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DIFFERENCE SCHEMES OF DEGENERATE
PARABOLIC EQUATIONS*

Li De~YUAN( & tk %.)

- §1
Consider the partial differential equation of second order

alu 3 at".1 au’ | B g
ot om C ox b@m. ‘ du+f, | (&, HEIX(0, 7], (1)

where the unknown funotion « and coefficients o, 5 , d, S are functions of & and ¢.
‘Denote the interval 0< o<l by I. Let Z<T % (0, 7]be the point et, on which og=0
If o (%, £)>0 on the domain I X (0, '], and Z is not an empty set, then equation (1)
is known as a degenerate parabolic equation. In order for the initial and boundary-
value problem of the equation (1)t0 be properly posed, the initial and boundary enndi-
tions must be appropriate. The boundary. conditions to be posed depend on the
behaviour of coefficients ¢ (2, #)and b(z, t)on =0 and w=1I. If a(0,8) =0, 5(0,%) <0
simultaneously, or ¢ (0, ) >>0, then on 2=0, a boundary condition should be given:
otherwise (i. e. if o(0, #) =0 and 4(0, ) >0 simultaneously), no boundary condition
on =0 is needed. On z=1, when o (I, ) =0, 5, ) >0 simultaneously, or o (I, ¢) >0,
4 boundary condition should be given; otherwise, it is not mneeded. Moreover, for
equation (1), the initial condition

1 (@, 0 =go(2), 2€I _ (2)
is always needed™, "
In this section we suppose | | - - |
o(0, H=c(, £) =0, 5(0, £)>0, b, £) <0, t€ (0, T]. (3)

In addition, we assume that the coefficients of the equation (1) are sufficiently smooth
and that there exists a nnique sﬁjﬁﬁieuﬂy smooth solution of the equation (1) with
initial condition (2) |

We solve the problem (1), (2)by a difference method. Divide the interval [0, 7]
and [0, T']into J and N parts respectively. The space step is A=1/J and the time step
is 7=T/N. Letwy={zy=3jh|j=0, 1, +, J}and w,= {f*=nr|n=0, 1, »--, N}, The set
of all net points on the domain 7 x [0, T'] is denoted by wy X ey,

Let y(z, $)and z(w, #)be funoclions, defined on the set w,Xw, Introduce the
following notations . |

- Yi=y(jh, nz)
S T
!Il:“'z(ﬂiﬁl'—ﬂ?): Y&, 3= 'ﬁ-(?h"’y?—l).
Define the inner products | |

* Received September 14, 1983.
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JF=1 J—1

", #) = 2 egizih, 19, ) = 2, aizih,
J J

(?fn;s' 7] o gl W?z?h': W: 2] =§u ajﬂ:ﬁ:h:

whereag=a;= %-, 0 =0ig=+++=05y_1 =1, and conﬂequently, the norms

ol = G, 9%, L] = 1o 9, .
Iy =(o", 1%,  |[v"]]=[e", 412,

Because the boundary condition is given neither on #=0 nor on z=I, the
difference scheme should be constructed on each point of the set w, X (w,\2°), On =0
and z=1, the equa.inon (1) can be reduced to the followmg form

g’: = (o’ +8) - +dou+f

where ¢’ denotes do/8z, Since the funﬂtwn c.r(m t) is non—nega.twa on the whule

domam I%(0, T], it i olear that | | | i |

¢’ (0, ) =0, ’(z £) =<0 o  (B)
Let 4 (z, ¢)be a function dofined on the sob wy X w,, The Crank—Nicholson scheme

approximating the differential equation (1) is 3

*1 n % e . | ' 3
- - — B (o *’-’) (v +50) +do 2 x(yﬂff1+y3)+f3+f. (6)
": T—y" (a "“’%@;*Hw&)) +f’"+f—(y"”+yw+y$‘}‘+y",:)
| & 4
1 h § :
+aT () T, =1, 2, e, T=1, (7)
n+1_ ..n . — | n n
A - Y = (&)""2 4 b} "‘f) (25 g ) +-d) "'E_____(y:;+1+ J)—I- "j’ (8)
n 1 1
where ¢, "2 = ¢ ;?;', and for any function qs(m t) we hava qb’* ¢ (ah, Bfr) The

initial mndltwn (2) is approxlma,ted by | S
yi=g9(jh), §=0,1,+ J, (9)
Equations (6)—(8) a,re the system of linear equations with u:nknowns yot, ottt

y7t, Let Cy= sup (d—l— |d|). When C;#0, the cueﬁment matrix of equatmn (6)__
Tx rﬂ m 2

(8) is diagonally dominant for v<2/ g, and when Cj= G for a,rbltrary T, Then the
system of difference equations (6)—(8) is solvable,

Let 2(x, £)be the difference between the solution of difference equa.twns (6)——(9)
and that of the differential equation (1) with initial condition (2) i. e.

