy-3 @Ax-a
Q=|. Tt ik MER E(aﬂj Gi, **, GN-l)' (4)
a"ﬂ' ﬂﬂ . ﬂ'ﬂ .[;1
| @1 g e Ay-1 o  _

From now on the eirculant matrix produced by ey, --+, ay will be denoted by (e, *-+,
ay). @ is semi-positive definite and circulant with rank N—1. We can solve QU =5
by direct or iterative method, or by method provided in[6]and using FF'L.

If we take the piccewise quadratic basis functions
{@:(@) }i1, - 2, then we have QU =5&, where

Q= [qu]wxﬂﬂx U= [UJ-J s UﬂN]TJ b= [bl: Y

bﬂN:l T:
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bp-——RI:: 4 (0) (880, 4=1, -, 2N, (5)
T Y S .
S SRR NP
(B en B aen 2P,
g, j=1, =, N, (6)

A1l these serieg are convergent.
I.2. Conwergence and error estimates

Let the linear space spanned by bagis funetions to be Sy H 3 (7). Set ug ()10 be
the solution of (1) and U§Y’ (@) to be its approximate solution. Then we have
Lemma 1.1. D(u,—U§, Vo) =0, VV € Sy,

(50— Uo" | p= inf [uo—Vs|3,

oE8Hg

where H ¥ (I /Py derived from D(, ).
Theorem 1.1. If the @ni@a*polatm operator 11 saiisfies ||ng—va.;.|[1 = 0, Voo

€ HE(F), and the solution € HE(T) of (1) ewists, then
lim |eto— U™ | 5=0.

Proof. Since are equivalent, there exists a constant K, such

that |ve]p < K| vo] 1,n Voo € H E'(F) And from the trace theorem we have constant
T, such that|v|p] Lr <Tlv| g, Vo€ H*(Q). Because of ue€ H E(I‘) there exists u
€ H*(Q)such that u] = ty. Then for arbitrary >0, we have #&C~(Q), such that

Hu_-a”H‘{ﬂ}g EKBFT .

Sot % | =1, then  Jo— o p< KT [u— 8| meay < %
Moreover, for fixed %, there exists Vo, such that ||t,— Hﬁﬂﬂl <—2_ when N>N,.

2K

Then [u2e — Tlu ”n{-;—. Using Lemma 1.1, we obtain

|o—Ug"|p= inf it~V o|p<< inf (Hﬂu‘ﬁnﬂn*‘ﬂﬁu—Vﬂ”n}
VoEHy FeENNy
< oo -+ | 2h0 — Hato [ p< .

The proof is thus complete. *
Theorem 1.2. If u,&€ HEY(I), k=1, and the tnierpolation operator 11 satisfies

Il Vo — II"I?Q ”Hr(p]iﬁahk'bi“' | Yo I %41, I's VW{]E .HIH'J'(F) 2 OQS{A} '+"1_,

1
then lug— U | 5<Ch " 2 |tso]5s1,1s
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Fa i _._.,...,__...._..——n—-—l-——'—-_'—_ﬂl

200
where - k= )

Proof. From lemma 1.1and interpolation inequality™, we get
1 1
o — U |5 <Clltto — Meko] 1 <Ouo — Tuo| % . [o— Thio| 2, 1 »
Using ” ug— Ieg " Inil) ‘Qahnﬂ l Uo | k+1, I'; ” wo — 11, qu(I‘} < Oh* ‘ Up l k+1, I's

1
we have loto— U |5 <Ok %[ tto] s, r-
For the sake of simplicity, from now on we denote every arbitrary constant by C.

Lemma 1.2. If u,€ H z (I') and satisfies the consistency condition, then the
A _
solution of (1) uo€ HZ(I') and |uol 3, <O un] 1,0 where O i3 independent of Ua.

