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Abstract

A sparse-grid method for solving multi-dimensional backward stochastic differential
equations (BSDEs) based on a multi-step time discretization scheme [31] is presented.
In the multi-dimensional spatial domain, i.e. the Brownian space, the conditional mathe-
matical expectations derived from the original equation are approximated using sparse-grid
Gauss-Hermite quadrature rule and (adaptive) hierarchical sparse-grid interpolation. Error
estimates are proved for the proposed fully-discrete scheme for multi-dimensional BSDEs
with certain types of simplified generator functions. Finally, several numerical examples
are provided to illustrate the accuracy and efficiency of our scheme.

Mathematics subject classification: 60H10, 60H35, 65C10, 65C20, 65C50.
Key words: Backward stochastic differential equations, Multi-step scheme, Gauss-Hermite
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1. Introduction

We consider the following backward stochastic differential equation (BSDE)

7dyt = f(ta Yt, Zt)dt - thth te [Oa T)a (1 1)

yngv

where T is a fixed positive number, W; is the standard d-dimensional Brownian motion de-
fined on a complete, filtered probability space (2, F,P,{F:}o<i<r), f(t,ys, 2¢) is an adapted
stochastic process with respect to {F;} (0 < ¢t < T) for each (y, 2:), and £ is an {Fr} mea-
surable random variable. The existence and uniqueness of the solution of the BSDE (1.1) were
proved by Pardoux and Peng in [20]. Since then, BSDEs and their solutions have been exten-
sively studied. In [22], Peng obtained a direct relation between forward-backward stochastic
differential equations and partial differential equations and then, in [21], he also derived a max-
imum principle for stochastic control problems. Many important properties of BSDEs and their
applications in finance were studied by Karoui et al. in [8].

* Received January 9, 2012 / Revised version received October 30, 2012 / Accepted December 25, 2012 /
Published online May 6, 2013 /



222 G. ZHANG, M. GUNZBURGER AND W. ZHAO

Because analytical solutions of BSDEs are often very difficult to obtain, approximate nu-
merical solutions of BSDEs become highly desired in practical applications. There are mainly
two types of numerical methods for BSDEs. One is based on the relation between the forward-
backward stochastic differential equations (FBSDEs) and corresponding parabolic partial dif-
ferential equation (PDEs) [13,14,22]; the other is directly based on BSDEs or FBSDEs [2,3,6,
7,10,12,23,27,28,30,31]. Zhao et al. proposed a #-scheme for BSDEs in [28]; in [29], it was
extended to a generalized 6-scheme. In [31], a stable multi-step scheme was proposed which is
a highly accurate numerical method for BSDEs. Note that for the second type of numerical
methods, approximating spatial derivatives at different time-space points for the case of PDEs
is converted to approximating conditional mathematical expectations with Gaussian kernels
centered at different time-space points.

It should be noted that the BSDEs used in practice usually involve a multi-dimensional
Brownian motion, such as the option pricing problem with multiple underlying assets. Ex-
isting numerical methods for BSDEs can be theoretically extended to the multi-dimensional
cases; however, the computational cost may be unaffordable due to the so-called curse of di-
mensionality. The most popular approach to solving multi-dimensional BSDEs is the Monte
Carlo method [3,28] that is very easy to implement. However, the convergence rate is typically
very slow, although having a mild dependence on the dimensionality. Thus, an accurate and
efficient numerical method for solving multi-dimensional BSDEs is highly desired in the BSDE
community.

In this paper, we extend the multi-step method in [31] using the sparse-grid method for
solving multi-dimensional BSDEs. As discussed in [31], the target BSDE (1.1) is discretized by
the multi-step scheme in the time direction. In the spatial domain, a quadrature rule is needed
to approximate all the conditional mathematical expectations (multi-dimensional integrals) and
an interpolation scheme is also needed to evaluate the integrands of the expectations at non-
grid quadrature points. The sparse-grid method is highly suitable for the multi-step scheme
because it has been demonstrated to be effective and efficient in dealing with multi-dimensional
interpolation and quadrature [1,4,9,11,16-19]. Sparse-grid interpolantion (or quadrature rule)
resulting from the Smolyak algorithm depends weakly on dimensionality so the computational
expense can be significantly reduced; however, the accuracy can be preserved up to a logarithmic
factor compared with tensor-product interpolantion (or quadrature rule). On the other hand,
the multi-step method is also highly suitable for the sparse-grid method because no spatial
derivatives are involved in the multi-step scheme and the solution can be obtained without
solving a linear system. In comparison, the sparse-grid method can be potentially used together
with finite difference or finite element method to solve the associated parabolic PDE instead
solving the BSDE directly; in this case, spatial derivatives need to be discretized on sparse
grids such that the resulting linear system may have stability or conditioning issues and a CFL
condition needs to be satisfied for solving the time-dependent problem. In [24,25], a spectral
sparse-grid method was proposed for elliptic problems, which does not have severe stability
or conditioning issues. However, in this paper, those issues on linear systems are completely
avoided in our method and the CFL condition is not needed either. In addition, the sparse-grid
method is also suitable for the @-scheme in [28] and the generalized #-scheme in [29]; we focus
on the multi-step method because it is more accurate than the other two schemes in the time
direction.

The main contributions in this paper are as follows:

e propose a fully-discrete scheme with the sparse-grid method for multi-dimensional BSDEs;
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e rigorously analyze the error of the proposed scheme for a particular type of BSDEs.

As what is discussed above, based on the semi-discrete scheme obtained by the multi-step
scheme, a quadrature rule and an interpolation scheme are needed to derive a fully-discrete
scheme. Several types of sparse-grid quadrature rules and interpolation schemes can be chosen
to achieve our objective. For the quadrature rule, the sparse-grid Clenshaw-Curtis (SG-CC) rule
can be used within a local truncated domain due to its nested structure; the sparse-grid Gauss-
Hermite (SG-GH) rule is preferable because the expectations have symmetric uncorrelated
Gaussian kernels. For the interpolation scheme, a straightforward way is to use the Lagrange
polynomial interpolation based on Clenshaw-Curtis or Gaussian points as in [17]. However, in
this case, the interpolation points are pre-determined so there is no room for adaptivity. Thus,
in this paper, we utilize hierarchical sparse-grid (HSG) interpolation with local support, the
same idea as in [11,16], to construct the needed interpolants. Moreover, we also investigate
adaptive hierarchical sparse-grid (AHSG) interpolation that can refine the sparse grid locally
according to the smoothness of the solution (yz, z:). When the generator f is independent of z,
we rigorously prove the convergence of the proposed scheme based on the SG-GH quadrature
and the AHSG interpolation.

The rest of the paper is organized as follows. Some preliminary notions are discussed in
Section 2. The semi-discrete scheme based on the multi-step method is given in Section 3
and in Section 4, we present a fully-discrete scheme based on the sparse-grid method for multi-
dimensional BSDEs. Error estimates of the proposed scheme are proved in Section 5. Extensive
numerical tests and comparisons are given in Section 6; the results are shown to be consistent
with the theoretical ones. Finally, some conclusions are given in Section 7.

2. Preliminaries and Problem Definition

Let {Q, F,P,{Fi}o<t<r} be a complete, filtered probability space on which a standard d-
dimensional Brownian motion W is defined, such that {F:}o<i<r is the natural filtration of
the Brownian motion W, and all the P-null sets are augmented to each o-field F;. Denote by
| -] and L? = L%([0,T];RY) the standard Euclidean norm in the Euclidean space R™ or R™*4
and the set of all F;-adapted and mean-square-integrable processes valued in R?, respectively.

