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Abstraﬂt

in tlus paper the prﬂblem prnposed by Kuhn on-the presenes of & monotonicity property related to
the Kuhn’s algorithin for finding roots of a polynomial is solved in the affirmative. Furthermore, an
estimate of the threshold number D in the above-mentioned monotonicity prublem expressed in texma
of the complex coefficients of the pol}'nnmml ig abta,med

Introduction

Kuhn hascnnstructed in [1] the sequences(z, dy), j=1, <, n, k=1, 2, -y

lim#y, =25 21, **+, 2, are the roots of a monic polynomial f(z) of degree n in the
k-svoo

complex variable z Wlth oomplex numbers as coefficients. He recently posed a mono-
tonicity problem: If 73, «--, z, are the simple roots of f (z), does there exist a number
D such that when dg>D, both d and dy+dge + dpgr+dper are increasing; (za, da)
belongs to a tetrahedron {(zn, dn), G, ), G, dir), (z,w dpr)}, B>k, &7,
k"’ and dédﬂ;} d;y, d;kn dﬂmﬂd‘]‘ 1
. Ho further asked how to find the expression of D in a;, @, ¢, @. being the
complex coefficients of f(z) =2"-+a12" 4+ + @y_12 -+, and how to find Dsuch that
when dz>D, there is just one triangle labelled (1, 2, 8) in U ((z;, L) <O,, where
Uz, L), j=1, -+, n, are disjoint open circular discs.
This paper aims to answer these problems.

1. A Monotonicity Problem

Lemma 1.1. If lzl‘;r-u:ia.xlu;,l—!—l_, tkmf(z)ae-o, that is, xcia,xﬁ',,lgmfx]aﬂ +1,

where 21, o 2, are the roots of f(2),
Proof. Since :

@1 =|# (1 ) =11 (- Zp)

=1 |2

max | @y

> Iﬁ“l(l m|a,,|z.[_)... 2° |(1 i )>o,

* Received Auguet 28, 1982. The Chinese version was received April 13, 1982.
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therefore F(2) A0,
Let | _ p(2) = g la|#,

Rf——maxlmﬂ +1, .
| s

Thon
F0G) | - |2| ~13=1) G-+ Dy

< DIF—1) - @—s+1) || B =p®(R),

3=1, e ﬂ,_
Lemma 1.2, Lot 23, ++, z, bo the simple roots of £(2): O<N<min|f'(z;)|; {1,
X
23, 22} 18 6 Iriangle in Oua of a special iriangulation in [1] (see Figure 4). If

m:.x]z,,—;ﬂ <min {1, 53; }ﬁo-for some 2y, then {21, 2s, 2y} 48 not labelled (1, 8, 2),

Proof. Bince f(z;) =0, according to Taylor’s formula,
- i 7 ¢ o -
£ =5 G e=3) + 3 L2 -5,

and we obtain | _
j(zﬂ) "'f(ﬂ ) _ fr(z.f) (35—*‘33) = g f‘}(ﬂ,) [(25-‘*2;) = (zg—z,)’]
f(zl) _f (zﬂ) fr (ZJ) (ﬁi_'zs) 4 Ef (Zj) [(21""2;)!— (23—30‘]

b, |

— %37 _1+ 2 fm (3) E(ZH —2)! " (3 —29)" " — Efm Gy 4 Z(ﬁ—zs)l"(zr-z e
. | f’(z )+ 122 fi (z,) ; ('n’z-z;)‘*'(zg z,)"l ) -
When I |2s—2| < min {1, _ ;L} =0, We hafrs .
D (z ~ . : ~ 5 :
a‘.—zﬂf{ ( 2y E (Za—2p) " (2g—2))* 2 — 1_22 f”('j) 2 (21 ALl (AL
- 7o+ BTG 0o |
2 T D , 5 g ?{IJ(R) | o
" 23 EfP‘ 3(13) g2 g 2(; S T 1
! - (R) —1 {H(R) N M 2
50 d 2-*& GJ ol ”23—1): ’
. el = <arg L () = 5) yg =2 RS AR