Z(.’,U: t) =y(ﬂ'{, t) '—_‘M(QF, f’): (ﬂ}, t) Emﬁxm‘h (10)
Putting y=2+u in the difference equations (6)—(9), we obtain

ﬂ-+1_zﬂ n 1 ” 1 R

zﬂw : (a:ﬁf+ba*1‘)l(z:*a1+z:u)~ +'2’1(z3+1+zs) =T, A
Z’H—I—ﬁﬂ +1 1 ﬂ n+L 1 .

L5 (T @) T R, )
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.

1

ntd ' I .- f ¢ W '
=i di +§% (ﬂ?+:-l+z?)=lp!+rﬂ ) .?=1.! 21"-“'.! J_1: | (12)
+1__ .0 " ,. 7
28 (@ Db, — T L e =0, (18)
2yl Jo= O 1y e F, -. (14)

. _ .
where the right members :,tr:,"+§ are truncation errors, Obviously, if the solution of the
d.lﬂ'erentm.l equation (1) with initial condition (2) is su! ﬁmenﬂ}r smmth we have

borE —0( +0), n,b.r*how)w(h)

" 0(+%) +0(A), je=1, 2, e, J—1, |
Now, we estimate the norm of error function z(m t), For simplicity, we write

(15)

il o il i
2) 2= %(z}"”"—f-ﬁ?)_ Multiplying equa.tmns (11), - (12), (13) by -}—zﬂ"'fh, z; 2h,
%—ﬁ?fﬁ regpectively an.d:_ﬂummmg over j=0, 1, - J we get

[zn+%-’ 2“'['1—'2" ] (Z'th ( “""ﬂ' n+f) ) ___ 2 bn+2 n+‘—,£ n+-2-h
1 2 b’HhE ﬂ+§ n+-2- h—-—]; 0_{]“+§ z:h; ﬂ+fh—- 1' ﬂ'f;n-lhf z::-!--f n+-2-h
R P S ] (16)
The first term on the left-hand side of (16) is N
wi 211 ey [0
™7, Z =L e (- D, ()

Using the summation by parts formula, the second term gives
n N ; R 1
( H+-2-j (ﬂ +'§ I‘H'-f) )= 2 a:'l"'-f (Z;'I“{):h_l_wﬂ'l'f 20+ +-2- —-IIJ E2J+IZE'+JE. (18)

The third and fourth terms equal

i S Y

E il .n+-2- n+-2-k__; b:+1 nt+l n+1-h

1 : n fl
-=--le*1‘ Zo' T (22 — "*f)—-—zb,*f ARTCAt P 5
—l aa Pt (ﬁ?f—z:?)
n f | 7 J_I n n n
=3 60*1?(.;0*.*)*.-1 A ICARNERS 3L Pk Bt TR CD

. ;

The last ferm on the lefi-hand side of (18) is

_ [zﬁ%-, dn+=}._zr'+%] = — I'E&/-EH%” zn+i-] |24 | [\/_&H% z'”%] o (20)
where
de=g@+d]), d=z@—{a). @

OOIIEIdEI'mg (17) (20), (16) beoomes |

(l [ﬂ"“] 1= 1[z"] [®) + Zﬂ?f (2, F)’h-ﬂ—w&‘*f """i"z"*’f —aE z;fg“*f
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1 " 1 f 1 st J—i 9 " " 1
L G SEE AT CAEPLEE S S e Pt e )
_%_ ,n+-ﬂ- z;"'f Hfﬁ———%—- G_:rn+l n+§ ﬂ+—2—h
Sy . | o F =L, |
&l[\/d+fz+?]l”+l[Q— +'%'EJ'%ZII"_
g-—l["*fllﬂ ![tﬁv"*'fll’ ' @