A process (g, 2¢) @ [0,T] x  — R™ x R™*4 is called an L2-adapted solution of the BSDE
(1.1) if it is {F;}-adapted, square integrable, and satisfies (2.1) in the sense of

T T
Yy =& +/ f(S,ys,Zs) ds */ 2z dW,, t€ [OaT)a (21)
t t

where f : [0,T] x R™ x R™>*4 — R™ is an adapted stochastic process with respect to {F;}
(0 <t <T)for each (y;, 2:) and the third term on the right-hand side is an Ité-type integral.
Under certain reasonable regularity conditions for f(¢,y, 2:), Pardoux and Peng [20] proved
the uniquene solvability of the BSDE (2.1). Some properties and applications of BSDEs are
given in [8]. We are interested in the numerical solution of the BSDE (2.1). Without loss of
generality, assume the BSDE (2.1) admits a unique L2-adapted solution (v, z¢).

We suppose that the terminal value of y; is of the form @(Wr). Then, the solution (y:, z¢)
of (2.1) (see [8,15,22]) can be represented as

Yt = ’U,(t, Wt), Zt = Vu(t, Wt), Vite [0, T), (22)
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where Vu denotes the gradient of u(t,x) with respect to the spatial variable z and u(t,x) is
the solution of the parabolic PDE

ou 1 d 9%u
- E 4 YVu) = 2.
ot 2 P Ox? Flt,u, Vu) =0, (2:3)

with terminal condition being u(T,z) = ¢(x).

It is well known that when the functions f and ¢ are bounded and smooth with bounded
derivatives, the PDE (2.3) has a unique solution u(t, 2) which is also bounded and smooth with
bounded derivatives. Consequently, the BSDE (2.1) with £ = ¢(Wr) has a unique solution
(yt, z¢) which takes the form (2.2). Because of the equivalence of the BSDE (2.1) and PDE
(2.3), it may be feasible to solve the BSDE by solving the equivalent PDE with, e.g., a finite
difference method or finite element method. However, when dealing with multi-dimensional
problems, it becomes very difficult to use such classical numerical methods.

Now we introduce some notations which will be used in the sequel. Let FL*(t < s < T)
be a o-field generated by the Brownian motion {x + W, — W, t < r < s} starting from the
time-space point (¢,z) and set F* = }"%z. Denote by E[X] the mathematical expectation of
the random variable X and by EL?[X] the conditional mathematical expectation of the random
variable X under the o-field Fi%(t < s < T), i.e., EL?[X] = E[X|FL%]. When s = ¢, we
simply use E?[X] to denote E[X|F}"”]. Let z € R? mean x = (z',22,--- ,2%)7 with 2/ € R
(i=1,...,d); ()7 denotes the transpose operator for a vector or matrix.

3. Multi-Step Semi-Discrete Scheme

In this section, we briefly review the multi-step method proposed by Zhao et al. in [31]
which is used in this paper to discretize the target BSDE (2.1) in the time direction.
Let N be a positive integer and consider a uniform partition of the time interval [0, T

0:t0<t1<"'<tN:T, (31)

with t; = tg+iAt (i =0,1,---, N) and the time step At = % Suppose the BSDE (2.1) involves
a standard d-dimensional Brownian motion Wy = (W2, W2, .- W) T with W} (i = 1,2,--- ,d)
being independent standard one-dimensional Brownian motions. Let (y;, 2) : [0,7] x @ —
R™ x R™*4 be the solution of the BSDE (2.1), where y; = (y},v2,...,y/™)" and z; = (zf’j)mxd.
For two given positive integers k£ and K, satisfying 1 <k < Ky < N, it is easily shown that

trntk btk
Ytn = Ytuik +/t f(57ys; Zs) ds — /t zs AW, (3'2)
where f is a vector function of dimension m.

We now take the conditional mathematical expectation Ef [] of both sides of (3.2) and
approximate the integral in (3.2) by a multi-step scheme. Choosing Lagrange interpolating
polynomials pi’(’yx(s) = (pi’gy’x’l(s), e ,pi’éy’x’m(s))T based on the support points, (tn4i, Ef

[f(tnvis Ytnss>2tar)]) (0 = 0,1,...,K,), to approximate the integrands Ef [f(s,ys,2s)] on
tn <5 <tntk, we obtain a reference equation for solving y;, as

Ky
Yt,, = Efn [ytn+k] + kAt Z bllc(y,iEfn [f(thria Ytrtis Ztn+i)] + RZ? (33)

1=0
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where R} = (Rg’l, RZ’Q, e ,Rgvm)—'—, ie.,
tntk
7L5‘:E
Ry = [ B 2] - (0 s (34)
tW,

and the coefficient blj(y,i fori=1,..., K, is defined by

b l/kﬁ<5j>ds (3.5)
Ky,l k, o Z_j ° °

i=0
G

Next, let us turn to the derivation of a reference equation for solving z;,. Let AW, =
W =W, Wd —WE)T for s > t,; then AW, is an increment of the d-dimensional
standard Brownian motion with mean zero and a diagonal covariance matrix (s — ¢, )I4. Let [
and K, denote two positive integers satisfying 1 <1 < K, < N. Multipling both sides of (3.2)
(with k replaced by I) by AW, _,
Ef [] of both sides of the derived equation, we are led to the It6 isometry formula

and then taking the conditional mathematical expectation

tn+l tn+l
0= 55l AW+ [ B s z)aW T as— [ B s @0)
t t

n n

Using the relation (2.2) between the solution (yt, z:) of (2.1) and the solution u of (2.3), it is
Z AW T = IALEY [2,,,] (see [31] for details). Again, similar to the
way we have obtained the reference equation (3.3), we obtain the following reference equation

easy to verify that Ef [y

for solving z:,,:

0= Etxn [Ztn+z] + Z ble,iE?n [f(tn+i7 Ytrtir Ftnyi )AW:+1]

K, 1
l
- ; sz,iEtxn [Ztn+i] + ER?a

with R} = R?y + RZ, of size m x d, where

trnat
/ {Ez'n[f(s Yor 2) AW §jb E? nﬂ-,ywztwmw:ﬂ]}ds,
t

n

tn+l
n = f/ Zb GEY [zeL) ¢ ds.
t

(3.7)

n
Rzl

n

The equations (3.3) and (3.7) are the two reference equations for the BSDE (2.1).

Let y™ = (yb™, 92", - ,y™™) 7T, 2" = (2%9"),44, and Ky, = max{K,, K.}. We regard
y™ as an approximation to y; and z™ as an approximation to z; at the time t,, respectively.
Note that AW,! = 0 in (3.7). Combining the two reference equations (3.3) and (3.7), the
semi-discrete scheme for solving the BSDE (2.1) is defined as follows: given random variables
yN=tand 2N i =0,1,--- ,K,. — 1, find random variables y™ and z" (n = N — K,,,...,0),
such that

Ky . .
" =Ef [y 4 kAL Y bl B [f (b y™ T 2],
i=0

K.
0=Ef ["]+ ) i ;B [f(turiny™, 2" AW, ]~ Zb B [,

i=1
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Remark 3.1. In the reference equations (3.3) and (3.7), we have four positive integers k, K,
[ and K,. They can be any positive integers satisfying 1 < £k < K, < N and 1 < [ <
K, < N. However, to guarantee the stability of the scheme (3.8), they should be selected
properly. According to [31], if we set k = K, the scheme (3.8) for solving y" is stable for
K, =1,2,3,4,5,6,7,9. For the scheme (3.8) for solving 2", { can only be 1 for K, = 1,2,3.
So, hereafter, we set K, = k£ and [ = 1. In addition, we can see that several conditional
mathematical expectations are involved in (3.8) instead of spatial derivatives as in PDEs. As
discussed in [31], the stability of a fully discrete scheme based on (3.8) is not affected by a CFL
condition.

