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Abstract

In this paper, by combining the second order characteristics time discretization with
the variational multiscale finite element method in space we get a second order modified
characteristics variational multiscale finite element method for the time dependent Navier-
Stokes problem. The theoretical analysis shows that the proposed method has a good
convergence property. To show the efficiency of the proposed finite element method, we
first present some numerical results for analytical solution problems. We then give some
numerical results for the lid-driven cavity flow with Re = 5000, 7500 and 10000. We
present the numerical results as the time are sufficient long, so that the steady state
numerical solutions can be obtained.
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1. Introduction

Finding efficient numerical methods for the Navier-Stokes equation is a key component in
the incompressible flow simulation. There are a few efficient iterative methods for solving
the stationary Navier-Stokes equations under some strong uniqueness conditions presented by
some authors, see, e.g., [21,23,24]. It is known that variational multiscale (VMS) method is an
efficient method for solving the high Reynolds Navier-Stokes equations. The basic idea of the
VMS method is to splitting the solution into resolved and unresolved scale, representing the
unresolved scales in terms of the resolved scales, and using this representation in the variational
equation for the resolved scales. In [26,27], Hughes and his coworkers presented the VMS
method firstly. After then, there are many works devoted to this method, e.g., VMS method for
the Navier-Stokes equations [31]; a two-level VMS methods for convection-dominated diffusion
problems [32]; VMS methods for turbulent flows [13,34, 35]; large-eddy simulation (LES) [28,
29,37); subgrid-scale models for the incompressible flow [26,46]. There is another class of VMS
methods which rely on a three-scale decomposition of the flow field into large, resolved small
and unresolved scales [12]. By the difference of the definition of the large-scale projections,
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the VMS methods can be classified into two kinds. In [33,36], John et al. presented the error
analysis of these two kinds of VMS methods for the Navier-Stokes equations.

The characteristics method, in which the hyperbolic part (the temporal and advection
term) is treated by a characteristic tracking scheme, is a highly effective method for ad-
vection dominated problems. There are many authors devoted to this method, see, e.g.,
[1,2,4,6,9,10,15,22,42,45]. In [16], Douglas and Russell presented the modified method of
characteristics (MMOC) firstly. A characteristics mixed finite element method for advection-
dominated transport problems was presented by Arbogast [2]. Russell [41] extended it to
nonlinear coupled systems in two and three spacial dimensions. In [39], a detail analysis for
the Navier-Stokes equations is provided by Pironneau. He obtained suboptimal convergence
rates of the form O(h™ + At + h™T1/At), which is improved by Dawson et al [14]. In [5],
Boukir et al. presented a second-order time scheme based on the characteristics method and
spatial discretization of finite element type for the incompressible Navier-Stokes equations. An
optimal error estimate for the Lagrange-Galerkin mixed finite element approximation of the
Navier-Stokes equations was given by Siili in [44]. The second order in time method for linear
convection diffusion problems had been given by Ewing and Russell [18]. In [43], a second
order MMOC mixed defect-correction finite element method for time dependent Navier-Stokes
problems was proposed.

In this paper, we present a second order modified characteristics VMS finite element method
for time dependent Navier-Stokes equations. In our method, the hyperbolic part (the temporal
and advection term) is treated by a second order characteristic tracking scheme. Then we use
VMS based on projection finite element method in space discretization. The error analysis
shows that this method has a good convergence property. In order to show the efficiency of
the second order MCVMS finite element method, we first present some numerical results of an
analytical solution problems. The numerical results show that the convergence rates are O(h?)
of the L?-norm for u, O(h?) of the semi H!-norm for u and O(h?) of the L2-norm for p, which
agrees very well with our theoretical results by using P> — P; finite element spaces. Then, some
numerical results of the lid-driven cavity flow with Re = 5000 and 7500 were given, firstly. We
present the numerical results as the time are sufficient long enough. By the numerical results,
we can see that a steady state numerical solutions of the the time-dependent Navier-Stokes
equations were obtained. Meanwhile, the numerical solutions are in good agreement with that
of the steady Navier-Stokes equations shown by Ghia et al. [20] and Erturk et al. [17]. At last, we
present some numerical results for Re = 10000. It shows that the solution is quasi-periodic and
has small variations at the monitoring point. The phase portraits of the monitoring points show
that the variations in amplitude yield a solution which is quasi-periodic. It is observed from
these numerical results that the schemes can results in good accuracy and is highly efficient.

