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Abstract

In this work, two-grid characteristic finite volume schemes for the nonlinear parabolic
problem are considered. In our algorithms, the diffusion term is discretized by the finite
volume method, while the temporal differentiation and advection terms are treated by the
characteristic scheme. Under some conditions about the coefficients and exact solution,
optimal error estimates for the numerical solution are obtained. Furthermore, the two-
grid characteristic finite volume methods involve solving a nonlinear equation on coarse
mesh with mesh size H, a large linear problem for the Oseen two-grid characteristic finite
volume method on a fine mesh with mesh size h = O(H?) or a large linear problem for the
Newton two-grid characteristic finite volume method on a fine mesh with mesh size h =
O(|log k|2 H?). These methods we studied provide the same convergence rate as that of
the characteristic finite volume method, which involves solving one large nonlinear problem
on a fine mesh with mesh size h. Some numerical results are presented to demonstrate the
efficiency of the proposed methods.

Mathematics subject classification: 35Q55, 656N30, 76D05.
Key words: Two-grid, Characteristic finite volume method, Nonlinear parabolic problem,
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1. Introduction

Many processes in science and engineering are described by the parabolic equations, for
instance, the processes of fluid dynamics, hydrology and environmental protection [20, 25].
There have been extensive works devoted to linear parabolic problems see, e.g., the monographs
[30]. For nonlinear cases, we mention only [9,26] and the references therein.

In this paper, we consider the following nonlinear parabolic problem in R2:

u + V- (a(w)Vu) + b(u)Vu = f(u), in Q x (0,77,
u(z,t) =0, on 09 x (0,71, (1.1)
u(+,0) = wo, on  x {0},

where €2 is a bounded convex polygonal domain with a sufficiently smooth boundary 92, V =
(0/0z1,0/022)T, and b(u) = (b1 (u), ba(u))? is a vector function. We define a bounded set on
R? as

G=A{u:|ul < Ky}, (1.2)

where K| is a positive constant.
Supposing the coefficients of problem (1.1) satisfy the following conditions:
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(C1) : a(u) and f(u) are Lipschitz continuous with respect to u, i.e.
lg(u) — g(v)| < Llju —v|, forVu,ve€QqG, (1.3a)

where L is a Lipschitz constant related to Ko, g(u) can take a(u) or f(u).
(C3) : a(u) is a bounded smooth function with positive upper and lower bounds,

0<ax<a(u)<a*, forVueqG. (1.30)
(Cs) : f(u) is a given real-valued function on 2 and there is a constant M such that
P+ Wl <M, forVueg, (1.3¢)

where f'(u) = %. Under the conditions above, problem (1.1) admits a unique solution in a
certain Sobolev space (see [30]).

Finite volume method (FVM) as one of numerical discretization techniques has been widely
employed to solve the fluid dynamics problems in recent years (see [12,23] and the references
therein). It is developed as an attempt to use finite element ideas in the finite difference setting.
The basic idea is to approximate the discrete fluxes of a partial differential equation using the
finite element procedure based on volumes or control volumes, so FVM is also called box scheme,
general difference method et al. (see [1,3,19]). Finite volume method has many advantages that
belong to finite difference method or finite element method, such as, it is easy to set up and
implement, conserve mass locally and it also can treat the complicated geometry and general
boundary conditions flexibility. However, the analysis of FVM lags far behind that of finite
element and finite difference methods, we can refer to the literature [10,11,31] for more recent
developments about the finite volume method.

The modified method of characteristic (MMOC) was first proposed by Douglas and Russell
for the convection-diffusion equations in [8]. After then, a lot of works have been reported
about this method. For instance, Russell considered the nonlinear coupled systems in [27], Siili
studied the Navier-Stokes equations in [29]. The MMOC is based on the approximation of the
material derivative term, that is, the time derivative term plus the convection term, and this
scheme works well for convection dominant problem (see [35] and the reference therein).

On the other hand, two-grid method is an efficient numerical scheme for partial differential
equations based on two spaces with different mesh sizes. This kind of discretization technique
for linear and nonlinear elliptic PDEs was first introduced by Xu in [32,33]. After then, two-
grid method has been studied by many researchers, for example, Dawson et al. considered the
nonlinear parabolic equations by using the finite element or finite difference methods in [6, 7],
respectively. Marion and Xu [24] applied it to the evolution equations. For the Navier-Stokes
equations, we can refer to [15-18,22]. Recently, Bi and Ginting in [2] combined the two-grid
method and the finite volume method for linear and nonlinear elliptic problems.