Tt ecan be obtained from the differentiability result of solution of harmeonic
problem and the trace theorem. |
Theorem 1.8. If the condition of theorem 1.2 4s satigfied and

S
L [uo (8) — UM (6)1d§ =0, then loto— U | myery < OR*+* [ wto | 41, -
Proof. Let W, is the solution of — 1 5 *Wo=1t— U, we have D(Wo, vo)
4o gin —

2 |
1 —
= (to—U®, v0), Yo € H? (I'). Then D (Wo, t—UTs") = (o — UG, 1o —Us")-
Using lemma 1.1, we get

| 20— U |2 = D (Wo—1IWo, to— U§™) <O|Wo— OW | mrsry s 1‘150 —Us" ||n-

1
Since wo— UG € H*(I'), from lemma 1.2, we obtain ||Wu\|Hu-¢p,,p,QU]|uo—-U5m | 555
then using theorem 1.2,We have
[0 — U |3, <Chjtio— U™ [ 5<OR™**|tho[ic+2,2»
i. e, Lo — US| racry <OR*** {tho | w4, -

We can also easily prove
Lemma 1.8. 7f v,€ Sy and Sy 48 the space spanned by piecewise linear basis
functions, then

| /6

f{'}:ﬂi] 1‘1’1‘:‘ s % | Vol Laros, Be1s

From this we cbiain

Theorem 1.4. If Sy is such as in lemma 1.3 and %< H2(I') satisfics

E‘” g (8) —U§7 (6)1d6 =0, then
max |ue(8) TS (8) | < Ob* Juiol zery.

[0, 2x]
Thig estimate is not the best to be expected.
1.3. Numerical example -

{A‘Iu= 0, in Q=interior or exterior 0 the unit cirele,
N

e ——-

= cos 6.

r=1
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Taking piecewise linear basis functions, we have

e —————————— ———

N Number of nodes max | Us—to(8s) | Ratio Remark
[ 3
16 16 0.01235024 6472
15 . 540953 (E) —16
64 64 0.00079469
128
198 128 0.00019964 39806151 (TG-I) 4

ﬁ
Taking piecewise quadratic basis funotions, we have

e

N Number of nodes max | U— g (&) | Ratio Remark
i
4 8 0.02008343 3 \3
11 .870902 (E) —8
8 16 0.00169182
16 )3
16 a2 0.00014114 11.986853 (“3_ g

s O S

2. Biharmonic Canonical Integral Equation

2.1. Numerical solution
Oonsider the bibarmonio boandary—value problem in the interior to the unif
¢ircle

Hu=0, in ,
i (P2)
Mu(®) =m(@), Qu(d)=¢(@),on I,
&2y , o, o OU i
where Mu-—= [Pﬁ%-ﬁ- (1 — i-') ( 2 Bgﬂ i 23513 ay nxnﬂ)Jps

tum{ -2 st - 2 [( D P+ =) ]},

1 3
» is Poisson ratio when 0<py < % m(@EH I, 9@ €H *(I') and they satisfy
tho condition

. L,( ap+qp)ds 0, VpE P1(Q),

where for biharmonio problem (»=1)
Pi(Q) ={u€ H*(Q2) | Lu=0},

and for plate-bending problem (0-{#{%)

P;1(Q) = {polynomial which degree<1}.

From (4] we know that the boundary-value problem (P2) can be reduced into the
canonical integral equation
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—m

O = O = [ w@)ar
%
+ (L) (6) +J:’ 1g - uo(8) ),
) 20 gin? 5
¢(@) = (1+v)u! (8) + j : - o ta (80
% 8N
L — (L+2)u (6) +j LR (@)a
27 8Iny 5

However, it is o be understood in the sense of generalized functions, the differential
and the singular integral all can be defined through generalized Fourior series. The

original solution u of (P2) is obtained from (u,, %) by the Poisson formula®,
CUonsider the variational problem

- Find (up, uo) € HE(I') x HF(I') such that
D (ts, oy vs, o) =j:w (mun+quo)ds, ¥ (va, vo) EH : (L) % H%(F )

D, a5 va, v0) = [ " {0n(8) (1 +2)en ) [ oy
8" ————

2
+ (L+v)ull(6) +EW - *f"(ii | ()
7 8in? 5

+ 29 (&) [ A +2)ul(8) + J’:“ ”"Eﬁgl 7 ag’
27 8in -—-2—

— (1+2)uj(8) +rw %o (0) d&’]}dﬁ_

Yy
FRL =

We oan easily prove'