12 4 6 %1 — 23 f(ﬁ:.) f(za) & 21— %3

(sqe Figure 1), : |
If {24, 2a, 25} i8 & trmngle la.belled (1, 8, 2), without loss of generallty, we only

have to show the case of Figure 2, Then it follows that :
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arg L) =£ () o 22
f (21) —f(2a)

F (23) wof (33)_
. (2 —f(23) p

This leads 1o contradiction and proves the lemma.
Lomma 1.8. IfZy, -, 24 are the simple roots of f(z), then there exusts

(1—1—-% nin 2 h
min{l, N/6M}
woh that when dz=D, there is no triangle labelled (1, 3, 2) in O,
Proof. Let {21, 2a, 2s; be a triangle labelled(1, 8, 2). Then thers is some %;, such that
~/ 2 h,3 ~2h s/ 2 h
i TET U (“' n) o

D?lﬂgg

4

|z v 24| < | 2= 20| A 20— 25| S——5—

where Izh—z;|=n}ﬁin]zk—z5|, Taking
(1+—§%)~/-§h
Dz=loga

min {1, N/6M} .

ma,xlzk—zﬂ% (1+E \/2291?&%(14_4 ) h’%mlﬂ{ ’ EIET .

By Lemma 1.2, {21, 2s, 23} is not a triangle labelled (1, 3, 2). This leads to contra-
diction and the lemma i is proved | _

Theorem 1.1. If zy, ---, z, are the simple roots of f(2), then for D in Lemma
1.8, when d=D, both d and dp+ dgy +dger+dppw are increasing where(zp, dn;) belongs 1o
a tetrahedron Y (Za, dn), (Zw, ), (zn,,u dw,) (z,,,m dpr)}, k>F, &', ¥, and d<<
dix, Dz, By, o <<-+1, -

Proof. Obviously, Lemma 1.8 implies that d is increasing for d=D, To prcve
dﬂ +d;y+djk f+djy:r 18 mcreaslng 100, wWe cnnmder the fO].lOWlIlg Cases.

In Figure 8, by means of the projection {21, %, % 25} of the triangle {(z1, d), (zg,
d+1), (za, d)}and Lemma 1.3, we know the triangle is not labelled (1, 3, 2).

In Figure 4, if { (51, @), (z1, d+1), (2s, d+1), (24, d+1)} is a tetrahedron
with a face labelled (1, 2, 8) or (1, 8, 2) then a,ccnrdmg to Lemma 1.3, {(21; d—l—l)
(29, d4+1), (23, d+1)} must be a triangle labeHed (1, 2, 8),

we obtfain, for d=D,
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_ (2),d+1) |
N A /c
\.//

{m,d+1) . Tl!d'{-l)

(zuﬂ'.)

(#;,d) | (IHHJ
Fig. 3 2t & Fig, 4

Finally, by use of symmetry of the trmngula.tmn in Figure 4, we see from
Flgurﬁ 4 that djk +dﬂ;ﬁ —I"d‘mu'{‘djkfu 18 mcrﬁaﬂlng

2. The Ekpre#sion_ of D in __dﬁl

3 —
min {1, N/5M7T * ., Since M can be expressed in terms of
ay, we need only to glve the expression of N in ax,

Let f(2z) = H (z-—z;), then £’ (z;) = ]] ( ,—z;) From the V&ndermonde determi-
nant, we obtain

In Lemma 1.3, D>log,

Vi 31 L Sn—1 z
A= |%2 Sa Sg Zn
Sp—1 8y Sp+1 Son—a
~ ~ ~ ,,}
1 1 b 1 1 <1 21 2y
o~ ot --' o Pour o
21 Zg Zn 1 2y 22 232
=| det| ~ ~ ~
27 23 L |
n=1 “n—1 ~n—1 -~ e ~n—1
i 2% 25 2 1 2z, 22 zh

where s;,-—‘_E 2% Bo, We have
|fCJ)|*H|35 2] =

and o -mm[f(z;.-,)l?- d

" WR -

Take N = fR Because the determmant a.bove is & symmetric polynomial in

Z1, i i, it can be expregsed as a polynomlal in elementa.ry symmetric polynomials
N Zyeez,~ (—1)¥a in lexicographic ordering (see [2]),

fag i
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3. Just One Triangle Labelled (1, 2, 3)in U(z/, L)
In Figure 5, @ is composed of 4m? small squares, z € Sqﬂ}are ABCO,
Lomma 3.1. For m>max {3 ;}4-2} and the edge (21, 7s) € OQm, there holds

the inequality

(za
(Zi—z)" _2

Proof. Congider the edge (z;,_ 23) on the straaght 11113 EF By the formula of
triangle area g