2. Functional Setting of the Navier-Stokes Equations
In this paper, we consider the time-dependent Navier-Stokes(NS) problems

ur—vAu+ (u-Viu+Vp=f, x€Qx][0,T],
V-u=0, x €Q x[0,T],
u(z,0) = uo(x), x €,

u(z,t) =0, x € 00 x [0,T],

(2.1)
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where € is a bounded domain in R? assumed to have a Lipschitz continuous boundary 9.
u = (u1(x,t),uz(x,t)) represents the velocity vector, p(z,t) the pressure, f(z,t) the body force,
v = 1/Re the viscosity number, Re the Reynolds number, respectively.

In this section, we first describe some of the notations and results which will be frequently
used in this paper. We will use the Sobolev spaces

H™(0,T;9) = ueq>/ (H .
0 o<i<n ot

equipped with the norm

2
) dt < 400 p,

%
= (11
0<i<n

where ® is a Hilbert space with the norm || - ||¢. Especially, when n = 0 we note
T
2
e W

L>(0,T;®) = {v € ®; ess sup ||v|le < +oo},
0<t<T

1

2

We also define

with the norm
vl L0, 1:0) = ess sup ||v]|e.
0<t<T

The following Hilbert spaces will be used
X := H3(Q)?,

M :=L3(Q) = {ape LQ(Q);/ngdx:0},
V= {UEX;(V-U,q)zO,VqGM}.

The following assumptions and results are recalled (see [24]).
(A1) There exists a constant Cy which only depends on €2, such that
(@) llullo < CollVullo, [[ullo,a < CollVullo, ¥ u € Hy(2)*(or Hg(1)),
(i1) ulli, ¥ u € H'(R2)?,
(i) [lulloa < V2| Vullglullg, ¥ u € Hg(€2)*(or Hg(S)).
Here, || - ||o and || - |jo.4 are L? and L* norms respectively.
(A2) Assume that Q is smooth, hence the unique solution (v,q) € (X, M) of the steady
Stokes problem

—Av+Vqg=¢,V-v=0, in Q,
UlBQ = 0)
for any prescribed g € L?(2)? exits and satisfies
[oll2 + llgllx < cllgllo,

where ¢ > 0 is a generic constant depending on €2, which may stand for different values at its
different occurrences.
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3. Second Order MCVMS Finite Element Methods

3.1. Semi-discrete VMS FEMs for time-dependent NS equations

Let S5, be a semi-uniform partition of Q into non-overlapping triangles, indexed by a
parameter h = maxgeg, {hx;hx = diam(K)}. We introduce the finite element subspace
Xy € X, My, C M as follows

X, = {Uh € XNCN)2 vk € Pi(K)? VK € %h},
My = {@ € M0 CO@sanl € PulE), VK € 3},

where Py(K) is the space of piecewise polynomials of degree ¢ on K, ¢ > 1,k > 1 are two
integers. We assume that (X, M},) satisfies the discrete LBB condition

d(pn, vy
sup don, vn) > Bllenllo, Veon € Mp. (3.1)
vp €Xp |V”Uh||o

where d(p,v) = (¢, V - v). V}, is the kernel of the discrete divergence operator
Vi = {'Uh € Xn; (qn, Vo) =0,V € Mh}-

For the VMS finite element methods, a large scale space Ly C L = {L € (L?*(Q))>*2,L =
L7} and a so-called turbulent viscosity vz > 0 are introduced. The semi-discrete problems
reads as follows (please see [35]): Find wup, : [0,T] — Vi, pp : [0,T] = My, and Gy : [0,T] — Ly
satisfying

(une,vn) + (v + vr)a(un, vi) — d(Ph, va) + b(un, un, va) + d(en, un)
—(vrGy, Vo) = (f,vn) Yop € Xy, o € My,
(GH — Vuh,ILh) =0, VLg € LH, (3.2)

where a(u,v) = (Vu, Vv),

b(u’uw)*1 /iu-avkw d:cf/ iu%v dx
» Us *2 o = l@m k 0 1630 k ’

v i,k=1 v

and up(x,0) = u,Ol €V, is a discretely divergence free approximation of ug. Let Py, : L — Ly
denote the L?—projection from L onto Ly, for alll € L

(Pp,l—1,Ly) =0, VLly € Ly. (3.3)

Therefore, Gy = Pr,, Vuy, in (3.2). Since Pr,, is an L?—projection, it follows for v € V and
(IVvl]lo > 0,

vrl|(I = Pry)Vollg = vr (IIVoll§ = [1PL, Vollf)

||PLHVU|(2)> 2 2
=vp |1 - —ZE—=— | |VV§ = Vadadl| VV|5- (3.4)
< IVll3 ’ ’

