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Abstract

We analyze finite volume schemes of arbitrary order r for the one-dimensional singu-
larly perturbed convection-diffusion problem on the Shishkin mesh. We show that the error
under the energy norm decays as (N~ 'In(N + 1))", where 2N is the number of subinter-
vals of the primal partition. Furthermore, at the nodal points, the error in function value
approximation super-converges with order (N *In(N + 1))?", while at the Gauss points,
the derivative error super-converges with order (N~ *'In(N +1))""!. All the above conver-
gence and superconvergence properties are independent of the perturbation parameter e.
Numerical results are presented to support our theoretical findings.
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Key words: Finite Volume, High Order, Superconvergence, Convection-Diffsuion.

1. Introduction

We are interested in numerical solutions of singularly perturbed problems (SPP), whose
approximation schemes are difficult to construct due to the effect of boundary layers. The
subject has attracted much attention in scientific computing community (see, e.g., [2,18,19,
22,24,25,29,31,32]). However, most theoretical studies in the literature have been focused on
finite element methods (FEM) including discontinuous Galerkin (DG) methods.

On the other hand, the finite volume method (FVM) also has wide range of applications due
to its local conservation of numerical fluxes (a property not shared by FEM), the capability of
handling domains with complex geometries (a property shared by FEM), and other advantages,
see, e.g., [3-6,9,12-14,20, 21, 26, 30, 35]. Recently, FV schemes of arbitrary order have been
constructed and analyzed for the two-point boundary value problem [7]. In this paper, we extend
our study along this line to singularly perturbed problems. Note that traditional numerical
methods on quasi-uniform meshes for SPP may be unstable and fail to give expected results.
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Therefore, we construct our FV schemes on the Shishkin type meshes ( [24]), which are well-
known to be effective for the finite element approximation of SPP. Moreover, following [7], we
use the Gauss points of the primal mesh to construct control volumes. Note that this idea of
control volumes construction was used in some low-order FV schemes, see e.g. [17,21,27].

The special feature in the analysis for SPP is to establish e-independent error bounds.
Therefore, the proof of the inf-sup condition is much more involved and special care must be
taken. Similar to the finite element method, the FVM bilinear form for convection-diffusion
problems is not uniformly continuous with respect to the singular perturbation parameter e
(see Section 3). To overcome this difficulty, we prove a weak continuity instead. With the
inf-sup condition and weak continuity in hands, we prove that the approximation error under
the energy norm has a near optimal order (N~ !In(N + 1))".

We further investigate superconvergence properties of our finite volume schemes. Note that
superconvergence properties of other numerical methods for SPP have been studied before,
e.g., see [31] for finite element methods, [8,33] for streamline diffusion finite element methods
(SDFEM), and [28,29] for DG methods. In this work, we establish a superconvergence rate of
(N7n(N+1))"*! for our FVM under a discrete energy norm, similar to the result in [31] for the
counterpart finite element method. As a direct consequence, a near optimal convergence rate in
the L2 norm is obtained. Finally, we prove nodal points superconvergence rate (N ~'In(N+1))2",
which is similar to the one for SDFEM in [8]. We should point out that all aforementioned error
bounds are independent of the singular perturbation parameter e. Moreover, our numerical data
indicate that the logarithmic factors appeared in the estimates are not removable, and hance,
our error bounds are sharp.

The outline of the rest of this paper is as follows. In Section 2, we present our F'V schemes for
the one-dimensional singularly perturbed convection-diffusion problem on the Shishkin mesh.
In Section 3, we prove the inf-sup condition and a weak continuity and use them to establish the
optimal convergence rate under the energy norm. In Section 4, we analyze superconvergence
properties. Numerical results supporting our theoretical findings are provided in Section 5.

In the rest of this paper, “A < B” means that A can be bounded by B multiplied by a
constant which is independent of € and N. “A ~ B” stands for “A < B” and “B < A”.

2. FV Schemes for Convection-Diffusion Problems

In this section, we introduce a family of finite volume schemes of arbitrary order to approx-
imate the following convection-diffusion model problem.

—eu’(z) + p(z)u'(z) + q(z)u(z) = f(z), Yz € Q= (0,1), (2.1a)
w(0) = u(1) = 0, (2.1b)

where 0 < € < 1 is a small positive parameter and
p(lL’) > po > 07 Q(CL’) > qo > 07 Vz € Q.
There is no essential loss of generality to consider the following problem

—ea(z)u” (x) + ' (x) + b(z)u(z) = f(z), Vo € Q = (0,1), (2.2a)
w(0) = u(1) = 0 (2.2b)
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with
a(r) > ag >0, b(z)>by>0, Voe.