In order to solve the BSDE (2.1) using the multi-step scheme (3.8), we need to discretize the
spatial domain, i.e., the d-dimensional Euclidean space R?, and find an approach to approximate
all mathematical expectations in (3.8) in the discretized space domain, especially in the multi-
dimensional case. This is discussed in the following section.

4. Sparse-Grid Fully-Discrete Scheme

4.1. Properties of the time-space domain

We assume a uniform grid for the interval [0, 7] defined by (3.1), which is denoted by T,
and focus on the discretization of the spatial domain R?. Taking y"** as an example, the
conditional mathematical expectation Ef [y""*] in (3.8) is defined by

v— T v—
Efn [ynJrk] _ W /Rd ynJrk(,U) exp {% dv (4'1)

with mean x and covariance matrix kAtI where I is the d x d identity matrix. The expectation
defined over the unbounded domain R¢ is always estimated by some numerical quadrature
rules within a truncated bounded domain. Moreover, all the components of the d-dimensional
Brownian motion are mutually independent, the expectation Ef [] can be estimated within
a local bounded symmetric hypercube [z! — r, 2t + 7] x -+ x [29 — 7, 2% + 7] centered at x =
(x',...,2%) with an identical local radius r in all spatial directions. Under the above conditions,
according to the semi-discrete scheme (3.8), if we want to obtain the numerical solution of the
BSDE (2.1) at the point (z,t9) = ((0,...,0),0) based on the time grid 7, we need to solve the
equation within the domain [—7,7]? on time level ¢;. Recursively, the needed spatial domain
on time level ¢, (n = 0,1,...,N) is [-nr,nr]?. The whole bounded time-space domain is a
conically shaped region with vertex at the point (z,tp) and a base of radius Nr at time level
tny. An illustration of the bounded domain for d = 1 is shown in Fig. 4.1.

Note that the magnitude of the local radius r is determined by the numerical quadrature
rule used to approximate the integral Ef [-]. For instance, for the Gauss-Hermite quadrature
rule used in [30, 31], the local radius is determined by the maximum magnitude of the used
Gaussian points. If M Gaussian points {n;}}, are involved, the local radius r for computing
Ef [y"™*] in (3.8) is defined by r = \/ZkAti max ;]

After determining the bounded spatial d(;m73dn7 we need to construct a spatial grid on
each time level. A straightforward way is to define the set of all needed quadrature points
as a spatial grid on each time level. However, in this case, the number of grid points will
increase geometrically rather than arithmetically with the number of time steps N. Thus,
in [30,31], a uniform spatial grid is used in each spatial direction and the integrands of Ef [] are
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Fig. 4.1. The truncated time-space domain in one-dimensional case(d = 1).

evaluated at non-grid quadrature points using interpolating polynomials. Combining the Gauss-
Hermite quadrature rule and polynomial interpolation, the multi-step scheme (3.8) can be
discretized accurately in the bounded spatial domain on each time level. However, in the multi-
dimensional case (d > 1), the computational cost of the tensor-product Gauss-Hermite rule and
the interpolating polynomials based on a tensor-product spatial grid will increase exponentially
with the dimension d, i.e., the curse of dimensionality. Thus, in the next section we use
sparse-grid methods to reduce the complexity for constructing the multivariate interpolating
polynomials and for estimating the needed conditional mathematical expectations.

4.2. Smolyak algorithm

The Smolyak algorithm provides an approach to construct multivariate interpolating poly-
nomials based on a small number of points in a multi-dimensional space. In the context of
Smolyak method, univariate interpolation formulae are extended to the multivariate case by
using tensor products in a special way. This algorithm provides a linear combination of tensor-
product interpolants chosen in such a way that the needed number of interpolation points
can be reduced significantly but preserve nearly the same accuracy as the full tensor-product
interpolation.

Let us consider a smooth function f : [~1,1]? — R. In the one-dimensional case (d = 1),
the interpolation formula is
U'(f) = f(a5) - aj(w), (4.2)
j=1
where i € N, :c; (j =1,...,m;) are the interpolation points, and aé»(m)(j =1,...,m;) are basis

functions. In the multi-dimensional case (d > 1), the tensor-product interpolatant is

miq mi,
U e ol (= Y S f e ) (@ eal). @)
Jji=1 Ja=1
Clearly, if we put identical high resolution in each direction, i.e., m; = --- = my, then the
d

above formula needs II{_;m; function values, which is computationally expensive when d is
large. Thus the Smolyak interpolant [1,11] is a linear combination of a series of tensor-product

interpolants, each of which is defined on a coarse grid with different resolutions in different
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dimensions, i.e.,

Ard(py = % (1w'i(d1><uh®u.®uw)ux (4.4)

q—d+1<lil<q ¢

where ¢ > d, the multi-index i = (i1,...,4q) and |i| =iy + -+ +i4. Here, ix(k=1,...,d) is the
level of the tensor-product interpolant Y% ® --- ® U@ along the kth direction. The Smolyak
algorithm builds the interpolant by adding a combination of all tensor-product interpolants
satisfying ¢ —d + 1 < |i| < ¢. The structure of the algorithm becomes clearer when one
considers the incremental interpolant, A? given in [1,11]

Uf) =0, A =U(f)=U=(f). (4.5)
The Smolyak interpolant (4.4) is then equivalent to

APYF) = (A @ @A) = AT + Y (AT @@ Al)(f). (4.6)

lil<q li[=q

According to (4.4), to compute A%¢(f), one only needs function values at the “sparse grid”

Hde — U (X“ X oo X Xid)’ (47)

q—d+1<]i|<q

where x* denotes the set of interpolation points used by U¢. According to (4.6), to extend the
Smolyak interpolant A%%(f) from level ¢ — 1 to ¢, one only needs to evaluate the function at
the incremental grid AH%¢ defined by

AT = | (Ax™ x - x Ax™), (4.8)

li|=¢

where Ax% = x4 \x4%~1, j=1,...,d
By integrating the interpolant A%¢(f) over the interval [~1,1]¢, a sparse-grid quadrature
rule is obtained as

N
Qr(f) = S wif(al,....a?), (4.9)
=1

where Ny is the number of points on the sparse grid H%¢ and the weight w; is the integration
of the basis functions in (4.4) associated with the ith grid point x; = (z},...,2%). See [9] for
details about the computation of the weights.

Our goal of using the sparse-grid method is to estimate the conditional mathematical ex-
pectations in (3.8) at all spatial grid points on each time level. An interpolating polynomial is
also needed to evaluate the integrand at non-grid points. Thus, in the multi-dimensional case,
we need one sparse-grid quadrature rule used to estimate the multi-dimensional integrals and
one sparse-grid interpolation formula to construct approximations of y¥™ and z™ on time level
tn.