By 0 < || P, Vvllo < ||Vv]lo, we get

0 < vaaq < vr. (35)
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By straightforward calculation, we can deduce
(I/TVuh, V’Uh) — (I/TPLHVU}“ V’Uh) = (I/T(I — PLH)Vuh, (I — PLH)VUh). (36)

Hence, system (3.2) can be reformulated as: Find u” : [0,T] — Vj,p" : [0, T] — M), satisfying

(unt,vn) + va(un, vn) + b(un, un, vn) — d(pn, va) + d(en, un)
+(Z/T(I — PLH)VU}L, (I — PLH)VUh)
= (f,vn), Vv € Xp,on € Mp. (3.7)

3.2. Second order MC-mixed FEMs and the second order MCVMSFEM for the
NS equations

For each positive integer N, let {J, : 1 <n < N} be a partition of [0, 7] into subintervals
TIn = (tn—1,tn], with t, = nAt, At = T/N. Set u"™ = u(-,t,). We focus our study on a
second-order approximation suggested by Ewing et al. [18] and Boukir et al. [5], set
=z —u"(x)At, (3.8)
=z — 2u""(x)At, (3.9)

K N

n—1 —1
)

where u™* = 2u™ — u u~ " = ug. Consequently, the hyperbolic part in the first equation of

(2.1) at time ¢, is approximated by
Burt! — 40" + !
20t ’

wg(ty,) +u" - V" ~

where
0= w(Z), T=x—u"(z)At €,
1o, otherwise,
u(z), T=1z—2u"(2)AteQ,
0, otherwise,
for any function w, u.

With the previous notations, we get the second order MMOCMFEM for the time-dependent
Navier-Stokes (2.1): find (u}, p}) : {t1,...,tn} = Vi x M}, such that

3ul™t — 4ar 4+ gt
( . QA;L h avh) —|—Z/G/(UJZ,’U}1) _d(pZ;'Uh) +d(§0}l,U;2) = (fn;'Uh)7

Yy, € Xh, ©n € Mh, (3.10)

n*x

where @0 = w(Z), & = u(Z) and T = x — u}* (2)At, T = z — 2ul* () At ul* = 2] —u) L u, =

Sl

0
up,.

The MMOC time discretization, combined with the VMS finite element method in space,
leads to the following second order MCVMS finite element method: Find (u}}, pj) € (X,NV3) X
My at t =t,,n > 1 such that

3un+1 — A" T ,anfl N .
( L 2Ath b oy | + (v + VT)a(uhHaUh) - d(th, Up)
+d(pn,uptt) — (vrGH, Vun) = (f"* Y vn), Yo € X, on € M, (3.11)

—(
(G% — Vul',Ly) =0, VLg € Ly.
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Using (3.6), (3.11) can be reformulated as

3Tt — 4 + Gt
( b b — o | +valup ™ o) — d(pp T on) + d(en, up )

+(vr(I = Pp, )Vupt™, (I = Pp,)Voy) = (f"un),  Von € Xn, 00 € M.

(3.12)

Remark 3.1 (i). Since Ly has been distinguish between resolved small scales and large scales,
with L representing the large scales, it must be in some sense a coarse finite element space.
One way of achieving this is by choosing it to be a lower order finite element space than V;, on
the same grid. The other way is defining Ly on a coarser grid. This two methods are called
one-level and two level projection-based FEVMS methods respectively (see [32,35]).

(ii). The so-called turbulent viscosity vr can be chosen in many ways. In this paper we
choose it in two ways (Smagorinsky-type [31])

vr = 8h*||Vunl|o, (3.13)
vy = (5h2HVUh — GHHO- (314)

Remark 3.2 ([40,46]) If Ly = {ig € (C°(Q))**?: Iy|k € (Pu(K))**?, VK € Sy}, then we
have the following properties

1Prlll < CllIfls, viel, (3.15)
(I = Pry)llo < C[[Vi|lo, V€L, (3.16)
|l — Pryllls < CRY|I|iv1, 1<1<k, Ve HTH(Q)?**2NL. (3.17)

4. Error Estimate

In order to provide the error analysis, we need the following lemmas.
Lemma 4.1. ([5]) Let