—2"\/ (‘??I-“—B]_)ﬂ+ (l—s,)’«/(m—ﬂ;)’-i—(l-l—l—sg)“ Bjﬂ9=%(m—31) '1‘,

4m < arg ——

—-mei<m—1, we ob'bain

__];_< m—1 < m— &1 -
am  mi+ (m+-1)3 ﬂm—ai)ﬂ (I—-89)3 »/ (m—s1)?+(I+1— s,)“'

=gin << tg B= ~/ coaﬂﬁ

=\/__ _ (m &'—1)5—_
[(m—ey)? G B:)’] [(-m. 31)f+(3+1"53)3] (m— 61)ﬂ

e — 84 e
= (m—8)+ (A 1-5,)(3—-55) (m—1¥-1/4

4dm, 1
T dm—-1)7—1 g

Bimilarly, for the edge (zy, 23) on the stra.ight line GH, we obtfain
1 m+ 84

R R Vi oy el R PV oo L Em e

—gin f<f <tg §— )220

cos? §
=~/ (m+ey)° ~
[(m+81)°+ (—85) %] [(m—+8)*+ (A+1— " 82) 7] — (m+81)¥
_ _m—l—ﬂi & m+1
Z-'TH"]'EI)E ' (I ' 1—85) (3— Ej) m—1/4
4(m+1) e .
v ) ro m—l , m<l<m—1,
Therefore. | |
1 . ﬂg—'; _ 1
g — <f@=ar zi—'z’{m-—z’

m < arg (—2) =<, .

Lomma 8.2. Suppose z, is @ simple root of f(z)and z=2; in Lemma 3.1. For the
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G - F
)l:=[m+{f+1)£]j 3
| _ si={m+iidh
O A
:
o.] | |90«
al 1
e A :
&dgﬂ (21 29) € OQm, m==5, and ma.xfzk z,l < min {1, N } g1, Mi=1+4
H} (R) (16% l)Mi
, we have
i=2 I} | e
f(ﬂa) 1 T _:Er_
20m {arg f(zl) + 16m { 6°

Proof. By means of Taylor’s formula,

F'(z5) (25—24) + Ef{” (z;) (23 — 25)°

arg fg ), =arg —- 5
e pey -+ Zf G, 5y
T i fu:: (z,) (29— 5,) 12— " im(gt) s i

= arg 25“£5 14 2 : =Rl

212 y ! f’(z)+§f (""*) (21— )

” (I} R : N
Let My=1+4 Zﬁp EE ), ¢1=min {1, (16m—!—1)M1} max|2;,, z;| <1, then

() i Z
I§f (z)(zg—z;)” - Ef”( )(zl"‘ﬁj)l-il

d=2

G+ J[EE -7y

) () R D
22',? I:!( )ﬂ'.’Il._l 201 E 2. (R) 0. M ;
= i=s n‘ D o B 01 1 _.{____
|f’(§f)|'*§;@ .;(R)w::r;’,f1 i (z)|-—u-1 i‘?’ (R) N—oyM;  8m*
I= ! -

As larg (14w) | Q—g-l'w] (when [w| <<1) and by Lemma 8.1, we obtain

1 1 = 1 L F() 1-31:,1_'_1,@ 7
20m<4 2 8m <argf(zl) +2 8m m—2 lﬁmdﬁ'

Similar fo Proposition 4.1 111 (1], we have
" Corollary 8.1. If Q,,.C‘.'U(z 4501 ) = {z |2 — 2] <a'1}, then there is no edgea labelled
(1, 3), (3, 2) or (2, 1) on Q.. _
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Procf. This follows immediately from the inequality in Lemma 3.2,