4.3. Choice of sparse-grid quadrature rule

First, we consider the choice of the needed sparse-grid quadrature rule. It is suggested to
choose the quadrature points in a nested fashion to obtain many recurring points with increasing
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Fig. 4.2. For a two dimensional space (d = 2) and maximum level ¢ = 4, we plot the full tensor-product
grid having 81 points(left) and the sparse grid H*? based on SG-CC rule having only 29 points(right).

level g. One such choice is the sparse-grid Clenshaw-Curtis (SG-CC) rule with grid points at
the extrema of the Chebyshev polynomials [1,17,18]. The grid points in this case are given by

1, ifi =1,
27041, ifi> 1,
0, for j =1, if m; =1,
rh = i1 4.11)
! —COS(M), forj=1,...,m;, if m; > 1. (

In this way, the one-dimensional grid is fully nested, i.e. x* C x**!, and thereby the resulting
sparse grid, i.e., H@% C H9T 14, Then, if we estimated the expectation EY, [[] within a truncated
domain bounded by a pre-selected local radius r, the Clenshaw-Curtis rule is a good choice
due to its nested structure. Fig. 4.2 shows, as an example, the sparse grid #*2 and the
corresponding full tensor-product grid based on Chebshev points. It is easy to see that the
sparse grid has many fewer points than the full tensor-product grid. On the other hand, because
the expectations in (3.8) have symmetric uncorrelated Gaussian kernels and the Gauss-Hermite
quadrature rule was used in one-dimensional cases in [30,31], the sparse-grid Gauss-Hermite(SG-
GH) rule based on Hermite polynomials is preferable for solving BSDE (2.1). In this case, the
number of grid points m; is defined to be m; = 27 — 1 and the grid points on level i is the roots
of the Hermite polynomial of degree m;, i.e.,
Mg

Ho, (1) = ()™ (o), (4.12)
Fig. 4.3 shows, as an example, the sparse grid H*? based on the SG-GH rule and the corre-
sponding full tensor-product grid based on Hermite points. The full tensor-product grid has 81
points while the sparse grid has only 22 points. Note that the SG-GH rule is not nested but
has higher accuracy. Thus, if we compare the SG-CC rule and the CG-GH rule, the latter will
have higher accuracy but also a greater number of points. When measuring efficiency, we really
need to balance the cost in quadrature points against the accuracy.

4.4. Choice of sparse-grid interpolation scheme

Here, we consider the choice of the sparse-grid points for constructing the interpolating
polynomials for ™ and 2™ on time level ¢, forn =1,... N.
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Fig. 4.3. For a two dimensional space (d = 2) and maximum level ¢ = 3, we plot the full tensor-
product grid having 81 points(left) and the sparse grid H*? based on the SG-GH rule having only 22
points(right).

4.4.1. Hierarchical sparse-grid interpolant

It is noted that the Lagrange interpolating polynomials based on the Chebyshev points used by
the SG-CC rule can be directly employed to construct the needed interpolating polynomials.
However, because the grid points are pre-determined as in (4.11), it is not suitable if we want
to apply adaptivity. Thus, we propose to use sparse grids based on Newton-Cotes points, i.e.,
equidistant points. By this, it is easy to refine the grids locally. Moreover, due to the Runge’s
phenomenon caused by Lagrange interpolating polynomials on uniform grids, we use instead the
piecewise linear hat function as the basis function a in the univariate interpolant (4.2) [4,16].
The piecewise linear function has local support in contrast to the global support of the Lagrange
basis function. The grid points on [-1,1] in this case are given by

1, ifi=1,

mi=14 (4.13)
211 41, if i > 1,
0, forj =1, if m; =1,

-1, forj=1,...,my, ifm; > 1.
mi—l

For a general interval [a, b], the grid points are simple translations and scalings of (4.14). The
nodal basis function aé» with local support [acz — 21— acz + 217 is defined as follows. For i = 1,
al=1;fori>1landj=1,...,m;,

- ], e gl <

. — e — 2, if |z — % ,

at = 2 J J mg; — 1 (415)
0, otherwise .

Then the multi-linear basis functions used in the tensor-product interpolant (4.3) are defined
by
d
i j i i
aj=a; ©--@ay =[] (4.16)
k=1
Substituting into A%4(f), the equation (4.4) can be rewritten as

AR = 3 (d 1) ) ) (4.17)

g—d+1<lil<q J g~ il
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Note that the sparse-grid interpolant (4.17) does not give much information about the smooth-
ness of the function f so that it is not appropriate for an adaptive implementation.

Next, let us consider the hierarchical sparse-grid (HSG) interpolant in (4.6) based on the
multi-linear ba51s functlons a Taking advantage of the nested structure of the Newton-Cotes
abscissas, i.e. x*~! C x?, the hlerarchlcal basis and the hierarchical surpluses can be derived for
the interpolant (4.6). Clearly, Ax" = x*\x*~! has m% = m’ — m*~! points due to x*! C Xt
By consecutively numbering the points in Ax?, and denoting the jth point of Ax? as zj, the
incremental interpolant in (4.5) can be represented by (see [11,16] for details)

Za — U= 1(f)(yc]ﬂ , (4.18)

where wi = f(x}) — U (f)(«}) is defined as the one-dimensional hierarchical surplus on level
i, which is just the difference between the values of the interpolating polynomials at level ¢
and ¢ — 1; the set of the basis functions {aé, j=1,...,m4} is defined as the hierarchical basis

functions on level 7. By (4.18), the HSG interpolant (4.6) can be rewritten as

APY(f) = AT+ ) (AT @@ AM)(f)

lil=q

4.19
AT S alw) = 30 3ol )
IE lif<qi€B:
where the multi-index set B; is
Bi{jeNd:x§Z€Axik for jr, = 1,...,m% k=1,. d}, (4.20)
and the surpluses w} are
i_ i1 q—1,d i
wj = f@3,. .., ]d) A (f)(:c]l,...,xjd). (4.21)

As proved in [1,11], for smooth functions, the hierarchical surpluses tend to zero as the interpo-
lation level tens to infinity. On the other hand, the magnitude of the surplus is a good indicator
to show the smoothness of the interpolated function. The bigger the magnitude is, the stronger
the underlying discontinuity is. Thus, the hierarchical surplus can be used for error control and
implementation of adaptivity.

4.4.2. Adaptive hierarchical sparse-grid interpolant

As discussed above, if the solution of the BSDE (2.1) is not equally smooth with respect to
the Brownian motion W; over the bounded domain shown in Fig. 4.1, an adaptive sparse
grid [16] is preferred, which may place more points in the non-smooth region and fewer points
in the smooth region. In this method, the hierarchical surplus w} is used as the indicator for
adaptation. Analogous to the HSG interpolant (4.19), the adaptive hierarchical sparse-grid
(AHSG) interpolant can be defined by modifying the multi-index B; to

Bf ={j€Bi:|w)| >¢}, (4.22)
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and the AHSG interpolant is defined by

AUy =30 D wi-dl(a), (4.23)

li[<qJ€Bf

where the constant ¢ is called the threshold of the interpolant AZ¢(f). To increase the level of
the interpolant (4.23) from level ¢ — 1 to ¢, one needs to evaluate the function f at the points

AHDY = {xJ‘ :lil=qand j € B }. (4.24)

It is easy to see that a g-level adaptive sparse grid, denoted by HZ<, is a subgrid of the
corresponding g-level sparse grid H%4. If e = 0, the AHSG interpolant (4.23) is equivalent to
the HSG interpolant (4.19); if ¢ > 0, it will adaptively select which points are added to the
sparse grid. Subsequently, the sparse-grid points will become concentrated in the non-smooth
region. The refinement algorithm of adaptive sparse grids can be found in [16].