Suntt — 44" 4 a1 (au

R St T @V 0)) |

and T > 0 such that u € [€*([7,T); H3(Q)?]. For t, > 7, we have
lngnJrl aQu

x

3 a3 o2

e(z,n) = —At? ( ~Vu(:c,tn+1)> +O(Lt3), (4.1)

where gL (E) = ul@ — (bust — U™, £), w1 (@) = (@, tas1).
Lemma 4.2. ([5]) Let

B 3un+1 — 4" 4 ’Ebn71 N " n
&) = ( o B (@) + VP (@) — f +1<x>) . (4.2)

Let 7 > 0 such that u € [¢*([7, T); H3(Q)?]. For t, > T, we have

1d3g" Ou
g a3 + E : Vu(x,tn+1)) + O(At3), (43)

éz,n) = —A (

where g2t (8) = (e — (bt — U™, 8), w" (1) = u(, tya).
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We then define the Galerkin projection (Rp, @Qn) = (Rn(u,p), Qn(u,p)) : (X, M) = (Xpn, Mp,),
such that

va(Ry, — u,vp) — d(Qp — p,vn) + d(n, R —u) = 0,
V(u,p) € (X, M), (vn,¢n) € (Xn, Mp). (4.4)
Lemma 4.3. ([25,38]) The Galerkin projection (Rp, Qn) satisfies, for k =1,2,
V|| Ry = ullo + h(v[|V(Rn — w)llo + |Qn — pllo) < CA¥* (VHUHIHI + ||p||k)- (4.5)
Lemma 4.4. The Galerkin projection (Rp,Qp) satisfies
[Rnlloo < Cllulloo + CR*[ful| srrs1a)- (4.6)

Proof. We introduce the interpolation operator I and the element Ipu. By the triangle
inequality, we deduce

[Bhlloo < nulloc + [[Bn — Inulfoo-
Using the inverse inequality ||vp]|oco < Ch™1vpllo yields (see [11])
IBulloe < [Hnulloc + CR™H| Ry = Inullo
< | Tnulloo + CR (1R — ullo + lu — Inully )
By (4.5) and the L stability of the interpolation operator [11] we complete the proof. a

Lemma 4.5. Let u} be defined by (3.12). If

1 1
< — = * <n< — .
At< g7 Ln= max fuille, V1<n<N-1, (4.7)
then we have
lup o < C, (4.8a)
n+1 )
IEEHHIS + vt Y V&G < Cexp(CT) (At4 + h2F2 4 l/addh%)
i=1
n+1 .
+C exp(CT) (VTAt SOl — pLH)vu”lng) : (4.8b)
i=1
where EZH = UZH — RZH, C is a positive constant independent of At and h.

Proof. We prove this lemma by induction. By the definition of z and Z, we can see that
(4.8) holds for n = 0. We assume that (4.8) holds for 1 <n <[ —1. Then L,, < +00. Now we
prove (4.8) for n = [.

Letting ¢, = 0 in (3.12) and using the define of V},, we can get

PYAN;
+up((I — PLH)VUZH, (I — Pp,)Vu) = (fH_l,Uh), Yoy, € Vi (4.9)

I+1 1, =11
3uy - —4u; +u
h h h I+1
< , Up, +1/a(uh+ , Up)
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I
— 4R, + R;7T
2At

3Rl+1
Subtracting < A vp | 4 va(RL,vp) from both sides of (4.9), gives

<3< wt = Ry — A, — Ry) + (@~ Ry )
y UVh

N,
tra(ub™ — R o) 4+ vp (I — Pry)Vauh™, (I — Pr,)Voy)
3R 4Rl 4+ R
:(fl,vh)f < h QA: h , Un 71/0,(R§l+1,1)h). (4.10)

Define n' = u! — Rﬁl. We can get

3¢, 48, + 6
21t

”’l> 4 va(€t on) + (T — Pr,)VER, (T - Pr,) Vi)

3Ul+1 4U vy ~l—1
= — ( AL — Attt 4 vpttt — f vh>
N 377l+1 _ 477l + 77l—1 o) + 4(al _ dl) _ (ﬁl—l _ él—l) o
2/t T 2t ’

2Nt

+vr((I — Pr, )Vt (I — Pr,,)Vou) + vr((I — Pr,, )Vul™, (I — Pr,,)Vuy)
(3ul+1 — 4t + @t

4 T A= B Y B |
+ ( (gh fh) ( h h );'Uh + Va(’u,lJrl _ Réj_lvvh) + (Vpl+1,'l]h)

PYAN
3nl+1 _ 47—71 + 7*—7171 4(,&1 _ ﬁl) _ (ﬁlfl o ﬁlfl)
+< oAt on ) 2Nt Vh
A(EL — gl — (el-1 _ gl
. < Gt € 26D ) vt - R )