In this paper, we devote ourselves to the study of two-grid characteristic finite volume
method (CFVM) for nonlinear parabolic problem. By introducing an elliptic projection, optimal
error estimates of numerical solution are established. Another important novel ingredient of
this work is the convergence analysis of the approximate solution in two-grid schemes. We prove
that the initial approximation % of the nonlinear problem is determined on the coarse mesh.
Then the fine mesh approximation u};° or u;™ is obtained by solving a large linear problem
for the Oseen two-grid CFVM on a fine mesh with mesh size h = O(H?) or a large linear
problem for the Newton two-grid CFVM on a fine mesh with mesh size h = O(|log h|'/2H?),
respectively.
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For the usual characteristic finite volume approximation uj, which involves solving one large
nonlinear parabolic problem on a fine mesh with mesh size h, we provide the following error
estimate:

lu —up|ls < C(At+h). (1.4)

Here and below, the letter C' denotes a positive constant, independent of mesh parameter h
and time step At, and it may stand for different values at its different places. After that, we
obtain that the Oseen two-grid characteristic finite volume solution uj° is of the following error
estimate:

|u—upells < C(At + h+ H?). (1.5)

Finally, we show that the Newton two-grid characteristic finite volume solution u;" is of the
following error estimate:

w—up™|ly < C(At + h+ |logh|Y2H?). (1.6)

Hence, if we choose H such that h = O(H?) for the Oseen two-grid characteristic finite
volume approximation or h = O(|log h|1/ 2H3) for the Newton two-grid characteristic finite
volume approximation, then the methods we studied are of the same convergence order as that
of the usual CFVM. However, It turns out that our approach is simpler than the CFVM.

2. Preliminaries

In this section, we describe some notations and results which will be frequently used in this
article. Standard notations are used for the Sobolev spaces W*P(Q) with the norm || - ||s.p.0
and the semi-norms |- |5 5 0. Denote W#2(Q) by H*(2) and skip the index p = 2 for simplicity.
For all T > 0 and integer number n > 0, define

T
d’L
H™(0,T;W*P(Q)) = {v e W*P(Q); E / (= v]lsp.0)?dt < oo},
— [y dt?
0<i<n
and the corresponding norm of H™(0,T; W*P()) is denoted by

i 1

T
d 2
ol oaveron = 3 ([ Grloloa?)

0<i<n

Especially, when n = 0, we denote the norm as

T 1
2
vl 220, 7,wsw () = (/O |\U||§,p,ndt) :

Let
L0, T, W*P(Q)) = {v e WP(Q);ess sup |[v||sp0 < oo},
0<t<T

with the corresponding norm

vl Loo(0,1w 0 () = €55 sup ||v]|sp.0-
0<t<T
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Let T}, (h > 0) denote a regular partition of the closure 2 of the domain ) into a finite
number of triangulations K, hiy=diam(K), h = maxger, hx. All elements of T}, will be
numbered so that T}, = {K;}ies, where I C Z+ = {0,1,2,...} such that Q = Ug,er, Ki, Na
denotes the set of all nodes T},.

Based on the partition T}, we introduce the corresponding dual partition 7). Here, we
choose the circum-center @ of a element K € T}, and the midpoints M on the edges of K, then
connect ) to M by straight line. For an arbitrary vertex x; € K, let V; be the polygonal which
is called control volume. Then, we have Q = Uy, e, Vi, the dual mesh Ty is the set of these
control volumes. We call the control volume mesh T}’ is regular, i.e., there exists a positive
constant C' such that

C7'h? <meas(V;) <Ch?, VYV, eTy.
Introduce a Lagrange interpolation operator Ij, from H?(f2) into H{(£2), such that
lu— Ihull; < Ch* Hulla, i=0,1,Vuec H*Q). (2.1)

Let trial function space U, C Hg(£) with basis functions {¢;(z)} be a linear space based on
T}, and the test function space Vi, C L%(2) be a piecewise constant space on the dual partition
T}y, whose characteristic functions {¢} (z)} are defined by

SORE S

0, otherwise.

Let I} denote an interpolation operator from HL(Q) to V}, satisfying
L= Y v(@)é(x).
zi €Nn
Set
Yz, t) = /14 |b(u)2, with |b(u)]* = by(u)? + by(u)?.
If we denote the characteristic direction corresponding to the hyperbolic part of (1.1), us +
b(u)Vu, by 7, then

0 1 9 1
o7 = o awn WY

With this definition, we write (1.1) in the following equivalent form

V(@ )G+ V- (a()Vu) = f(u),  inQx(0,T],
u(z,t) =0, on 99 x (0,77, (2.2)
u(+,0) = uo, in .