4.5. Approximation errors

First, we discuss the errors of the sparse-grid quadrature rules. The errors are considered
in the function space

F¥(D) = {f : D = R|D* f continuous if «; < k for all i}, (4.25)

where D C RY, o = (aj, ..., aq) € N&, |a| = a; +- - -+ aq and D* denotes the d-variate partial
derivative of order |a, i.e.,
olel ¢

DYf = ——Fo-.
! oxt -+ Oxy?

(4.26)

As discussed in [1,19], for any function f € Ff([—1,1]), the error of the one-dimensional
Clenshaw-Curtis rule is given by

[ sz - Qstip| < on, (4.27)
D

where N, is the number of quadrature points and the constant C' depends on the upper bound
of the k-th derivative of f. For the SG-CC quadrature rule, we have the following lemma given
in [1,19].

Lemma 4.1. For any function f € F¥([—1,1]%), the error of the sparse-grid Clenshaw-Curtis
rule 1s

/D F(@)dz — QLL(F)| < CoalVo* (log(IV,) FHDE-D) (4.28)

where Ny is the number of sparse-grid quadrature points used by qccé(f) and the constant Cj, q
only depends on d and the upper bound of the k-th derivative of f.

Analogously, as discussed in [26], for any function f € FF(R) whose growth at infinity satisfies
the condition in Theorem 1 in [26], the error of the one-dimensional Gauss-Hermite rule is given
by

[ fare s - ot ()| < ON; M2, (4.29)
R

By conducting the same procedure as that in [1,19], we can obtain the following lemma:
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Lemma 4.2. For any function f € Ff (R9), the error of the sparse-grid Gauss-Hermite rule is

F@)e™ dr — Qg ()] < CraN; 2 (log(N,)) #/#F DY, (4.30)
R

where © = (1, ...,x4), Ns is the number of the sparse-grid quadrature points used by Qg?{(f)
and the constant Cy q depends only on d and the upper bound of the k-th derivative of f.

Next, we discuss the interpolation errors of the HSG and AHSG interpolation. Analogous
to the error analysis of the SG-CC quadrature rule, we can obtain the error for the HSG
interpolation scheme as follows [11,16].

Lemma 4.3. For any function f € F2([a,b]?) where [a,b]? is bounded, the error of the HSG
interpolant (4.19) in L norm is given by

If =A%) < CalN? (log(N,))* @Y, (4.31)
where the constant Cy only depends on d and the upper bound of the second derivative of f.

Relying on Lemma 4.3, we can obtain the error estimate of the AHSG interpolant (4.23) in the
following lemma [16].

Lemma 4.4. For any function f € F2([a,b]?) where [a,b]? is bounded, the error of the AHSG
interpolant (4.23) with the threshold € in L™ norm is given by

I = A < CalNT? (0g(N))* ™ + N, (4.32)

where Ny is the number of points of H®%, Ny, is the number of the missing points of the
adaptive sparse grid H2? under the threshold €, the constant Cy depends on d and the upper
bound of the second derivative of f.

In fact, for a fixed threshold ¢, a ¢g-level HSG interpolant (4.19) can be written as a sum of two
terms, i.e.

APy = AP+ D D wi-d(a), (4.33)

lil<qjeBi\Bf

where the second term involves all the missing points whose surpluses are below the threshold
e. Since for any piecewise multi-linear basis function aj(z), ||lajllcc = 1, for any function
f € F2([a,b]?), the interpolation error of the AHSG interpolant is given by [3,16]

[f = ALY o = I = API(Sf) + AT = AZ4(F)]| o
< f = AL o + JALAE) = AL o

=f =AM D+ D Y «-d@)

lil<qjeBi\B§ I

< C4NI2 (1og(N))* ™Y 4 eNp . (4.34)

Note that the number of points, denoted by N, ., on an adaptive sparse grid is Ny — Ny, .
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4.6. Fully-discrete scheme

The scheme (3.8) is a stable semi-discrete scheme in the time direction. To develop a fully-
discrete scheme for solving the BSDE (2.1), an effective discretization in space is also necessary.
According to the discussion of the time-space domain in Section 4.1, for a fixed local radius r,
we construct an adaptive sparse grid "H?ﬁgd with threshold e to discretize the spatial domain
[—rn,mn]? on time level t,,. It is clear that "H%ﬁgd C Hi»4. Denote by N™ and Ny'. as the total
number of points in HZ¢ and H?L’:éd, respectively. Ny, . is the number of missing points of
H?Lféd, so that N = NJ'. + Nj _. By consecutively numbering the points in H%’gd, it can be
represented as

Hird = {ali=1,...,NI'.}.
In addition, because the volume of the spatial domain increases along with time, the level g,
should also increases accordingly. If ¢ = 0, i.e., no adaptivity, the abscissas of H%’js’d can be
determined in advance for a fixed g,; otherwise (¢ > 0), the abscissas cannot be predetermined
until the solver gets to the time level ¢,,.

Based on the semi-discrete scheme and sparse-grid methods, we propose the fully-discrete
scheme for solving the BSDE (2.1) as follow: given the random variables yN Li=1,..., Nggl
and [ = 0,1,--- ,K,, — 1, find the random variables (y}*,2}'), i = 1,...,N§f€ and n = N —
Ky, --,0, such that

K,
= B 4 KA S b B [F b 5 E ) 4 K A (). (4350)
j=1
0= ]+ Zsz j tn (tnysr U gt AW:H Zsz,_] tW ] - b}(z,ozzn-
(4.35b)
Here, g™ *! and z"*! are the AHSG interpolants on HZTf; defined by
AERAGT) and 2 - A, (430
and y"tI, 2" are deﬁned for j = 2,...,K, or K, in a similar way. E? [y" "] in (3.8) is

T.L
i

approximated by B [A”H] within a local hypercube [z} — 7,2 + r] by Clenshaw-Curtis or

Gauss-Hermite sparse grid quadrature rule (4.9), i.e

Ef [ = oo Zwﬁ”“ 1), (4.37)

where N, f) is the number of quadrature points, w;, n; are the weights and quadrature points for
i=1,...,N ? . The same number of quadrature points are used for computing the expectation
at any time-space point (¢, z]"). Because some quadrature points may not belong to the sparse
grid Hi"rféd, we use the interpolating polynomial 37+!
grid points. This discussion is also applied for approximating other expectations in (4.35).

to evaluate the integrand y™*! at non-

5. Error Estimates

In this section, we carry out error analysis for the fully-discrete scheme (4.35) for solving
the BSDE (2.1) with the generator function f being independent of the random variable z,
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ie.,
T T
=p(Wr) + f(s,ys)ds — / 2sdWs. (5.1)
t t
For simplicity of the analysis, we consider only the case of m =1 and d > 1, i.e., there is only
one BSDE but W, = (W},...,W2)T is a vector of d mutually independent Brownian motions.

The error estimates obtained in the sequel also hold for a system of BSDEs. In such a simplified
case, the reference equations (3.3) and (3.7) with k£ = K, and [ = 1 have the following reduced

form:
Ky
i n K n
Uil = B Wenin, )+ Ky At b BE [ (bt Usay,)] + Ry
7=0 (5.2)
1
0= ZtW+1 +ZbK Ni "+J’ytn+1 Ath+J ZbK J ZtW+J] AtR :
The corresponding fully-discrete scheme (4.35) becomes:
K,
Yl =By [+ Ky ALY by B [F (g, )] 4 Ky ALf (ta,yl),
i=1 (5.3)
0=R& [z Zb,{z,j (tns s, ) AW, ZbK Bev (zrta),

forn=N—K,...,0 with K = max(K,, K,). In the following analysis, IAE? [[] is defined using
the sparse-grid Gauss-Hermite rule %7 is constructed using the AHSG interpolation.
To simplify the presentation, we assume that the following two assumptions hold.