Proposition 2.1. D(@.u, vu; 8,0, yv)=D(u, v), Vu, v€ H*(Q) and 4% =0,
D(u,, uy, v, v9) i3 a positive definite symmetrie bilinear form on VIV,

where
D(u, v)~= Ij{du dv— (1—p)
p .
u v | & P ’u M }
i [ oz oy 0?8 zﬁmﬁy &vﬁy] 4w dy,
1 o e
V() =LH? (I') x H*(I)]/Py(I),
PuT HT () x H?
1) = {(Em" p) < bl o pem{m}
-Proposition 2.2. The variational problem (7) has one and only one solution in

Vil

Take the piecowise Hermite cubic basis functions
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~2(2L) 00,0 +3(5- ) (9—012)%,  01-2<6<),

s A
BO=1 a() -0 8(5) 0-00*+1, 6,<6<bym,

0, otherwise,

2
(B -t as,  ssost
D=3/ NN o _azz2_of ¥N\Nra_ors 3
(LY 00y — 2(L)0-6)%+ 6-6), 6,<6<6,,
0, otherwise,

j=11 2: S qu

Obviously, {F:(§)} U {G, (6) Y= H*(I'). Let
ua (8) ST (0) = (X F,(6) +¥,64(8)),

w0 () #To(8) = 2(UF8) +V,3/®)),
then from (7) we obtain

X r@u Qu Qi QuuT X ra
ol Tl @ @ @ Qu| Y| |8
U Qo Qoa Qaa Qaa | U Y

O

7l Ls Qu B Quirl L

where
a=| m@F@G), p=| mOG®®,

v [ 1 @OF@®B, 3= qO)@©)®,

52x  Om O \ |
Qj—i_ (1+p)(35N: BBNJ OJ T O: 35N> i (ﬂ’ﬂ: d, 3 EN'—:I-)J

% 3
QH=Q%11 == (1‘1‘1’) (O; 13% ), ==, 1 - ) 5 (30, B, v, 51),

- 105487’ ’ 105 N2
Qu=Qh=—+(2L, _BF o .. 0, -2V (g, ay -, ar),
Q1ua=Qu—(1+ F)(O; —“]%}“; 0, , 0, 110) (60, 81, ***, By_1),

Q.“ﬁ (1+”)(30653§3’ 3?3”;73 » B 25 1 3?3;" )+(d°’ d1, ++2y Gx-a),

- 1
Q53=Q§2=(1+ 1") (O: ‘3—0; 0, =, 0, 10) } (50; Bn-1, ***, 31):

(8)

(9)

-
Qﬂ-i:QIﬂ: _" (1+!")(15} 3 1§FN 3 D: "t 0: 1;FN) (d‘h dlr g dN-l):

QHE=(1+F)(E;£J ?"5-?;: 01 " 0: 355:5() 1 (bﬂr bi.: % bN-i.)r
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Qu=Qh= (1+9)(0, 5, 0, =+, 0, ~ =)+ (fo, facs, =, £2),

L T
Qﬁ (1+P)(15N: 15N 3 OJ *s DI L 15N)+(6ﬂ; 01; o ﬂN-—i)l (10)
4 oo &
b, = 18? E :!-3( 4‘2‘? -L B]Jlﬂ-*?—ﬂl'ﬂ-z- 2::+3]]15-1235)GDE—L 27,
AN m:j
_18N4 - 1 4Nﬂ . 4}35' 4N aﬂ . i + 5_1 _Er.
Gi="—3 ;3 (Wﬂj Sin’ < < gin gin -~ 27 -sin zw)cos o 2%,
N & 1718N° ain? 7 _ N Kl K
0=— ?‘_.3 [Wﬁ‘? N2 W—j(ﬁsm 2 +12 gin 4:'1:)
8.0, s Buin o st o 2
~+72 cos v SEmNnramNS:m]eos—ALTZ’ar,
- NE &5 i 18Nﬂ E..l. s N _L i

+72 cos® % w—8 Bm% 7 E]Il-‘l%.- Sar]c{rﬂ ;.4 27,

. N e l SB:N'E <9 jﬂ: - ‘? I 12N . ﬂ.iﬂ _i
f‘ = 3‘2133[ m:ﬂjﬂ Sin N Nz Wj Sin N (5 GDENQW+ 7)
Jﬁ s 24511112:;:,-] %z
N® & 1 _ 36N? ;,L J 90 4 220 pa f j
21 .,[ =7 sin sin < 27 = sin T(5GOEN2W+7)