The weak form of characteristic finite volume method for problem (2.2) reads as

ou _, N *
(v )5 Iiv) + alu . Lio) = (F(w). Liv), ¥ v e HY(Q), (2.3)
where a(-, -, I}\-) is defined by

a(w,u, Ifv) = / (a(w)Vu) -nlivds, ¥V w,u,v € HLH(Q).
o9
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Here, n is the outside normal of the boundary 0Q2. Furthermore, we assume that, for V(x,t) €
Q x (0,T], the solution u of problem (1.1) satisfies the following regularities:
2 3 &*u 2 2 oo 1,00
(Cyq) : u,ur € L7(0,T; H>(Q2)), el € L*(0,T; L*(2), wue L>(0,T;WH>()).
Now, we consider a time step At = T//N and approximate the solution at t" = nAt,n =
1,..., N. The characteristic derivative can be approximated in the following way at ¢t = t™
u(x, t") —u(@,t"" Y u—u!

ou\™
z,t —)
(1/)( ? )87'
Namely, a backtracking algorithm is used to approximate the characteristic derivative. T =
x — u(z,t")At is the foot (at time level t = t"~1) of the characteristic corresponding to z at
the head (at time level ¢t = ¢").

For any v, € V4, the modified method of characteristic finite volume for problem (1.1) at
t =t" reads as: Find u} € Uy with time step At, such that

n —n—1
Up — Up

( x5 on) +aluy, up,vn) = (f(up),vn), YV op € Vi, (2.4)

where uj’ = up(t,), and

a(up, up, vp) = Z / (a(up)Vuy) - nopds

z €N, YOV

- Z “h(xi)/ (a(un)Vup) - nds.

T 6/\[},, ov;

Define the discrete norm
[unlll§ = (un, Iyun), Y up € Up,

which is equivalent to the standard L?-norm (see [23]), namely, there exist two positive constants
C,,C* such that

Cullunllo < |[funlllo < C*[lunllo, ¥ un € Un. (2.5)

To proceed the theoretical analysis for (2.4), the following discrete Gronwall lemma is
needed.

Lemma 2.1 ([28]). Let Cy and ay, by, ck, di, for integers k > 0, be non-negative numbers such
that

-1 —1
an+Atzn:bk§Atnz:dkak+Atnz:Ck+Co, Vn>l1.
k=0 k=0 k=0
Then
n n—1 n—1
an—i—AthkS(Athk—i—C’o)exp(Atde), Vn>1.
k=0 k=0 k=0

The following lemmas will play key roles in the convergence of analysis.
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Lemma 2.2 ([5]). For all up, vy, € Uy, there exists a positive constant C, such that
(un, Iyon) = (on, Tyun), - (un, Iyon) < Clluallof|vallo-

Lemma 2.3 ([13,14]). Supposing that the partition Ty, is regular, Ty is the corresponding dual
partition. For all wp,un, vy € Uy, there exist two positive constants a and C' such that

allunl|? < alwn, un, iun), — alwn,un, Tyow) < Cllup|[onl]1,
|a(wh, un, Irvn) — a(wh, va, lyun)| < Chlfun[1][vn ||
Lemma 2.4 ([13]). Introducing an elliptic operator Py : C(Q) — Uy, which defined by
a(u, Phu —u,vp) =0, Yo, € Vp, 0<t<T.
Then there exists a positive constant C' such that
IVPhulloe < C, lu— Puully < Chllull2, |lu— Pyullo < CR?||ulls,
[(w = Pru)iy < Ch(||U||2 + Hutl\2>, I(u = Pryu)ello < CR?(lulls + |luels)-

Theorem 2.5 ([34]). Under the assumptions of Lemma 2.3, if u € H*(Q)) and w € WH>(€Q),
then, there exists a positive constant C' such that

la( = un,w, Tivw)| < C(Rlulle + lu = unllo ) lwllsclfonlle, ¥ un,vn € U
We end this section by introducing the following lemma, which can be found in [35].
Lemma 2.6. It holds that
(@, u) — (u,u) < CAt(u,u), Y u € Hy(Q),

where u = u(x — u(z, t)At).