Assumption 5.1. The positive integers K, and K, are chosen such that the roots of the char-
acteristic polynomial

K.
pic.(N) = N7t = T, AT (5.4)
i=0
satisfy the root conditions.

Assumption 5.2. The functions f(t,y:) and o(Wr) are bounded and have bounded derivatives
of order up to k.

Next, we present two lemmas as follows.

Lemma 5.1. Let Ry} and R be the local truncation errors defined in the reference equations
(3.3) and (3.7). Then under Assumption 5.2, we have the local estimates

[Ry| < C(AS*2, |RY| < O(AH)"-+2, (5:5)

where C' > 0 is a generic constant only depending on T, the upper bounds of p and f and their
derivatives.

Lemma 5.2. Suppose N and K are two non-negative integers with N > K and At is any
positive number. Let {n,} be a series satisfying

N
| < B+aAt Y I, n=N-KN-K-1,--,0, (5.6)
j=n+1
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where & and B are two positive constants. Let My = max |n;| and T = NAt, then
N-K<j<N

7] < T (B8 + oK AtMy), n=N-KN-K-1,---,0. (5.7)

Proofs of the above two lemmas are similar to that of Lemma 3.1 in [30] and Lemma 3 in [31]
and thus we omit them here.

Now we give an error estimate of yf 7 — y* in the following theorem.

?

Theorem 5.1. Let yf: and y?* be the solution of the BSDE (5.1) and the fully-discrete scheme
(5.3), respectively. Suppose Assumption 5.2 holds and the initial values satisfy

xf i K
v max_lypt =il = O((A* ),
i=1,--- ,N{ .

Then for sufficiently small time step At, we have

0<G<N

i=1,... NI (5.8)
+ max [(N;f,a)f2 (log(N;a))B(dfl) + ENAE} } + C(Ay) KT,

J ; C —k/2 (k/2+1)(d—1)
s i ) <] V97 o)

where C' > 0 is a generic constant only depending on T', upper bounds for the functions ¢ and
f and their derivatives, and the levels of used sparse grids g, (n=2,...,N).

Proof. Let e = yf: —yl forn=N,N —1,...,0. From (5.2) and (5.3), we obtain

n

e} =B [ye,,n, ] — Eb: [57H5]

A~

Ky
+ KyAt Z bgz,j {Ef; [f(thrja Ytryj )] - Ef; [f(thrja gnJrj)]} + RZ (59)
J=0

=1L +1+ RZ,
where . .
L = Et,i [ytn+Ky] - Et,i [NrH_Ky]v
K, (5.10)
I = KyAthKZJ {Ef; [f(tn+jayt7l+j )] - E:,; [f(thrjvgnJr])]} :

We rewrite I as

A~

r i med ~ TLq [~ K
Il = Efn [ytn+1<y] - Efn [ytn+1<y] + Etzn [ytn+1<y - ytn+Ky] + Ef [ytn+1<y - g’n-i— y]' (511)

Based on Assumption 5.2 and the error of the SG-GH quadrature rule given in Lemma 4.2, we

have
X : —k/2 (k/241)(d—1)
E:,; [ytn+Ky] - E:,; [ytn+Ky] < Ckﬁd (NS) (1Og(N5Q)) . (512)

‘ n ~m

If the AHSG interpolant is used to approximate y;,, K, with threshold being ¢, then based on
Lemma 4.4, we have

< Cy (NTHED) 72 (log(NHKu))

‘Ef,i Wtnsrcy, = Ytnin,) +eNp Ry, (5.13)
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and
ey AN n+K,
Byl Ui, — gty < max |eiJr | (5.14)
i=1,..,NI 3
Combining (5.12), (5.13) and (5.14), we have
—k/2 k/241)(d—1
1] <Cra (NQ) ™ (log(v @) */+0Y
- - n 5.15
4 Ca (NZH0) ™ (1o ) ) et e (1)
i=1,...,No 1Y
By a similar procedure, we obtain
—k/2 k/2+1)(d—1
L] <LK, CraAt (N2) 2 (1og(v@)) /201D (5.16)
Ky
+ K ALY b | Ca (N2H) 7 (log(N22) 7Y Nt 4 max (e
=0 v ’ ’ ’ i=1,.., NIt

where L is the Lipchitz constant. To simplify the presentation, we define some notations in the
following derivation:

=

lle max
i=1 n

€sgl = Ck,d (Ng)_k/Q (log(NsQ))(k/2+1)(d_1) )
Cogp = TAX [C’d (N;E)f2 (log(N;E))S(dil)

V=2,

n
|ei |a
€

_ (5.17)
+ stme ,

Ry = (14 LE At (esq1 + €sg2) + Ry

where n =1,..., N — K,,. By these notations, substituting (5.15) and (5.16) into (5.9), we get

Ky
K , ~
lenl < el + LE, ALY b2 Jle ]| + Ry (5.18)
§=0
N —n . e . .
Let Nk, = . For an integer s satisfying 1 < s < N, we similarly have the estimate
Yy
Ky
s—1)K K. K s—1)Ky+j Pt (s—1)K
lem DR < et Fol| + LEy ALY byt jflem TV | 4 [REFETDE L (5.19)
§=0
Now we add up the above inequalities (5.19) over s = 1,2,..., Ni, and obtain
Ng, K, Ng,—1
lenll < flem kol 420K, A ST bR [l 4 ST |RIGRY, (5.20)
j=0 §=0
which is equivalent to
Ni, K, Ng, —1

P o
(1= 2LK, A" < e N+ 2LI,AL D by e+ D[Ry R (5.21)
j=1 j=0
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_ 1 _ 2LK,
Let D = v pas N1 = 10orroa and

) Nk, —1
J . ~ .
My= max_ |y —yl[+ Y [RyT5|.

N-Ky<jsN
) j =0
’:1""’N.Z,s J

For sufficiently small time step At, D and N; are clearly positive and bounded by a positive
constant. Then by Lemma 5.2 and (5.21), we obtain the following inequality

le™|| < eMT(DMy + AtK, Ny My) = eMT (D + AtK,Ny)Mo. (5.22)
On the other hand, by the fact in Lemma 5.1 that

R < C(AY)Kv2, (5.23)

and the given condition |yff —y!| ~ O((At)K+*1) in the theorem, we obtain

. Niy—1
Mo= e Wi —vll+ 3 IR
=1 N 3=0
Ni,—1
SC(AHS T 4 N(1+ LE At)(esqr + €sg2) + »_ RytHH5
j=0 (5.24)

g%{ (NsQ)fk/Q (log(NsQ))(k/zH)(dq)

+ max [(N;E)_2 (1og(N§’E))3(d_1)

o + eN};m} } +C(A)KvHL
Combining the inequalities (5.22) and (5.24), we immediately get (5.8) and the proof is com-
pleted. O

In the following we present an estimation of zf: — z;'. Because both zf: and zj* are vectors
of d elements, we measure the error by the L* norm, i.e., Hsz — 2"||co- Note that he error
yf{’? — yP of the fully-discrete scheme (5.3) in Theorem 5.1 consists of two parts. One is the
time-discretization error of order (At)Xv*! provided in Theorem 1 in [31]; the other is the
space-discretization error caused by sparse-grid approximation. Similarly the error an — 27
can be bounded combining the proof of Theorem 2 in [31] for the semi-discrete scheme and
interpolation error bounds of the spares-grid method given in Section 4.5. Therefore, we only
provide a conclusion but omit the proof.