In fact, the above two equations are equivalent, since we can obtain (2.2) from (2.1) by
multiplying (2.1) with ﬁ.
By the regularity analysis ( [18], Chapter 8), the exact solution u can be decomposed into

U= U+ Ue,
where the regular part @ and the singular part . satisfy:
a8 Lo <1, [uP)(z)| S e ke BP0/ va e (0,1), k> 0. (2.3)

Note that the exact solution u exhibits a boundary layer at x = 1.

We present our method under the framework of the Petrov-Galerkin method. We begin with
the construction of the primary partition P and its corresponding trial space. Here a Shishkin
type mesh is used as our primary partition P by introducing

1
A = min (5, S(r+2)In(N + 1)),
and then dividing the intervals (0,1 — A) and (1 — A, 1) into N equal-size subintervals. Hence,
the element length in (1 — A, 1) is h; = h = A/N, whereas in (0,1 — \) is h; = h = (1 — \)/N.
In this article, we shall only consider the case when

DO

%(r+2)ln(N+1) <

for otherwise, r and N would be large enough to catch the boundary layer or the problem is
regular. In either case, the traditional analysis would apply.

Let 0 = 29 < 21 < ... < 2oy = 1 be 2N + 1 distinct points on the interval Q. For all
positive integer k, let Z, = {1,2,...,k}. Then

P = {TilTi = (xi_l,aci),i S ZQN},

constitutes a partition of Q.
The corresponding trial space is chosen as the Lagrange finite element of rth order, » > 1,
defined by
Up = {v € C(Q) : 0], € P, Vr € P, oloq = o},

where P, is the set of all polynomials of degree no more than r. Obviously, dimUp = 2Nr — 1.

We next present the dual partition P” and its corresponding test space. Let G1,...,G ber
Gauss points, i.e., zeros of the Legendre polynomial of rth degree, on the interval [—1,1]. The
Gauss points on each interval 7;,7 € Zoyn are defined as the affine transformations of G; to 7,
that is :

1 .
9ij = 5(%‘ + 21+ hiGj), j € Zy.

With these Gauss points, we construct the dual partition

P = {110 Ton,s UL, 1 71 j = 965, 9i511], (i,7) € Zan X Ly, },

where

T{,O = [ngl,lL TéN,'r‘ = [921\[,7“; 1],
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and

r if 1€ Zon_1 .
Ty = { ’ Gir41 = Giy1,1, Vi€ Zon_1.

r—1 if i=2N,

The test space Vp/ consists of the piecewise constant functions with respect to the partition
P’, which vanish on the intervals 71 U 75y ,.. In other words,

Vpr = Span {4 ; : (i,7) € Zan X Zy, }

where 1; ; = X[q. . 4. .., is the characteristic function on the interval 7, Such a construction
5] [97,,]797,,]+1] 1,

guarantees that dim Vp, = 2Nr — 1 = dim Up.

e
We are ready to present our finite volume scheme. Integrating (2.2) on each control volume
[9i,5, Gij+1), (1, 7) € Zon X Zy, yields
gijt+t Gi,j+1
/ —ea(z)u” (z) +u'(z) + b(z)u(z)ds = / f(x)dx. (2.4)
9i,j Gi,j

Let wpr € Vp/, wps can be represented as

2N r;

wpr = E E wi, Vi g,

i=1 j=1

where w; ;s are constants. Multiplying (2.4) with w; ; and then summing up for all i, j, we
obtain

QZN:in (/gml —ea(x)u” (x) +u'(z) + b(:v)u(x)dx) = /01 fl@)wp (z)da,

i=1 j=1 9ij

or equivalently,

2N r 9i,j+1
> (6[%,]’]&(9@;')“'(9@3') + wi / ((ea’(z) + D' (z) + b(ﬂf)u(fﬂ))dﬂf)

i=1 j=1 9i,j

1
=/ f(@)wp (z)dx,
0
where [w; ;] = w; ; — w; j—1 is the jump of w at the point g; ;, (¢,7) € Zon X Z, with wy o =

0,won,» =0 and w; o = wi—1,,,2 <@ < 2N.
We define the FVM bilinear form for all v € H (), wp: € Vp: by

2N r
ap(v,wp) = Y efw; jlalgi )V (9:5) (2.5)

2N 71, gi it
+ z_;z_;wj (/g | ((ed’(z) +1)0' (z) + b(x)v(x))d;C) ,

The finite volume method for solving the equation (2.2) reads as : Find up € U such that

a'p(u'p,w'p/) = (f, w'p/), Ywpr € Vpr. (26)
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3. Convergence

This section is devoted to the error estimate under the energy norm. An error bound
of (N7'In(N + 1)) under the energy norm will be established. Our analysis is under the
framework of Petrov-Galerkin method, which requires the establishment of the inf-sup condition
and continuity of the bilinear form (2.5).