+vr((I = Pp,, )V, (I — Pp,) Vo)
+vp((I — Pr, )Vul™, (I — Pr,,)Vog) +d(p' — Q4 up)
(3ul+1 —da! + 4!
= — 2 —_

At
(IS ) (S
+ (4@1 — &) QA(ZLI . ) ) +vr((I = Pr,, )Vt (I — Pp,,)Vop)
4vr((I — Pp,, )Vul™ (I — Pp,,)Vup). (4.11)

By the definition of Z and Z, we arrive at Z(z,t;) — Z(z,t;—1) = (u'* —ul*)At. Using the Taylor
formula yields

[ — | = [u' (&) — ' (@) < AtV ool (u* = uf)]
<At|\Vul||oo( RZ*)|+|R§1*—U“|)-
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Therefore, we get
1, -
ol = llo < 19t oo (Il = BE o + 1 R5 = ™l
< (R +11ghllo + 11 lo)-
Similarly, we can get the estimate

N T _
@ =@ o < C (R + fighllo + 1€ o).

QI+l _ -l =l—1
Now, we estimate the bound of || %HO- Note that

3+t — 4 + 71
2Nt

3ttt =)= (' =Y Al =)+ (=Y

- N, + IN;

By the Taylor’s formula, we have

7"+t =n'llo = (/Q(nl“ - nl)Qdas)é = </Q <Ataa—7f + <(J>(A152)>2 dw)

on'
< CAt || ==
<C tH 5t

0

We estimate ||n' — n'~1[|p in the same way

anlfl
ot

I =n o < c&ﬂ

0

By the definition of XL(t;_1) , we get
5 1 — O,ul At —9,uby At
Xt ) = aUpy yUn1 .
(% (t1)) ( —Opuly At 1= dyus At )
Hence,
det J(XL(t;_1)) = 14+ O(AL).
Then, we obtain

' = 7'l = sup [IVollg (' = 7', v)]

= sup Dwgl </in(:c)v(m)dm /in(z)v(??i(tz)1)(1+0(N))dz>]

gggg<|vw|aljgn%mxv@»qxiiunlndm>

+ sup (cmﬂw|51/0nl(z)v(2€;(tl)1))dz>.

veV

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Let G(z) =z —

XL(t))~1. Then |G(z)| < CAt, and

MM)M%W1M§L<

d

< CA|| V|2

Similarly, we have

[o(Xz (1)~ llo < [loll3(1 + CAL).

Then, we can deduce

In" = 7'll-1 < CAtR' lo.

By (4.14) and (4.18), we can get

n' — i

At

-1

Similarly, we get

77l_1 _ ﬁl—l

At

-1

By (4.14), (4.15), (4.19) and (4.20), we obtain

EPARI N o
2/t

-1

Using the similar method, we can obtain

Here, we define 552“ = 2+1 — ¢l Letting vy, = 55?1 in (4.11), we get

(

AE - &) - (" -
2Nt

-1

< CPM | -

< CRF | oo

< CRF | oo

3 41 Lo cpitt VA Vadd 141 plt1
0 - 2—At5§ha6§h + T“( n oo &n

2/t P

41 _ gl 4 A1
(E(x, 1 + 1), 6€LH) + (377 TN

VAN
N (4(,&1 o ﬂl) ;é,zl—l . ,L:Ll—l) | 552‘*‘1)
N <4(§_§z &) 2A(Zl_1 - 52_1)’55?1)

+VT((I - PLH)vnﬁj_la (I - PLH)(sg;j_l)

+VT((I - PLH)VUH_lv (I - PLH)(Sd;H).

,5,55;1)

—u(X! (t)l)dt> dx

ty
\/t" —1 dt

),

2

< C(lghllo + 1€ M)

V + Vadd

a
2

(€hr )

163

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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Summing over the above equality from i = 2 to [, we can get

l

V + Vadd
Z( 66, 5”1) — a6

=1

n
1/—|—1/ ~ Nz
= add | a(é, &) —|—Z é(x,i+ 1) —é(x,1), h'H)

1=2

l 7 =1 =1— 7 —l— =1—
5 3t =4+t 3 AT 0T L
2/t 2/t ok

l i ~ =; i i i = i
4(“1 _ U,Z) _ (uzfl _ uzfl) 4(,“171 _ uzfl) _ (,Ul172 — g 2) "
> ( 2/t a 2/t Sk

+i<4<e;;—ez>—<':;1—e;1> MG 6T - 667 +>

— 2/t 2/t h
l
+) vr((I = Pr )Vt = (I = Py ) Vi, (I = Prg )&t
=2
+ wr((I = Ppy )Vutt — (I — Pp, )Vl (I — Pp,,)&t). (4.23)
=2

Setting vy, = H'l n (4.11), we obtain

3 V4 Vagdd
<2—At5 AR 2At5§h’ l+1> +——al AR AR

) 3+l 4t 4 1
— (&, 1+ 1), L+1)+< T 2“)

(AT ) <4<éz —g) - (G -6 )

2Nt "SR 2Nt "SR
+ur((I = Poy )V (I = Pp )6 ) + v ((I = Pp, ) Vul ™ (I = P, )&H).