Theorem 5.2. Let zfr and z[* be the solution of the BSDE (5.1) and the fully-discrete scheme
(5.3), respectively. Suppose Assumption 5.1 and 5.2,the hypotheses of Theorem 5.1 hold, and
the initial values satisfy

max_ |z — 2] oo = O((A1)).

N-Ky<j<N

i=1,--,NJ o
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Then for sufficiently small time step At, we have

27 ; C —k/2 (k/2+1)(d—1)
max |z, — 2] |0 gE{ (NQ) (1og(NSQ))

0<i<N 8

i=1,---,N2 (525)
+ max [(N;E) - (10g(N§’E))3(d_1) + ENZ,%E} } +C(A)%,

i=2,...,N

where C' > 0 is a generic constant only depending on T, the upper bounds for the functions ¢
and f and their derivatives, and the levels of used sparse grids g, (n =2,...,N).

Remark 5.1. From the conclusions of Theorem 5.1 and 5.2, we can see that, for the same
number of grid points, our method with (adaptive) sparse grids is much more accurate than
existing numerical methods with full tensor-product grids. For example, if we use the existing
multi-step scheme with full tensor-product grids where the number of quadrature points NJ? is
set to N and the number of interpolation points N} is set to N;E fori=1,..., N, then the
error estimate of 2! in (5.25) becomes

Y\

0<G<N At i=2,...,
i=1,.-- ,N}

29 1 C _2i i\ —
max ||z — 2w < {(Ng) ! max (N}) }+C(At)Kz_ (5.26)

Apparently, when the dimension d is large, the accuracy of the scheme with full tensor-product
grid is much worse than our scheme with (adaptive) sparse grids. As discussed in Section 3, the
total computational cost mainly depends on the number of grid points because at each point :cg,
we need to approximate 5 conditional mathematical expectations and solve a nonlinear equation
to obtain the values yf and zf . Thus, under the same computational cost, our method is more
accurate than existing methods in solving multi-dimensional BSDEs. On the other hand, our
method with sparse grids can attain a prescribed accuracy with much fewer grid points than
the existing methods with full tensor-product grids, which shows much improved efficiency of
our scheme. Some comparisons between schemes with sparse grids and full tensor-product grids
are provided in Example 6.1 for the dimension d = 2, 3, 4.

6. Numerical Examples

In this section, we report on the results of two numerical tests that illustrate the accuracy
and efficiency of the proposed scheme (4.35) based on the sparse-grid method. Denote by W;
the standard d-dimensional Brownian motion. In the experiments, we take uniform partitions
in time with the time step denoted by At. The time partition number N is then given by
N = %, where T is the finite terminal time.

xl
The errors y, ' — y;*

zl .
i and z; ' — 2" arise from three causes:

1. the time discretization for obtaining the semi-discrete scheme;
2. the approximation of the conditional mathematical expectation Ef: [[] by Ef: ['];
3. the interpolation for computing 7"+ and z"*7.

In order to obtain optimal numerical solutions, the errors from the three parts should often be
balanced. Because the time-disretization error has been studied in [31], in this paper, the time
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step At is set small enough such that the error contributed by time disretization is very small.
On the other hand, from the error bounds given in Theorem 5.1 and 5.2, the interpolation error
for computing §”*7 and z"*7/ dominate the error from space-discretization. Therefore, in the
following examples, our task is to investigate the errors caused by the HSG interpolant and the
AHSG interpolant. Hereafter, we define e, = yfog —y§ and e, = 2, 0 2 to be the errors of the
numerical solution at the time-space point (t,z9) = (0, (0,...,0)).

Example 6.1. In this example, we consider a d-dimensional BSDE with d from 2 to 4. Let
W, = (th, e ,Wt"l)—r be a d-dimensional Brownian motion. W} (i = 1,--- ,d) are d indepen-
dent standard one-dimensional Brownian motions. The BSDE of interest is

d
—dy; = [(d — Dy +2 Z szf] dt — zdWy,
i=1
4 - (6.1)
yr =exp [T =) (Wp) ],
i=1
where z; = (2},--- , 2%). The analytical solution of (6.1) is given by
d .
Yt = exp lt - Z(W;)ﬂ ,
= (6.2)

d
2 = —2W/}exp [t — Z(ng] , i=1,---,d.
i=1
Note that the kernel f has a more general form containing W;. Although we do not analyze
properties of this type of kernel, it still can be used to test the performance of our scheme.
The exact solution (y;,2;) at the time t = 0is yo = 1 and 2z{ =0 (i = 1,--- ,d). In the time
direction, set the terminal time T"= 0.1, N = 17, K, = 2 and K, = 3, so that the fully-discrete
scheme (4.35) is of third-order [31] in the time direction with At = 0.00625. In space, a 3-level
sparse-grid Gauss-Hermite quadrature rule is used to compute all mathematical expectations.
The number of quadrature points is 22, 37, 57 in the cases of d = 2,3,4 [5]. Thus, in the

following we focus on the interpolation error caused by the approximations " and z".

First, we investigate the convergence of our scheme (4.35) along with the increasing num-
ber of grid points. For d = 2,3,4, the AHSG interpolation is used with threshold being
e = 107410751075, In comparison, HSG interpolation without adaptivity and full-grid in-
terpolation are also conducted. The results are shown in Fig. 6.1. Note that because the
number of grid points varies on different time levels, the averaged number of points over all
time levels are used in Fig. 6.1. It is clear that both the HSG and AHSG methods are more
accurate than the full-grid interpolation for the same number of points. The convergence rate
of the HSG interpolation is consistent with the theoretical analysis in Theorem 5.1 and 5.2, i.e.
O(N;2-log(N,)?@=1). In order to compare the convergence rate between the HSG and AHSG
methods, we choose the same maximum interpolation level for both methods. However, note
that the AHSG method has almost the same convergence rate as the HSG method. The reason
is the analytical solutions y; and z; in (6.2) are almost equally smooth over the spatial domain
so that the surplus decreases almost equally fast in the interpolant (4.17). This is illustrated
for d = 2 in Fig. 6.2 in which the shapes of z}, 22 and the corresponding adaptive sparse grids
on a particular time level are plotted. It is clear that equally decreasing of the surplus leads to
an almost equal density of grid points over the entire domain.
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Fig. 6.1. The errors e, and e, with respect to the number of grid points for d = 2, 3,4 in Example 6.1.

Next, we set the maximum interpolation level to be large enough to investigate the conver-
gence of the interpolation error of AHSG method with respect to the threshold e = 10~*. Fig.
6.3 shows that the convergence rate is consistent with the theoretical result in Theorem 5.1 and
5.2, i.e., first order convergence O(g).

Example 6.2. In this example, we present an application of our scheme to financial problems.
As discussed in [8], BSDEs appear in numerous financial problems, such as pricing and hedging
of European and American options. Here, we consider the pricing of a basket call option in the
Black-Scholes model. Denote p; and S; = (S},...,S¢) as the bond price and the prices of d
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(a) The shape of le att=0.05 (b) Adaptive sparse grid for of Zt1
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Fig. 6.2. For d = 2, the shapes of the solution z{, 27 in (a),(c); and the corresponding adaptive sparse
grids in (b), (d) with the threshold ¢ = 10~* in Example 6.1.