3. Error Estimates

This section is devoted to derive the error estimates of numerical solution in the characteristic
finite volume scheme (2.4). As usual, we write the error e = ™ — uj as a sum of two terms

u" —up = (u" — Ppu”™) + (Prpu” —upy) =n" + £,

where u™ = u(t,) and Py, is defined by Lemma 2.4. Firstly, we present the error estimate in
L2-norm for problem (2.4).

Theorem 3.1. Under the conditions (C1)-(C4) and assume that u) = Pyug, the numerical
solution uj of problem (2.4) satisfies the following error estimate:

_an < 2 ) )
1£nnanN||u upllo < C(h* + At) (3.1)

Proof. Denoting 0;£™ = %, subtracting (2.4) from (2.3), choosing v = £™ in (2.3) and

taking vy = I}¢™ in (2.4), we have
(06", 15€") + alup, £, 1;€") (32)
n ou™ u" — ﬂn71 * -1 77" _ 77”71 * -1 77”71 _ ﬁnil * -1
(v - EE ) (£ ) - (ST e
n—1

n—1 _ ¢
o i, P, T — (S 1) + () — ), T
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Using the definition of ||| - |||o and Lemma 2.2, we obtain that

0" 176" = (" - e i)

1
= 3A7 <£" - {(5" +&H (" - gnl)D
1
> o[ nen - @ ne) 2 s EnIE - e iR (3.3)

Combining (3.2) with (3.3), multiplying 2A¢ and summing (3.2) for n from 1 to ! (1 <1 < N),
and using (2.5) and Lemma 2.3, we have

l
€115 +2a ) l1€n |17 At

n=1
: L 7 n—1
<2l o - L i) Af?;(invffif”)m
—2 Z ( Ihfn) t—2 zl: a(u" — up, Pyu", I;E™) At
n=1
l o1 w1 .
23 (%sze”)m #237 (1) — SR i) ¢

6
=Y E;. (3.4)

Now, we estimate the right-hand terms of (3.4) one by one. For Fj, with the results provided
in [27], we have

l
n ou™ u® — 1
Bl <23 b, ) e — S ol Tl
n=1
ccar [ 1045010,y lerRar (35)
0 n=1

By a trick used in [8], Cauchy inequality and Lemma 2.4, we have

22( Ihgn)At
SQZH&"HO-H / " %Hodsﬂgﬁ"no-u [ e md s

<ClZ||£”H A0 ( [ - Praiigas)’

tn—1

|E2| = <QZII€”H ™ =" llo

T
<0 Y leoae+ [ 1= Pl
n=1 0

l T
<O 30" ot + Catt [ (sl + ) as. (36)
0

n=1
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With a similar treatment for Es, we can obtain

|Bs| = 22( ) a <CZ|I€”H [t TS

l l
n n— @ n n— n—
<CZIIE Il oAt < D T HIEMIFAL + Cy Y ut " = Puu Y |§At
n=1

n=1 n=1

l T
o
< Sl Rar+Cunt [l + fulg)ds (37)
n=1

Using the conditions of (C7)-(Cs), the triangular inequality, Lemma 2.4 and Theorem 2.5, we
have

MN

|Ey4| = a(u”™ —up, Pou"™, I;E™) At

n=1

C(h?[Ju[[2 + [Ju™ — up|lo) | Pau"||1.00ll€™ |1 AL

MN

1

3
Il

l

Z ("l =+ e lls) " [1,00 1€ 11 A+ C2 Y HE™ ol {1,001 1€" 1At

= n=1

T l
< Clh4/0 (luell3 + llul3) Z ISHIF At+CQZIIS"IIOAt (3-8)

n=1

Similarly, we can obtain

_nf

2 Z (57% — Ihg") At

<O§:MWHw1MM<—§jMWAth§Nﬁ1Wm (3.9)

n=1

n n— zn—1
|Es| = <CZH£ €™ =& a1

For Fjg, Using the condition (C’l) and Lemma 2.4 yields

|Es| = 22 flup), I;€") At

l

l
<O Y (IIEnE+ IIn"l13) At + Co Y llgn| e
n=1

n=1

T l
<yt / (el + ul3)ds + €2 Y ll€7] B (3.10)
n=1

Combining the estimates for Fy to Eg with (3.4), we arrive at

l
€113 +2a Y [l€" 7 A

T
4 2 2 2
<ot [ (I3 + lulg)as + con [ 28] s

l l
+05 ) llE"H5At+a ) llen|FAL. (3.11)

n=1 n=1
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Putting the last term into the left side of (3.11) and applying Lemma 2.1 give

l n 4 T 2 2 2
R +a > e ||1At<01h/ (||ut||3+||u||3)ds+CzAt/ HWH

n=1

This together with the triangular inequality and Lemma 2.4, the desired result (3.1) is
obtained. 0

Remark 3.1. From Theorem 3.1, we can see that the CFVM is of only first order in At. To
balance the spatial and temporal errors, one should choose At = O(h?), which is a restriction
to the CFVM. Hence, in the proof of the following theorems, we will demonstrate At = O(h?)
is reasonable.