By fﬁj‘l = 5§l+1 + 8¢ + 55;1 and Young’s inequality, we can get

o (e - (fh,fm ”;“dda( A
1
f@fl“ 5 + 4At (8¢}, 885,) + 4At [(&h€h) — (& &)
3 +1 4— —1
((:cl+1) l+1)+<77 2A77t+77 7£L+1>
(A ) - @ - ) (A ) - G -6
2t 7Sh 2/t oh
‘H/T((I )an+1v( PLH) ;;H)
+VT((I—PLH)V PRI = P, e,
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Using the Cauchy-Schwarz and Young’s inequality, we can deduce

3116, 113 — l1€h 113
4 At

< o5 (36 06) + 2 56k, 06h) + o [(6heh) — (67671)]

+ (v + vaad) IVE, I3

41 q:l  2l—1
+C‘ 3u 24Aut +u VAU 4 Tptt — i HV’EZHHO
0
H37}l+1 — A+t H HVSH_IH I H4(ﬂl —at)— (@' - él*l) H vaH_lH
2Nt 0 20\t 0
4(5 _ €l) _ (:lfl _ 171)
h h 2Ath h val-ﬁ-lHO
-1

e N e P N

< s (06065 + o (56, 66h) + o [(6h, ) — (e, 67)]

Bult1 — diil 4 il ?
+C A _ VAul—i-l 4 vpl—i-l _ fl+1

0
4(’El _ ﬁl) o (al—l o 'L:Ll_l)
2Nt

3nl+1 . 47—7z + 7—71 1 2

+C SAL

+C
-1
_ = 2
A —€)— (& -
2Nt

-1

+C

+ Cvoaa [V

-1

+Cr [[((I = Puy )Vl |2 + M

V& o
Using (4.3), (4.12), (4.19) and (4.22) yields

+12 L2
— v+,
th HO - thHO add”vglJrl”O

< g (067067 + g (ki) + g [ (6ho6h) - (667

1+1
+C(At4 + R2EF2 4 yaddh%) + Cop st (I~ Pr, Va2, (4.24)
i=1
Summing inequality (4.24) from i = 2 to n, we obtain

+1

AtZ Ve Iz

l

1 4 o
C(&h &) + 3 (€, &) + 3 > (064, 064)

l V+V dd
IEHIE + .

i=1
+1
+C <At4 + B2 4 vpaah® +vp ALY (1 - PLH)vui+1|3> : (4.25)
=1

By the coefficient of the second term on the right hand side of (4.25) is %, this term can be
ignored (using a recursion argument). Using (4.3), (4.12), (4.19), (4.22) and (4.23), we can
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deduce

+1

Atz IVELIlD

1 I/+l/ dd
I1€RTHIS + -

l
< COLY [IGI3 + C (At + h42 4 vaah™)

=1
+1
+Cvp At Y || = Py, Vu' 3. (4.26)
=1

As application of Gronwall’s Lemma yields

141 v+ Vadd -
IRt 1G + Atz IVELIlG
n+1 )
< Cexp(CT) (At4 + B2 4 ygaah® + vp Y (1= Py, ) Vult! ||§).
=1

It follows from the triangle inequality that

ety lloo < ™ = By oo + 1B oo

Using the inverse inequality, ||vp||cc < Ch™||Vuplo (see [5]), we can get
g loo < CRTHIV (g™ = BiF)llo + 1R 1o

This, together with (4.26) and Lemma 4.4, yields the defined results. |

Remark 4.1 Define X (t) = x — (t,, — t)up*, Vvt € [t"~2,¢"],2 < n < N. Since X, is a subset
of W*°(Q), under the condition (4.7) on the time step it is an easy matter to verify that this
mapping has a positive Jacobian, since uj vanishes on 9€2; this mapping is one-to-one from 2
onto 2 and is a change of variables. This yields for any positive function ¢ on ) the estimate