By substracting certain nﬁn—negatwe tems from the left-hand BldE!l of inequality (22),
WO get

g lllem)e Ll et ort < L3 bt
HVEEE L, o
where @Mf gﬁ J+f‘~' are abbrevmtmns | ‘ 1 -
P e e L 3 -%- il "*? 2% :T;fﬁ, . (24)
e L B WL S wﬁf o i e (25)

2
Since ¢ is a suﬂ'lmentl}r smooth funcstlon, We can expand ay 2 and ay 'y at z=0and z=1
reﬂpectwely Then we ha.ve

n+ nt 1 1 nedl aa PTRTe n+
R A N e G B DD B P P 5

2 2 2
S sz VIR, 0<fi<i, o (26)
ll+:~1- h 1 " h 3 o] 1 N n n-!-l
@J 2 = [ OJJ"'I' E_I_E g—:;?(?) ]z;.l-.f .::r-l.;f 2 o,f +§' J+§' zEJ
: ; 1 L 1
- — % ﬂ'}’ﬂ? z:-l-f 2 E:rf AP, 0< Qﬂ‘i-}- : (27)

where o’ denotes aﬂa-/ o4?. Hence, the inequality (23) implies

1 atl npl 1 n+d ned n+1
[zn] Iﬂ) ,5; s 1 ﬂ.ﬁf “""E Zo % Dé'hﬂ +—~ﬂ'ﬂ_g?_ﬁ x 2 ha

"_(, [zﬂ+1] |H ] 8 &y 8

] n n 1 +H 1 i 1 H -1
o oD P TRV Pt SIER N[ Pue IR 2

(28)

Since o ig sufficiently smooth on I X [0, T] o’ ig bouﬁded
la”(z, )| <0,, (2, t)EIx[0, T],

Then the absolute value of the sum of the ﬁrst two fterms on the rlght-—hand s::de
of the inequality (28) is dominated by
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a+l  nta n+l n+3 : R
%_ Co{l# 2 (T — 2 )|+ |23 (3 2 —2,3) [}

P e .
<z CgUFT]1P+[[11D. (29)
Since b(z, £) is also assamed to be sufficiently smooth, it 'Gei'ta,inly satisfies the Lip-
schitz condition - . "

15z, ) —b(z, 1) |<Os|o—2z|, = z€I, $€[0,T],

Then, we have

J-—In'i"ﬁ'.l n4 1 i B St o |
SorE e <G O3 (P11, (80)

—.
2

Therefore, from (28), it follows that
1 a4+l |3 __ | b
Er_(l[z 1] l[Z"]_[é) |

<(E 0, +L oo D)L (e D + 11 6D

8 2
3 1 1 o 1 1+M1T
Let 'goﬂ-‘{"-ﬁ- Gh—l‘od“[" E—_Ml.' If T"{:.l/fz M;l, we h&VB 1_M1T":;1+2M1'F, 1—},1{[11;-
<1+4M,r, and the inequality (81) can be written as
o o 1
(1= M) | [ | P < Q-+ Myo) | (2] [ *+2 ] [ 7T, (82)
Dividing both sides of (82) by 1— M7, we have |
n 1 '
(2] P< (1 +4My7)| [2] [P+ (@+2Mp2) e | [Y 23], (33)

By summing up inequalities (88) from n=0 to No—1 (0<No<N), we obtain
e ; . N»—1 - : Neg—1 n 1 :
(271 1<) [ 2448, 3 [ D] P+ (L+2Mxs) 5 (D971 )%,
Because the function z satisfies (14), the above inequality becomes '

n—1 ; n—1 .
| [#] 124N, 3 | [27] o+ (1+2M00) LY 2%, n=1,2, -, N, (89)
This implies™ | - '
ﬂl+1
| (2] [*<2T¢*T max |[ ¢ 71[%

Using (15), we have
S TP R YT I s Y 1, m+gyg 3

=L A T 5 (T =06 +0() . (35)

From (85), it follows that

_ [#]] =0(") +OhT), =n=1, 2, =, N. (36)
Then we obtain the following theorem about the convergence of the difference scheme
©—0). ' A |

Theorem 1. Suppose that the coefficients of the degenerate parabolic equation (1)
are sufficiently smooth and satisfy (3). Moreover, there exists & untque sufficiently smooth
solution w(z, 1) of the equation (1) with initial condition (2). Then the solution y(w, 1)
of the difference scheme (8)—(9) unconditionally convergesto u(z,t) as 70, A—0, and
the rate of conwvergence is O(z%) +0O(RY7), 4. e. -
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T e ————— e i