Remark 3.2. As noted in (3 11), the term || % |lo appears in the error estimates in Theorem
3.1, instead of the term ||2%o. The former is much smaller than the later for an advection-

dominated problem. Therefore, the boundness of H “HO can be controlled by ||2 8t2 #|lo under
the some assumptions about the exact solution u.

Next, we present the H!-norm error estimate for problem (1.1) in characteristic finite volume
scheme (2.4).

Theorem 3.2. Assume that the conditions of Theorem 3.1 are wvalid. If u?l = Phug, and
At = O(h?), then the solution u} of problem (2.4) satisfies

| nax, [lu —ugplls < C(h+ At). (3.12)

Proof. We obtain the following error equation by choosing v = 0,(™ in (2.3) and vy, = I} 0,4
n (2.4), respectively

(C=E o) + a6 o)
= (vl 2E T pae) - (M o)
n—1 _ =n—1

— (% I;;atgn) —a(u" — ul, Pyu™, [0,
—n—1

¢
(R ") + (P = SR, T0E"). (3.13)

It follows from Lemma 2.3 and the inequality a(a — b) > %(a® — b?) that

1
2

1
> s [atur €, 1€ — aluj, € g™ )]

f% [a(u;;, 8™, [EE™) — a(ul, €™, I;;atg")] (3.14)

(U}ufn Ihé)tf")

Combining (3.13) with (3.14), testing (3.13) against At and summing over n from 1 to [ (1 <
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I < N), and using (2.5) and Lemma 2.3, we have

n n__ —=n—1 l n7
z<<>——> S e
n=1 n=1
! n—1 _ =n—1 l
— Z (%71}746,5&") Z alu”™ — ’U,Z, Phu”,l,t@tfn)At
n=1 n=1
l
+% Z [a(uh, 0€", I5,€") — a(up,, £" Ihatfn)}
n=1
! gn—l _ E"_l l
-3 (o) A+ 3 () = S T ) A
n=1 n=1
7
=2 (3.15)
=1

Now, we are in the position to estimate F; to Fg. First,

u =gt

] < CZ (e 2 | Izioe ot

gcm?/ H H ds+ - Znatgnnom (3.16)

For F; and Fj5, by Lemma 2.4 and the techniques used in [8], we have
|Fa| + | F3]

l n _ . n—1
_ ‘ 3 (%,Igatg”)m +
n=1
l

n—1

> (o)
n=1

l
< G Yl lolln™ —u" o+ Ce Y 12" ol V"~ floAt

n=1 n=1

l t l
n 9 B .

<a 0o [ G ds+ 0o X 0oVt = Pyt

n=1 n—1 n=1

L tn l
<y Z 19:€™ o - H/ (u—Pyur|| ds+Ca > hl0€" follulloAt

n=1
tn—1

n 1 !
<012Hat5”|\om1/2( / |(u = Puw)ili3ds)” +Ca > Alulla 25 oAt
n=1

1 T
<1 Z 10 [3AE + Clh4/0 (luell3 + [lull3)ds + Co(T)ull3p7. (3.17)

n=1
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It follows from Lemmas 2.3 and 2.4, Theorem 2.5, and Cauchy inequalities that

l
[Fa < O (2|l + [lu™ = upllo) | Pau” |1, 00|06 |1 A

n=1

7
< C(R2|[u"l2 + h® + AE) D> [[Pru[|1,00] 06" |1 At
l n=1
C(h? 4 At) Z | Phu™||1,00h 1 ||0:€™ |0 At
el l 11
<Ol 1 87 Y P e+ O 107

n=1 n=1

Similarly, we have

|F5|<—ZII€ [I1]16:8™ |I1At<CZ|I€ [TAE+ < ZII@E l5A.