(please see [5] for detail)
[ o@unds<c [ ota)da
) Q

Theorem 4.1. Let u} be defined by (3.10) and u be the solution of (2.1). If At is sufficient
small, for all1 <n < N — 1 we have

Jlu* = up S

n+1
< Cexp(CT) (At4 + B2 4 vpaah® + vp ALY (T - PLH)vung),
=1
n+1 . .
vAEY [V (u = uf)3
=1
n+1

< Coxp(CT) (D' + 122 4 ypaah™ + vr st 3 (1 = P,y )Vul[3) + Ch?.

i=1
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Proof. Using the triangle inequality, (4.5) and (4.8b), we can get this theorem. O

Corollary 4.1. Under the assumptions of Lemma 4.4, Remark 3.2, the reqularity assumption
of (u,p) € (H3(Q)2NX, HX(Q)NM),Vt € (0,T) and the assumption of vr, for alll <n < N—1
we have the following error analysis

Ju*t = up 3 < Cexp(CT) (A + h2+2),

n+1
vt IV (' —uf) |3 < Cexp(CT) (At4 + h%).
i=1
The following theorem on the pressure is a consequence of the previous theorem on the

velocity.

Theorem 4.2. Under the assumptions of Lemma 4.4, for all 1 <n < N — 1 we have

n+1 . . 1/2 n+1 )
(Z At||pt — pgng) <C (At2 +hF +ve Y (- pLH)vuan) ,
=1

i=1
where C' is a positive constant.
Proof. Multiplying (4.2) by v, € X}, and subtracting the resulting form (3.12) with ¢, = 0,
we obtain
d(QZ+1 - pz+15 Uh)

3(utt — ) — 4@y —an) + (@t —an !
=—(e($,n),vh)+< ( : ) (;At ) ( A )avh

+d(Q T = p" T vn) + vauy ™ = w o) +vr((1 = P, )Vup ™ (I = Pry, ) Vo).
By the inf-sup condition and Cauchy-Schwarz inequality, we can get

QR —pi o

unJrl o un-i-l a — an L:Ln_l o L:Ln71
< C — h h h
< Clletz,n)llo + Al . At |, " At i
+CIQyT = p™ o + |V (up ™ — u" o (4.27)

Using (4.3), (4.12) and (4.27), we can get

n+1 1/2 n+1
<Z At)|Qs, —P2|3> S C(A2 +hF +vp Y ([(1 = Pry, )Vul[)3).

i=1 i=1

By the triangle inequality, we have

n+1 . . 1/2 n+1 ) ) 1/2 n+1 . . 1/2
(Z Atllp* p%ll%) < (Z At]|Qj, pZH%) + <Z At]|Qy, plll%)
i=1 =

=1 1=1
n+1
< c(m2 IS [ PLH)vung). (4.28)
=1

Therefore, we finish the proof. (|
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Corollary 4.2. Under the assumptions of Lemma 4.4, Remark 3.2, the reqularity assumption
of (u,p) € (H3(Q)2NX, H>(Q)NM),Vt € (0,T] and the assumption of vr, we have the following
error analysis for p

n+1 1/2
(Z Atllp* — pﬁ;ll%) < C(A +hF). (4.29)
=1

5. Numerical Results

5.1. A problem with analytical solution

In this subsection, we present some numerical results of the Navier-Stokes problems with
the analytical solution

up = 102%(x — 1)%y(y — 1)(2y — 1) exp(—27°tv),
uy = —10z(z — 1)(22 — 1)y*(y — 1)? exp(—27%tv),
p=20(2x — 1)(2y — 1) exp(—4r2tv).

The boundary and initial condition in (2.1) are set equal to the analytical solution and f is
given by evaluating the momentum equation of problem (2.1) for the analytical solution.

We choose At = 0.001, T' = 1 and Re = 2000. We present the numerical results with
different h respectively and the finite elements are P, — P; element space. The numerical
results are shown in Table 5.1.

The numerical results in Table 5.1 show that the convergence rates are O(h3) of the L?-norm
for u, O(h?) of the H'-semi norm for u and O(h?) of the L2-norm for p, which agrees very well
with our theoretical results by using P> — P; finite element spaces.

Table 5.1: The numerical results at T' = 1 with At = 0.001, Re = 2000, o = 0.4h.