10 10
—%— 2D
—8— 3D
102 —e— 4D
?
T 10
-3 =
10 S
£ 2
= S
= b
107 °
ERTS
slope = -1 £
5 =
10 . .
w* -1 -2 -3 -4 5 -6 o’ o -1 -2 -3 4 5 -6
10 10 10 10 10 10 10 10 10 10 10 10 10
Threshold & Threshold &

Fig. 6.3. The error e, with respect to the threshold e for the AHSG method(left); The growth of the
number of grid points with respect to the threshold(right) in Example 6.1.

independent stocks, respectively. Assume that p; and S; satisfy

dpt = Ttptdt, t Oa

>
o - 6.3
dSi = biSidt + o' SidW,  i=1,....dandt>0 63)

with initial conditions py = p and Sy = z, where 7; is the return rate of the bond, b} is
the expected return rate of the i-th stock and o} is the volatility of the i-th stock. W; =
(Wl ...,W¢) is a vector of d mutually independent standard Brownian motions. Note that 7,
bi, ol 1/ol for i = 1,...,d are all bounded.

An investor with wealth y; at time ¢ puts 7§ money to buy the i-th stock and uses y; —Zle it
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to buy the bond. Suppose that the stocks pay dividends continuously with a bounded dividend
rate ¢i at the time instant ¢. Then the processes y; and 7} (i = 1,...,d) satisfy the following
stochastic differential equation [8]:

d d

—dy; = — |ryye + Z(bi — T+ qZ)ﬂZ} dt — Z olmldWy, (6.4)

i=1 i=1

Let 2z, = (2},...,28) = (o7}, ..., olwd). Then (v, 2;) satisfies
d ; d
b1+ g .

—dyr = — |reye + Z %iqtzi dt — Z 2y dW. (6.5)

i=1 t i=1

For the European call option, the terminal condition for the equation (6.5) is given at the
mature time 7" by

d
yr = max {H(S;‘)% - K, 0} : (6.6)

where a; > 0, Z?zl a; = 1, St is the solution of S; at the mature time T and K is the strike
price. When r, =7, by = b, 0i = ¢ and ¢! = ¢*, then the analytical solution can be obtained
based on the classic Black-Scholes formula, i.e.,

d
ye =V(t,8) = e 1T T ()™ | N(dr) —e 7T KN(dy),

j=1
i oV i —§(T—t) ﬁ(sj)aJ N((i ) 7 -1 d
2y 65”'0 = Qe t 1)o, =1, ) @y
j=1
d_(89)i R 52
P e B () (6.7)
L VT —t ’

For our test, we set 7' = 0.1, K = 100, r; = 0.03; and for i = 1,...,d, set S§ = 100, b: = 0.05,
di = 0.04 and o = 0.2. In the time direction, let K, = 2, K, = 3 and N = 17, so that the
fully-discrete scheme (4.35) is of third order in time with At = 0.00625. As in Example 6.1, we
also choose a 4-level sparse-grid Gauss-Hermite quadrature rule to approximate all conditional
mathematical expectations and focus on the interpolation error caused by 3™ and z".

First, we solve this problem for d = 2,3,4 in order to compare with Example 6.1. It has
already been demonstrated in Example 6.1 that the sparse-grid interpolation (both HSG and
AHSG method) can attain higher accuracy than the full-grid interpolation for the same number
of grid points, so in this example, we just solve the BSDE using HSG and AHSG method. The
threshold ¢ is set to 1072,107%,10° for the AHSG method. The computational results are
shown in Figs. 6.4, 6.5 and 6.6. It is noted in Fig. 6.4 that our scheme with HSG method
achieves the theoretical convergence rate O(N; 2 - (log(N,))?(@~1)) proved in Theorem 5.1 and
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5.2. Also note that many fewer points are needed for the AHSG method than the HSG method
to achieve the same accuracy for solving y/*. In the two-dimensional case, the shape of y; at
a certain time level and the evolution of the adaptive sparse grid for the threshold 1073 is
shown in Fig. 6.5. Because of the shape of the terminal condition in (6.6), the solution y;
is not equally smooth over the entire region. The region around the diagonal line, where the
derivative of y; has relatively large variation, can be detected by the AHSG method, so that
more grid points are placed in this region. In comparison, many fewer points are placed in the
off-diagonal regions because y; is much smoother in these regions.

(a) The error e, for d =2 (b) The error e, for d =2
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Fig. 6.4. The errors ey and e, with respect to the number of grid points for d = 2, 3,4 in Example 2.
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Fig. 6.5. The evolution of the adaptive sparse grid at the time level tx_1 with the threshold ¢ = 1073
in Example 2.

Next, to test the performance of our scheme in solving high-dimensional BSDEs, we consider
the BSDE (6.5) for a European call option in dimension 8. In addition, because long-term
computation is of great interest in real financial applications, we set the maturity time is 7" = 10.
In the temporal domain, we still use the third-order multi-step scheme with K, = 2, K, = 3
and set At = 0.01; in the spatial domain, a 4-level sparse-grid Gauss-Hermite quadrature rule is
used to approximate the conditional mathematical expectations. Thus, the interpolation error
of interest caused by y™ and 2™ will dominate the total error. The results are shown in Fig.
6.6. In Fig. 6.6(a) and 6.6(b), the convergence of our scheme with the HSG method and AHSG
method (¢ = 1071,1072) are plotted. In Fig. 6.6(c) and 6.6(d), the error and the needed
number of points with respect to threshold € are provided. All the results are consistent with
our theoretical analysis. As discussed in Section 2 Remark 3.1, the chosen values of K, and K,
guarantee the stability of our scheme in the time direction. Furthermore, because there is no
approximation of spatial derivatives involved in our scheme, the stability of our scheme is not
affect by any CFL condition.

7. Conclusions and Future Work

In this paper, we propose a sparse-grid method for solving multi-dimensional backward
stochastic differential equations. The BSDE is discretized by the multi-step scheme [31] in time
and the sparse-grid method in space. It has been shown that the combination of the multi-step
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Fig. 6.6. (a,b) The errors e, and e. with respect to the number of grid points for d = 8, T' = 10; (c)the
error ey, e, with respect to the threshold ¢ for the AHSG method; (d) the growth of the number of
grid points with respect to the threshold in Example 2.

method and the sparse-grid method is a highly suitable choice for solving multi-dimensional
BSDEs. Moreover, the sparse-grid method can be use together with several one-step meth-
ods [28,29] in a similar way. The numerical experiments demonstrate the effectiveness of our
scheme and verify the consistency between theoretical analysis and computational results. For
future study, we are going to extend our method to solve coupled forward-backward stochastic
differential equations (FBSDEs) which are more general and applicable in real-world applica-
tions. When solving FBSDESs, sparse-grid approximations need to be constructed for solutions
of both forward and backward equations, so that the sparse-grid mesh refinement will also de-
pend on the smoothness of the driving process, i.e. the forward solution that may be highly
non-smooth such as Levy processes with jumps. In addition, if a FBSDE system is not fully
coupled, i.e. the forward solution does not depends on the backward solution, then the forward
and backward equation can still be solved separately, in which case sparse-grid methods can be
used with relative ease. However, if a FBSDE system is fully coupled, then the forward and
backward equations must be solved simultaneously, in which case how to do sparse-grid mesh
refinement will become more challenging.
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