For Fg, applying Theorem 3.1 yields

|F6|<Z’€n 1_

< CZ et ZAL + = Z ||E™ |2 AL

n=1

H | T0r oAt < OZ V€™ oll9r ™ ot

For Fr, it follows from the Theorem 3.1, condition (C;) and Young inequality that

l l
n n 1 n
Bl < CY Il = uplfae+ ¢ o Bat

n=1 n=1
l
1 n
< C(T)(h* + At?) + 3 z:: 106" |[5 At
Combining (3.16)-(3.21) with (3.15), one gets
l
n [0

Sl 3ae + 21kl
n=1

T T T

<cint [ (el + ul)a + Cat? [l + Coae? [ o ulf
0 0 0

l l l
+Cs D NIETHFAL+Cs Y <h2 + h’QAtQ)At + % ; 10:£™ 5 AL,

n=1 n=1

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

Under the restriction At = O(h?), putting the last term into the left side of (3.22), and applying

Lemma 2.1, we arrive at

l
D0 [BAL +[[E1]F < C(h* + AL).

n=1

The desired estimate follows from the triangular inequality and Lemma 2.4.
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4. Two-Grid Characteristic Finite Volume Approximations

From now on, H and h < H will be two real positive parameters tending to 0. Recall a
coarse mesh triangulation of Ty (2) of 2 is given in Section 2. A fine mesh triangulation T}, (€2)
is generated by a mesh refinement process to Ty (€2). The space Uy C Uy is based on the
triangulations T (2) and T},(£2), respectively. With above spaces, we consider the following
two-grid characteristic finite volume methods.

4.1. Oseen two-grid characteristic finite volume approximation

Algorithm 4.1.
Step I. Solve the nonlinear parabolic problem on a coarse mesh, i.e. find u}? € Uy (n =
1,2,...) on coarse grid Ty, such that for all vy € Vg

(U o) + a(uly, ulp vn) = (F(ulf), vm), (4.1)

Step II. Solve a linear problem on the fine grid T}, V vy, € V3, find up® € Uy, (n = 1,2,...),
such that

Oo

no_gn—1lo
(== on) +alugy, up® on) = (f(uf) + f'(ugf) (up? = wf?), vn), (4.2)
Uy~ = PhUQ.

Now, we consider the convergence of u}° to u. From (2.3) and (4.2), we obtain the following
error equation for any vy, € Vj

(W’WJ + a(ul, €, vp)

(e 2 T ) ()

oT At At
n—1 _ =n—1 n—lo __ sn—lo
(I )t i) - (S )
+(f(") = fluf?) = () (up® — up), vn). (4.3)

Theorem 4.1. Assume that the conditions (C1)-(Cy) are valid and uj® is the solution of the
Oseen two-grid characteristic finite volume scheme (4.2). If u9) = Pyug, and At = O(h?), then
max_|Ju — u||s §C’<h+H2+At). (4.4)

1<n<N

Proof. Denoting 0;£"° = “_A# and choosing v, = I;0;£"° in (4.3), we get
(atgno, I;;até"ﬂ()) _"_ a(u'};07 gno, I;;até"ﬂ())

ou” u” _ﬂn_l * n n no n o rx no
= —(?ﬂ(%tn)a—T - TJh@f ) —a(u" —uyy, Ppu”, I,0,£"°)

n—1 _ =n—1 n—lo _ Fn—1lo
G o) - (T o) - (S o)
FU) — FE) — /(3R — ), T00E™). (15)
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Using the same techniques as used in obtaining (3.14) and (4.5) gives

1
(atgno,l;gatgno) + QAt( (U’H 7gno IhgnO) (urﬁo7§n—1o7l}t€n—lo)>

n au u un ! * no n no n * no
< (vl ") G - i L") — alu” — uff, Py, 10,6")

n—1 _ =n—1 zn—lo

(@™, 106" — (7
1

5 (alusf, 067, 16™) - aluf €7, [;0:6™))

() = Fluf) = f i) (R = i), G.06€™)

7
=> G

=1

Multiply (4.6) by At and summing it for n from 1 tol, 1 <1 < N. For G; and G3-Gg,

T. ZHANG

o) - (S5 nae)

(4.6)

under the

condition (C3), by Lemmas 2.3 and 2.4, Theorem 2.5 and Cauchy inequality, we can estimate

them as in Theorem 3.2. For Ga, under the restriction At = O(h?), we can have

l
Gal < 37 C(H2luz + Il = wifllo ) I1Phu” ool 10067 1 At

n=1
l
< S C(H "l + [l = i llo ) 1 Pau 1,00 105 Joh " At
n=1
l

< C(H? + D) Y [V Pu"[o,00] 0™ [[oh™ At

n=1

< C(H? + At)? Z ||0:E™]|2h 2 A2
1
< C(H* + At?) + 5 Z ||D:E™] |2 At.