Tg(e, ) —u(e, 1] =0 +OGD,  t€wr, (36)"
Furthermore, the convergenoce of the fully implicit scheme
n+l__ TATNY & b !
Yo r Yo _ (p™+ 1+ b3 oot +d_3+1y3+1 4 fait, o (37)
1_ - . : - " _ : :
ﬂ"' - Y — (ﬂ“+1y%+j_')=,j+b?+_1y:jl +b?+ly§§1+d}‘+1y}"'1 +ﬂ+1;
Jod, B e g, 0 T (38)
yf}”-yﬁ e (8L Ry p bl ) gl gt +1 - .
= LCriinal NP o A il o A (39)

. B

¥ _ : & o
can also be easily proved. In (37 Y—(89) the definition of 5 ;b is the same as that of d, d
in (21). Now, the error function 2(w, t) satisfies the following equations

[1 "l“% (Olun+1 g b3+1) ___do,r ] 23*1'1 e 25_.}_%(0.{]“1;1_‘_ bg—}-l) :?I1+1 +T%+1’ . (4-0)

_ | ;2 T - |
(145 (o + o3) +E Gy =By ) —ditia "

Y A 7 1, 7 TP Tu gt
-4+ g o+ 0 |+ oy -7 o |att+mg,

| j=1,2, -, -1, o (41)
[1“%(a5“+1+b:+1)-—d3*‘f] z?+1==23—%(a’.r"“erE“)zﬁthW% - (42)

where the tmnﬂpﬁioﬁ:emr o Bpges g _ _:
=0 +OR), §=0,1, -, T,
Without loss of generalify, we assumse that.d (2, §)< —3<0, then by means of
maximum principle of difference equaiions (see [8], Chapter IV), we have
i 'n . 1 : "H L i : '
max | Z3 lg—gmxlﬁl.

L. a L I o
Therefore, the solution of the difference scheme (37)—(89) and (2) converges uncon-
ditionally to the solution of the equation (1) with initial condition (2) in the maximum
porm, and its rale of convergenoce 18 O(=)+0M),

_ §2
Consider the simplest two-dimensi onal degenerate pﬁ.rabolié equation B

o @ _ du g Ou o | o
Dt . omy | 0w ™ frbﬂ 0% +d“,‘+f’ (@, o) €0, 1€ (0, T, (49)

Lot Q be a rectangular dﬁmain' {O_fiwi.{fl, -0{@'{&}, 3{2 be its boundary, 02 be its
closure. 8,02 denotes the point set [0<oi<ly, 2a=0}, and 8.0, 9542, 2.2 denote {x1=
11, 0‘:&39{53}, {0{131{11, ﬂ'?ﬂr-'zrg}, {501==0, 0"5:.{55‘{..13} IEEPBﬁ't-i'VEly. Lot EQQ and E;-Q
denote the closure of 8,82 and 9,2, We assume DL
| | fﬂ'(._.f"‘}ll_, {Lq, f-) }0, B (ml: Tg, ﬂt) Eﬁx (0; Il]:_ | - ; (44)
balws, 0, )20, 0<zm<l, 0<i<T, _ (45)
ba(@y, b, ) <0, O<iz<ly, 0<t<T, | 3
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Then, the initial and boundary-value problem-of the equation (43)is properly posed,
when the initial condition

and the bounda.ry condition - |
| u(ml: T2, t) g (mij Wa, f’) | (mlr mﬂ) EéﬂQU 349: AS (O: T] | (47)

are given. Wa suppose thab the coefficients in the equation(43)are sufficiently smooth
and that there éxists a unique sufficiently smooth solution for initial a,nd boundnry*
value problem (43), (46), (47) on the domain 2% [0, 77,

Solve the equatwns (43), (48), (47)by difference methods Divide the time inter-

val [0, T] into N parts, and the time step is 1:=T/N , Denote the set {t"=m: ) n=0,

%, 1 . N—-;—, N} by G, For the rectangular domain @, take he space steps
le J, hy=1s/K ., The net points are represented by P,,, (ghy, khy), Lot o= {Pp|j=

0 1, o, J35=0, 1, »+, K}and o= N2, do=0NoQ, y;—mﬂ@ﬁ (=1, 2, 3, 4),

ﬁ—mﬂﬂfﬂ (¢=2, ) e ,

Lot v(@y, ©a, t), wlwy, @3, 1) be funotions, deﬁned on the sot w X mf Introduce

the following notations
V" =yl = " (Ppy) =0 (j}z'i: khs, nt),

Vy, = Vg, 4= E-(@?+Lk ~V5n), U Va, = = (9} — V51,5 5

1

Ve = Vg, ik = E ('”? k+1 *i?}‘m) , Vg~ Vz,, §= E‘ (‘”?h E W? ?-:—-1) .