“— 1 i — T i T i

All these series are convergent. § is somi—positive definite.
For biharmonic problem in the exterior to the unit circle we have gimilar result.
2.2. Convergence and error estimaies

x A
Set the product space spanned by basis func:tions to be SNc:H 17(I") % = (),
(2a, tio) 10 be ' oy 18
the energy norm on [H ’E(I' Yx H E(F)] /Pl(I') derwed from D(+, »; », ). Using

such method as used in seetion 1.2, we can cbtain following results.
Theorem 2. 1. If ihe inlerpolation operator II which constructs Sy satisfies

: 3
| vo—II vo | monery 32670, Vo€ HZ(I), and the solution (s, to) EH%(T) x H%2 (I') of
(7) ewisis, then

lim| (ua—UsY, o—U§") |5=0.

N—poo

Theorem 2.2. If (ua, u) € H¥(I") x H**3(I"), and the interpolation operaior
Il satisfies
' !l‘”u" H%HH'(P}“QO}*HL' l Yo ’ X+1, I, Vo, € H*+ (I') , O<Cs<<k+1,

1
then | (tta, ti0) — (U, US) |5 OB 7| (tha, t4o) [ mmescryseoncery.
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Theorem 2.8. If the condition of theorem 2.2 i3 satisfied and
NP = o
[[ (=02 4w — Uplas -0, VpE (),

hen

e

“(“n“UrEN): to— UG ) || I.(mxra.rra'@ahk”ﬂ (ta, Uo) ” H¥1(I) x HH(I")e
Theorem 2.4. If (u,, uo) € H*(I") x H*(I"),

j [ — UL 4 (—U§")p|dS~0, VpE Pa(Q),

and II <8 the piecewise Hermiie cubic interpolation operator, then

max[max
10,2%]

2.8. Numerical examples (Take y»=0.5)
{ Pu=0, in G=interior to the unit circle,

|un (68) —TU (@) |, r[gggluo(ﬂ) —Uoe®(0) | 1< OBZ| (tn, o) | mecrywmsrye

(a)
Muy—= —12coa 3¢, Qu=48 cos 36, on 94.
N mf'*IlUn (B¢) =t (60 | max | U% (80) — 4 (84) | ol |Up (85) ~ug (6a) | BIX |5 (84) ~up (&) |
24 0.1238714 <102 0.8178915x 101 0.3420155 < 103 0.1917666x 102
48 0.6614398 x 104 0.1347160 x 101 0.1950099 x 104 0.1346814 % 10-3
Ratio 18.72754 6.0712276 17 538366 14.238536
N B 0,1 0.3 3.5 0.7
U(R, 0) 0.1990031x 102 | 0.5157094x10-1 | 0.2187542 0.5179423
48 ' Error 0.3160856x10~7 | 0.9467044x10-6 | 0.4218880x10-5 | 0.1237349x 10-4
Belative error 0.1588118 x 104 0.1835765x104 0.1928630x 104 0.2389027 x 104
(b { HFu=0, in Q=exterior to the unit cirele,
Mu= —3 cos 3¢, Qu=233 cos 34, on 202
N iz |Un (65 —th, (66} ] max | U (8s) —ui, (60) | s 1 U0 (60) —29 (64) | e U (64) —up (64) |
24 0.1293942 % 10-2 0.6520362 x 10-1 0.4034118 x 10-3 0.2612500 X 10-9
48 0.8534865x 104 0.1199005 x 101 0.2986027 x 10-4 0.1632207 x 10-2
Ratio | 15.16066 5.4381441 13. 509985 16.005935
N B 1.6 5 20 100
U (R, 0) 0.6666793 0.2000020 0.5000057 X 10-1 | 0,9999837 x 10-2
48 Brror 0.1871495 x 104 0.2079648 x 10—t 0.5751819 % 10-% 0,1627392x10-%
Relative error 0.1907242x 104 | 0.1039824x 104 0.1150363 x 104 0.1627392 x 104
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