For G7, using the condition (Cj), the proof provided in [4] and Lemma 2.3 gives
(f ) = FCug) = F )i = i), 10" ) At
1
< C(Ig™I + 11113 At + C(H? + Aty At + < || ™ |IFAL,

It follows from the above estimates and inequality (4.6) that

l
D10 BAL + allg”|}

n=1

T
<o [ (Jull+ ol + ||u"||§)dt+02At2/ HW | at

+032 "1 2 At + - Z ||at«s”°||oAt+c42 (1 +a?) At

n=1 n=1

(4.9)
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By Lemma 2.1, we have
€], < C(h + H? + At), (4.10)
where C is a constant dependent on ||u||r2(0,7;m3(q)), ||ut|| 2 (0,713 (0)), but independent of A

and At.The proof is complete by combining the triangular inequality with Lemma 2.4. O

4.2. Newton two-grid characteristic finite volume approximation

Algorithm 4.2.

Step I: Solve the nonlinear parabolic problem on a coarse mesh, i.e., fine u}j* € Uy by (4.1).
Step II: Solve the general linear parabolic problem on a fine mesh, i.e., apply one Newton
step to find uj™ € Up, such that for all v, € V},

n_—-n—1n

(uhf Z‘th ’vh)+a(u7ﬁn7uzn’vh)+ (uzn’urﬁn’vh)

— (FO) + () — ), ) + auly g o), (A1)
On
Up, :Phu07

Now, we consider the convergence of the Newton two-grid characteristic finite volume scheme
(4.11). To do this, setting £"" = P,u™ — u™. Then, from (2.3) and (4.11), we obtain the
following error equation for any vy € V3

nn _ ¢n—I1n
(S m) +at e )
N oum u® — ﬂnfl nn _ nnfl nnfl _ ﬁnfl
*7(11)(:”’15 Y or T T A ’”h)f( At ’”h)f( At ’vh)
n—1in _ gn—1In
(S ) el — g g — o) — a(” g )
+(f (™) = fluf) = f () (up™ = up"), vn). (4.12)

Theorem 4.2. Assume that the conditions (C1)-(Cy) are valid and up™ be the solution of
Newton two-grid characteristic finite volume algorithm (4.11). If u) = Pyuo, and At = O(h?),
then

max ||u7u”"||1§C(h+|10gh|1/2H3+At).
1<n<N

Proof. Choosing v, = I;0;£™" in (4.12) and using the trick as adopted in Theorem 3.2, we
have

1
(atgnn’jzatfnn) 4 2At( (UH 7é-nn Ihé-nn) _ a(uH ’gn 1n I}lfn ln))

< (v % T o) (ST ) (CE T e
= " ar At At R At PR

— (O™, Iy OE™™) — a(u”™ —up™, Pou™, I 0:E™") — a(up™ — uly, up™ — u'y®, I 0E™™)

1

5 [atus, o™, e — atuy €, o™

+(f(u™) = fQuf) = f1 ) (up™ = ug), I,0™)

8
=> D (4.13)

=1
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Multiplying (4.13) by At and summing it for n from 1 to I, (1 <1 < N). For D;-Dy and
D7-Dg, under the condition of (C3), by Lemmas 2.3 and 2.4 and Cauchy inequality, we can
estimate them, using the same techniques as used in the proof of Theorem 3.2. For D5, we have

l
1Ds] < 37 C (Rl + Il = i lo ) I Pute” 1, 1™ 11 A
n=1
l
< SRz + [l = willo )17 P lo,ccl 946" o~ At
n=1
1 l
< C(h* + At?) + S > o5 At. (4.14)
n=1

For Dg, it follows from the triangular inequality and Theorem 2.5 that

@™ — Wl up" — ', Ti0E™)

< lalup”™ —u" up”™ —upg', [0 E™)| + la(u” —upy', up™ — g, [,0,6™")]