Define the inner produr}t on the set & T w
| (v°, W) o= 2 a(Pyyv” (Pﬂ)wﬂ(Pm)hﬁm

where a(Pﬂ,) e —é— for Py € ow, a.nd a(P) ==1 for P;h €w. Oonsequently, define the

norm

. "‘”H?"(’” ’U")-f |
Sinoe the boundary condition is given only on 7y, U Y4, Wo must set up the differ-

ence socheme on the set wo=wl/y;Uys, OUonsiruct the fractmnal step difference

scheme

atl

4 1

=t . n | f 1 o =
= Yy =_(an+a ']"E')ﬁ_[__ prte (,y + +%"‘%) gdr+y +t7 +"?f"+ﬂ, (4, 3) € wo,

(48)

nd+l
V7Y a0 (L), (@, @) €, (49)1

_yﬂ-l-l ) y 2 1 n4+By7 n+1 n-+1 - .+.|5' 1+l -I-.H
i G 2 bﬂ (yﬁx +yrl)+(1_9>dn g +(1“??)fﬂ - (531_, mﬂ) emj
(49) 4

A = p3teytiy (1 — Ndr oy 14 (L —n) 9, (@1, ©a) Evs, (49)s
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together with the initial and boundary conditions
‘y<$1, g, O) _= Go (371; a;ﬂ) ’ _ (fr']., mﬂ) & @ (50)
Y (¢1, &3, t) = (mlj &2, t) (mij mﬁ) € ‘-}"-ﬁ U ;4: t & ET\tU (51)

where a:"*“mcr((j—-—)hl Xha, (n—[—a)-r) and a, ¢, n are constants, lying in the

interval [0, 1], The function with superseript n+ 8 represents its value at i= (n+
B)%, The constant B also takes values between 0 and 1, but for different funotions
the values of 8 may not necessarily be the same.

Let 2(@;, #a, t) denote the difference between the solution of the difference equa-
tions and that of the d1ffe:rent1a1 equation. Therefore, the error function satisfies the
following equatmns

n+

2 2 Zﬂ (mnf-a "+'ﬂ' )ﬁ*lb"-"ﬂ(éfr -+ “+E') gdn+ﬂ ’th _;lpﬂ'l"i (51: a;,) Emo_‘ (52)

T 2
2ttt 8.n+1 +8yn+1 ” 1 |
a v — 03— - 0) AT =i, (@4, @) €y, _  (B3)s
2"'”‘-—2“-'-% 1 . . . R :
- 5 027 ) — (- a7 =yi*, (21, m) €, (63)2
3 a3 | _
= 1:E - — b3 % — (1 —-8)d" Py =3+ (24, 24) E'}’a | (58) ¢

and homogeneous initial and boundary conditions

Z(ﬁl, Ta, 0) EO: | (mi.r mﬂ) ea.r e - * | (54)
2(21, @a, t) =0, (@1, @2) E¥alU s, 1€ w,\E°, (65)
The right-hand members of (62), (83) are the truncation errors -
i [ 8 &u au 1auﬂ+1__£*j—uﬂ 1 du\*
Vi [ 39::1 O 2 ot ] [ T 2 ( ot ) ]
i H+"ﬂ' b, n+l i Lk n+% ﬂ-l*-%- _ o nt+l
+[ (amronl’ ), ~ (ale “—-aﬁ) J+[g oo+ - )

+6 [ 5™ — (du)™1] q[ 2 — 1] (24, 22) Ewe,

Y+ = [62 ou F (1=~ B)dut-{1—n)f 1 8u JH+:I. _[ Mn+1__un+% 1(&‘5)“4_;]

oy 2 &t v 2\ ot
+¢% -+ (1—6) [@ P — (du)*** ] + (1 —n) [ — ], (21, 22) Ewyp,
where
a+l :
bn+ﬂ ﬂ'-+1 (bg a‘;ﬂ) 5 (ﬂ,’.'ri‘, my) E'}';[_,
n+1