1/h IIHH*uuH;(L)IIO ”V“ﬁaﬁf”‘o HPH*;‘;(L)IIO ur, rate up, rate Py, rate
10 0.002590 0.03066 0.007745 - - -

20 0.0003127 0.007478 0.001936 3.049 2.035 2.000

30 9.193 x 107 0.003299 8.606 x 10™* 3.019 2.018 1.999

40 3.887 x 107° 0.001851 4.841 x 1074 2.992 2.009 1.999

50 2.027 x 107° 0.001183 3.098 x 1074 2.915 2.005 1.999

60 1.236 x 107° 8.211 x 1074 2.151 x 107* 2.715 2.003 1.999

5.2. The lid driven cavity problem

In this section we show the numerical results of lid driven cavity problem. The two-
demensional lid driven was formulated as in € = (0,1)2, the boundary conditions are u; =
1,u2 = 0 on the top lid and u; = 0,us = 0 on the other lids. In a former work [3,17,20], it was
suggested that the first Hopf bifurcation occurs around Reynolds number Re = 8000. In this
numerical experiments, h = %, At = 0.01, vy = 5h?||Vunllo, 6 = 0.5 are chosen. We choose
the Taylor-Hood element and Ly = {L € (L?(Q))?*2, L|x € P2;? ,VK € 33}, where Py is
the piecewise linear discontinuous finite element space.

Firstly, we choose Re = 5000 and 7500, which are good choices as there are some comparisons

available in the literature and as the steady solutions are still stable but not too far from the first
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Fig. 5.1. The numerical results for Re = 5000 with vr = §h?||Vaus|lo. (a) The numerical streamline at
t = 300; (b) The numerical pressure contours at ¢ = 300; (¢) The computed wu-velocity profiles along a
vertical line passing through the geometric center of the cavity at ¢ = 300; (d) The computed v-velocity
profiles along a horizontal line passing through the geometric center at ¢ = 300; (e) Evolution of ||uy]|o
in time; (f) Evolution of the error |juj — u}™"lo/||uf|lo in time.

Hopf bifurcation. Figs. 5.1 and 5.2 gives the numerical results of Re = 5000 and Re = 7500,
respectively ((a) the numerical streamline at ¢ = 300; (b) the numerical pressure contours at
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Fig. 5.2. Same as Fig. 5.1, except for R. = 7500.

t = 300; (c) the computed u-velocity profiles along a vertical line passing through the geometric
center of the cavity at ¢ = 300; (d) the computed v-velocity profiles along a horizontal line
passing through the geometric center of the cavity at t = 300; (e)the evolution of ||u}||o in time
and (f) the evolution of the error [|[ufl — u}™!{|o/||ul|lo in time).

From the numerical results, we can see that the kinetic energy reaches a stable state, the error
up —u} " |o/||up|lo changes very small. Tt means that a steady solution of the time-dependent
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Fig. 5.3. The numerical streamlines for Re = 10000 with vr = §h?||lu}||o at different time (a-d) and
the evolution of [[uf||o in time (e) and evolution of the error |[uf — u}™"|lo/|luf|lo (f) for Re = 10000

with vy = 5h2HuZ”0

Navier-Stokes equations was obtained. u-velocity profiles along a vertical line passing through
the geometric center of the cavity and v-velocity profiles along a horizontal line passing through
the geometric center of the cavity agree very well with the results of the steady Navier-Stokes

equations given by Erturk et al. [17].
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Fig. 5.4. u-velocity history (a), v-velocity history (b) and the phase portrait (c), at monitoring point (1/8,13/16)
for Re = 10000 with v = 8h2||ull|lp from ¢t = 200 to ¢ = 300.

At last, we show some numerical results for Re = 10000, which is probably the most famous
value and for quite a long time as the question was to known if the steady solution was stable or
not for this Renolds number. Bruneau and Saad [7] shown that the steady solution is not stable
and the first Hopf bifurcation occurs around Re = 8000. Fig. 5.3 presents the streamlines at
different time ((a) ~ (d)). Fig. 5.3 also shows the evolution of ||u}||o in time (e) and evolution
of the error |[ul! — u' '[lo/||u}|lo in time (f). We choose a monitoring points (1/8,13/16) to
show the properties of the solutions. Fig. 5.4 shows u-velocity history (a), v-velocity history (b)
and the phase portrait (¢) at the monitoring point. It shows that the stable solution is quasi-
periodic and has small variations in the amplitude of the time evolution at the monitoring
point. And the phase portraits show that the variations in amplitude yield a solution which
is quasi-periodic. We can see that the kinetic energy dose not change as the time change long
enough and the error dose not change small. The results are very close the those shown by [7].
The numerical experiments confirm our theoretical analysis and demonstrate the efficiency of
the second order MCVMS finite element method.
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