IN

l
> O (B2l + [ = wilo ) I[ug™ = i |1.ocl |90 1 At

n=1
l

+ 3 Co (B2l + ™ — o ) g = w1 el |01 1 A

n=1
l
<SOR3l + u = g o) Hog hl*/2 Jug — w1 10¢™ Joh ™ At
n=1
l

+ 3 Co (Pl [2 + llu™ = willo ) Nog I 2lluf; — wi'| 11|00 loh ™ At

n=1

l
<Y (h2 + At) Tog h|1/2 (h iy At>||8t§”"||0h_1At

3
I
A

l
+3C (H2 + At) | log h|1/2 (h Y H+ At) 119, loh~ L At

n=1

l
1
< C(h4H2 + H6) [log Al + £ > €™ 3AL. (4.15)
n=1

Combining (4.13) with above estimates and applying Lemma 2.1 and triangular inequality, we
obtain the desired results. O

5. Numerical Experiments

In order to gain insights on the established theoretical results in Sections 3 and 4, we present
some numerical experiments in this section. Our main interest is to verify the performances of
the Oseen and Newton two-grid characteristic finite volume algorithm (4.2) and (4.11). In all
experiments, 0 = [0,1] x [0,1], T = 0.1, At = h?. The mesh consists of triangular elements.
In order to show the prominent features of the two-grid characteristic finite volume method, we
compare our schemes (4.2) and (4.11) with the CFVM (2.4) for the nonlinear problem (1.1). In
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each time iterative interval [t,,—1,tn], the stopping criterion

(N+1)? 2

> ) <107
=1

is employed, where N is the number of nodes in each orientation, m is the step of the iterative
and initial value u) = uy(0). u}° and u}™ be the numerical solution which obtained by using
the Oseen and Newton two-grid CFVM methods, respectively. The experimental rates of con-
vergence with respect to the mesh size h are calculated by the formula %, where E;
and FE;;1 are the relative errors corresponding to the mesh of sizes h; and h; 1, respectively.
We choose the coefficients of problem (1.1) are a(u) = u, by(u) = ba(u) = u. The initial-
boundary values and f(u) are determined by the exact solution u = e ‘z(1 — x)y(1 — y). The
CPU time and relative errors are listed in Tables 5.1-5.3 for the CFVM and two-level CFVM

methods with some h and H. It is need to explain that the coarse mesh sizes in Newton two-grid

CFVM method, from Theorem 4.2, we should choose H = {/h|log h|_%, in order to put the
suitable nodes N, we take the numbers of mesh points as a integer of N = [%]

Table 5.1: Characteristic finite volume method for nonlinear parabolic equations.

+ IluH*uu”I[lj’Ilo 7HM\ETI;EH1 ur2 rate w1 rate CPU(s)
9 0.0331786 0.413652 / / 0.857
16 0.0112041 0.238276 1.8868 0.9587 7.469
25 0.0049335 0.157435 1.8379 0.9286 43.984
36 0.0024609 0.110440 1.9074 0.9723 195.329
49 0.0013811 0.0813872 1.8736 0.9901 699.141

Table 5.2: Oseen two-level characteristic finite volume method for nonlinear parabolic equations.

F + HMHZ"E)”O Huisl;;{’l"\h U2 rate Uy rate CPU(s)
9 3 0.0321762 0.429481 / / 0.469
16 4 0.0116502 0.252669 1.7657 0.9220 3.656
25 5 0.0051738 0.170766 1.8188 0.8779 20.510
36 6 0.0026148 0.123599 1.8714 0.8865 88.313
49 7 0.0014607 0.092588 1.8886 0.9370 295.438

Table 5.3: Newton two-level characteristic finite volume method for nonlinear parabolic equations.

F = Huﬂ:ﬁ:”“ Hu]sﬁrul up2 rate ug rate CPU(s)
9 2 0.0233606 0.385462 / / 0.406
16 3 0.0084201 0.236872 1.7735 0.8463 3.375
25 4 0.0037730 0.162319 1.7988 0.8469 19.438
36 5 0.0019677 0.119149 1.7853 0.8479 84.079
49 6 0.0011379 0.090306 1.7765 0.8990 292.859

From Tables 5.1-5.3, we can see that the numerical results coincide with the theoretical
analysis, and both the Oseen and Newton two-level characteristic finite volume methods spend
less time than CFVM, that is to say, our algorithms are effective for saving a large amount of
computational time and still keeping good precise.
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6. Conclusions

In this paper, we consider the two-grid characteristic finite volume methods for the non-
linear parabolic problem. The L? and H'-norm error estimates for the modified method of
characteristic finite volume are derived under some assumptions. Furthermore, for two-grid
algorithms, by using Taylor expression and the known solution %, which obtained in coarse
mesh, the nonlinear system transforms into a linear system, which is much easier to be solved
than the origin problem, some numerical results are provided to confirm the effectiveness of our
methods.
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