¢E$1=l% b3+ (g g ) —(bn 33:;_ ) , (@1, 7a) €w,

: au o

A+8, M4l 3
b3+ ug) (bn T ) (21, 22) € ys,

Lot
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J};+1=:733—--:r f:l *513'1 -6 du-tnf 1 gj]“ﬂ,

birt = [0 2t - O)dut (1-m)f -2 2],

i+t g+ — 1L

Tttt g

u,b"+1+lp"+1 (@1, @2) Ewp, =0, 1, »», N—1, - (56)

If the solution of (43), (46), (47) is sufficiently smooth, it is ﬂlear that
=00 +0}Y), (@1, 23) Ewo, |
J3t =0(7) +O0hy), (xy; #2) EviUys, (b7)
i e O(2) +ORD), (o, #2) €Ew, = -
Lot 2(x1, %2, 1) ==-w(a:1, Zg, 1) -l-*u(mi, @3, t), where w satasﬁes equatlons

ul —-w ="bﬂ+1 | B (58)
31 n-l-% A | (51, a:g) Em‘h n=_0, ;[_: oo N-1

Therefore, v(wy, &9, t) satlisfies equations

'v"—!hf = At 1 n+3 nta
O Y B U e O
2 1 "
e T @l ) Lol Ll o™,
(mi.r mﬂ) Ewﬁ: ﬂ‘=0 1 e, N _1 | _ _ (60)
" o ,u""‘é‘ |

bE+ﬂ‘v:+1— (1 9) d"“’@""‘i T '#n+1_|__ bn+ w;;l-l_l_ (1 i 9) d""“’fw"“,__

v .
(a:i.l mﬂ) E_Tl: ﬂ'mor 11 g™ -N_l: | (61)1

a+l___ ,H"""%' .1
T 2
$E+1+ 1 b"*”(u%f1+ur;;"1)+(1 g)dnhﬂ n+1

%

pa+ (ﬂ;:ri i ,H:;u) _._ (1— @) dr+oynt

* (@, 23) €w, n=0, 1, =, N=1, (1),
prt o N ,u""'%‘ |
3 bn+ﬂ n+1 (1 g)dn+ﬂ,vn+1_.¢n+1+bn+ﬂ n+1+ (1 g)dn+ﬂ,wn+1 -
T
(@1, @) E'}’a; n=0, 1, -, N—1, (61)g
Meanwhile, w and » saiusfy the hﬂmogeneous 1111’513.1 and boundary condlhons (b4),

(bb) as z,
By adding (58) and (59) we geb

ot -
T‘?ﬂ" v =0, - .(11?1‘, 9}3) < wy, :,ﬂ#_or';lu e N—'l: -
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80 W l=e Since w’=0, we obtain «"=0, Henoe -
| =q" (@1, 23) Cwy, ﬂ.=-0 1, «+, N, - (62)

On the other hand, from (b8} follows fw"“=w t{r"“ Denote the right-hand member
of (60) by @"** Therefore, we have

=0(7) +O(h$h): _ (63)

if w is sufficiently smooth.

oy |
The inner product of the equatinn (60) and v over the sot w, ig

P | e P n # " "
(@ +FJ’ ;v 2 g ] ) ; ""(‘U +F (ﬂ"-l_uwﬁ E)#:)ﬂ:.“"—‘(w +.E blﬂ.ﬂ (WE:-FE_I_Q’#TE))#& .
—0G™E, @y, ~ M, oy, (64)
The first term of the left—hand mde of (64) can be wrilten as
o
n '!JM'I — " n " n+-.2, ot 12
("7, T2 = (e o >+— —

Using the summation by parts formula, the second term 13 |
n-l%- “_.,_ﬂ n+%- g n+a 2 2 9508 ""'%‘ -
~ 2, {a" %y, )ﬂ"x)ﬂll=-§' @ o .m hlhs+§1 5-21 @i "z, jr.) “haha
o

+""2 iz (‘1’11,337) hﬂlﬂ?ﬂ

The third term equa]s

1 ntd “ 5+ 1 =1 i 1
b G CAL R AL DR T vi-Eovjo” uba’