Lemma 8.3. Let a-,-—imin{1, s } 51, v, %o are the simple roots of f(2).
1 |

Then the labelled ragion of f(2) in U (2, oy) = {z |'.E$— 2| <ost 48 such as shown in

Fegure 6.
Proof. By Taylor’s formula,

I@=F @)+ Ezw(z—z;)‘

-7/ G =5 f"g > SO -]

and when |z—z,| <min {1, 33; }—_::rg, we have
? .
'3 ®G) EZQH}(R) M, 1
.y FO25) ¢, _ 5N bl oMy 1
'(25) :Ez s z) T % g
o - l flz) - 'Q_m:_l _w
F 61

F (zs) (z — 33)
This implies that the labelled region of f(2)in U(z;, o) is sue.h as shown by

Figure 6, where f’(z;) =ré",

Corollary 8.2. In Q. z=z, is a simple root of f(2). When QU (25, 01),
m3>5, there is just one edge labelled (1, 2) and no edge labelled (2, 1) on OQm.

Proof. Since gy=min {1, i6m f 7 -M:L} < min {1, 33:;1 } =ga, by Corollary
3.1, there is no edge labelled (1, 3), (8, 2) or (2, 1) on éQ,. From Figure 6 we seo
that the label of each vertex should be such as shown in Figure 7. So, there is just one
edge labelled (1, 2) and no edge labelled (2, 1) on 8Qn.

Theorem 8.1. Lei 25, >+, 74 b6 the swmg:»ls roots off(z) 0<L<1/2 mm 120 — 21|

" (m+1)~/2h -- ( } Sy S :
o ? 2 m
When d=D > max {logﬂ TR loga i 1} TE M} there 18 just one twaﬂgie;

labelled (1, 2, 8) in U(z;, L) C O, and no triangle labelled(1, 8, 2), whers

m“"a
1\_5&
£ L Tt Just one edge labelled (1,2)
eavan vt 22 22 0 cBam, no edge labelled (251)
o SEEL LT &
] o 1 l‘|- i ] u
':' 3 \ : :i.'::.-"'“_: “ i
r"l'\ 3 = : : i : .-":'r::-_ ?
L) 3 // \N',j-:,'::..:_ :.
Ty 3 ?‘f‘ Q 1 % -. .-...
-t 100,
S 111 1
tﬁ'r: 3 ae
% A ]
=),
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=i Ak P St S e — w T R U P il o i S e

m>max {5, (1+-% u)ﬁ '+1},

Proof. Take Dzlogg (m+1) v/ 2h . Then when-d}l’), we have

min{L, o4}
(m+1) N/zh‘é’( + 1) 2h<in11n{L G1)
and Qnc=U (35, min{L, 02}) =U (3, L) NU Gy, o1).

Therefore there is Just one edge labelled (1, 2) and no edge lIabelled (2, 1) on 8Q.,
where m=5. -

Fix m such that | |
m ;(1+-2—'n)~/?+1_
For the triangle {z;, zs, 23} labelled (1, 2, 3) or (1 3, 2) in O, usmg the proof of
Lemma 1.3 we have

max Iz,,-—-zjlﬁ(l—!—z n) \/2'&’

Then {21, 25, 23} TQRWU Gh L),
By Lemma 1.8, when

d=D>log,

there is no triangle labelled (1, 3, 2), | |
Finally, by means of Combinatorial Btokes’ Theorem (see [8]), when -

< {(m— 1)——-@('?:1.- 1)-—-—<L

(1+%n)_ N2h
min{l, NI;'ESJI_:{T’.

8 | |
o foo (m+ DT (1+- ) /20y
d}D:amax{log min{L, o1} ’ ogs ].'.I?i.ﬂ{_l_, N/bM}
where ; m.‘»?ma.x{ (1—!—-—?1)\/?-{-1}

there is just one triangle labelled (1, 2, 8)in U (2;, L) and no iriangle labelled
1, 8, 2).
Remark. Similar to Section 2, we write L in a. Since

A= le;—z;]Qn’lenlzz-ﬂll,

i>1

1 - Vi
Ky "‘""__""I} PR’
we take . | .. L=m~_

The authors are most grateful to Profeasor W, O. Hsiang and Profemm: H. W,
Kuhn for their direction and help.
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