-1 J-1

8 e s P YRR
gl 2 2 1, &, jk ‘1’1—1 & ‘”ﬁ: hihﬂ +— 2 61 Z,iK ’?»’1—1 EWVx hlhﬁ

2 k=1 d=] 4 S
Then, (84) taked the form | |

1 nti 1o 0,
= (" T 3~ o um.>+2[[_:

iy 9 1 | 1
— [I o (Q’HE ( g ‘1’;:- ® )#1) we -
iy

K-1 J—I -

1921 W +1
-I—-—4— > o ,{,'t:'_f_?ﬂ 'v,g ﬁlhg-l-— z % 4 ‘”J—:Frs Vs % hahg
fem] : Hﬂ-l :

Jg=-1 n 1 A H
-Fi_ E b1%..x ‘v;-fz'v;; hihs +06| \/ d"*"ﬂ +E T | Vd"w'” 4 f e

i ('”nllhﬂ dﬁ""'l) Wee |

By subst:ra.ctmg certain non—negahva torms from the laft-ha.nd gide of the above squa-
tion, we get

——-;(Hw"*%Ilf.,-llw“llﬁ.)ﬂ(%oﬁﬂcﬁ;)II LI, (69)

where C, ig the Lipschitz constant for the coefficients b, (a;i, o, ©) (’f-=1, 2)and O, is
: + : s _ .
the upper bound of the funoction d on the domain 2 x [0, 7']. Multi plying both sides



No. 3 DIFFERENCE SCHEMES OF DEGENERATE PARABOLIC EQUATIONS 221

of (65) by 2z, we have . | | |
| (1~ My7) [ < ||w"|1* +'r||¢"+1||m (66)

where .M1‘= Oy + 290,;1"'"1
Similarly, the inner produnt of equa.tmn (61) a.nd fu"“ over the set wo is

+1 '”"H"‘“‘ﬂﬂr 1 =5 S Bk 2 i1 .i+1
("—’" y T = ' ) 5 g} ’21 bzrm’”.fk Vs n}hh
LDy = e

1 K -1
Z E by St lagt ok

k=1 Fmmi
— (1 —6) (,vn+1j drtByrtl) = (‘?J"ﬂ, l?J-E"'l)u.. o - (67)
Applying the formula (19) in 3 1, (67) can be written as

|I+-'1§' 5

‘Uﬂ+1 —1
T

1 ntd
o (o a =" 7 18 +

Il iy

}
ek

J

-} b;jﬂ n+1 ﬂh ___; bE-I}ﬁK n+1

|-..|

O
\r

ML

i
5 44 +1_ .41
n ]
-+ bz ze. §6 Vs Uj, m+1h1ha

o]
i

0 je=

[y

- |V i+ - 0) |V —at v
= (0™, 3., (68)
Substracting certain non-negative terms from the left—hand side of (68), we obtain

9_1;(|51,n+1||3,_#|| o ||m_)<{1 O+ (11— 6)O¢+-—}[|-n"+1|i +-é—H”E+‘IE...

Hence, we have

(11— M) oL < o L+ 1B, (69)
wheore Mﬂ““ 0;.—]—2(1— 9) Od—i_ 1_
Let v<<to= min{ 1 ; 1 } Multiply both sides of inequality (69) by 1 — Mz,
oM.’ 2M,

and by adding it to (66), we get
(A~ M) (L — M) o2 < o[+ 7102+ (L — Mm) 7| J3 2,

_ 1
Lot Mq=3(M,+ M,), then il is easy to see thab A=) (=) <1+M,v. Hence,

wo have

[0"2|2,< (1+ Mo) [ o) 4+ (L + M) w (| D |2+ 12 2D (70)
This is an inequality similar to (83), and it implies |

| AT max (1071 WEIED), =t 2 N (71)

By (57) and (63), we obtain
[7*]2,=0(z) +0(h3) +O(h3), (72)
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from which follows the convergence of the scheme (48)—(51)

Theorem 2. Suppose that the coefficients of the equation (43) are mﬂiﬁb&ntly smooth,
ond satisfy (44), (45), Moreover, there ewists a unigque suffictently smooth solution u(z,
@3, t) of the problem (483), (46), (47) on the domain 2% [0, T]. Then the solution of the
fractronal step difference scheme (48)—(b1) conwgas mwondfatwnaﬂy to % (@1, s, 1) as

30, 0, hy—>0, and its rate of convergence iz O(z) +0(hY) —I-O(h? )
Proof. From (62) and (72) it follows mmedlately

1 19Cs ) =0, o, 1)1 =0G) O +0 (hF), n=1, 2, -, N,
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