3.1. Inf-sup condition

We use the natural energy norm
[lIZ = [0]Z + (v,0), [ofZ = e, v, (3.1)
for all v € H}(Q), and a discrete energy norm following [31]
2N r
WllZ = o2+ (v,0), [oZg=e> > Aijv'(9i5)%, (3.2)
i=1j=1

where A; ;s are weights for the r-point Gaussian quadrature on the interval ;. Since the r-point
Gaussian quadrature is exact for polynomials of degree 2r — 1, then

[olle = [lv]

€,Gs Yv € U,;;,

For all wp: = 21251 Z;;l wij;; € Vpr, we define an e-dependent semi-norm by

2N r
wpr [ e = €Y Y by w7, (3.3)

i=1 j=1

and a norm by
2N Ti

lwp 1B = [wpr [ e+ > haw . (3.4)

i=1 j=1
To discuss the relationship of the norms between the trial and test spaces, we recall the linear
mapping from the trial space to the test space introduced in [7]. Let IIp : Up — Vpr be the
mapping defined for all wp € Uy by

2N Ti

Mpwp := wp = Z Zwi,jwi,j,

i=1 j=1
where the coefficients w; ; are determined by the constraints
[wi ;] = Aijwp(gij),  (i7) € Zan X Zy,.

It is shown in [7] that
[wan »] = Aoy rwp(gan +)-

Consequently,
-
|w'p|in ~ Zh;l[wi,j]Q, Ywp € U;;, Vi € Zaon. (3.5)
j=1

We next show that a similar equivalence holds for the e-dependent energy norm.
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Lemma 3.1. For all wp € Up, there holds

[wplle ~ [Tpwpl|p e
Proof. By (3.5) and the definitions of || - ||+, and || - ||e, we only need to prove

2N r;

lwpl§ ~ > huw?;.

i=1 j=1

Noticing that for all wp € Up
x
wp(z) = / wp(t)dt + wp(zi—1), Ve €Ty i€ Zan,
Tj—1

then

lwpllg.r, S hiwp(zi1) + hilwplf ..
Similarly, we have

hiwp (zi—1) S wpllf ., + hZlwpl? ..

By the inverse inequality,
hiwp (zi-1) + hilwpli ., S lwpl§ -, + R lwplt ., < lwpl .-

Consequently,

[wp |3 7, ~ hiwp (wi1) + hi|wpli ., Vi€ Zon.

Note that

r

wia i1
wp(zi_1) = / wip (z)dr = Z Z[w’”] = Wi_1,r = Wip.
0

k=1 j=1

Then by (3.5) and (3.7), we have

T i
[wpl§ -, o hiwdo + 0 Y by Hwi 1 Shi Y wi;.
=0

j=1

On the other hand,

hi iwzj < hiwio + h; ZT: Z]:[wi,kf

Jj=0 j=1k=1

5 hiwio + h12|w7>|%,'ri 5 |w7>|(2),7'.;'

In summary, we have

T
lwpll ., ~hi Y wi;, Vi€ Loy
j=0

493

Summing up the above equivalence for all i gives (3.6). The conclusion follows immediately. O

With all these preparations, we are now ready to present the inf-sup property of ap(-,-).
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Theorem 3.1. Assume that the mesh size h is sufficiently small, then

ap(vp, wp)
inf sup @ ——
VPEUL wpr €Vips ||’U7>||€HU}’P’||’P’,5

> /80; (38)

where By > 0 is a constant independent of € and N.

Proof. Recall the bilinear form (2.5), for all vp € Uy, we have

ap(’l)p,Hp’Up) = J1 + JQ + J37

with
2N r
Ju=eY Y [vijla(gi)vp(gi),
i=1 j=1
2N 71, Gi,j+1
=S us [ e @)+ D,
=1 j=1 9i,j
2N T 9ij+1
Z Z Vi / b(z)vp (x)dx.
=1 j=1 9i.j
Obviously,

Ti>aoe Y Y Aii(p(9i,0)* = aolvpl;.

i=1 j=1
We now estimate Jo. By Young’s inequality and (3.6), we have

2N r; Gi,j+1
3wy [ @i
i=1 j=1 9i,j
ao 2N r;
< Dpop? tee 30D ity < Dlopl? +erclop
i=1 j=1

where ¢, ¢; are constants independent of € and N. Note that

2N r;

i 1
sz”/g G+l ZZUUUP 9ij) / vé,vp:(),

i=1 j=1 9i,j i=1 j=1
Then we have

a
Jo > *_0|U7>|§ — cr€||vpg.

As for J3, we let V(z) = [ b(s)vp(s)ds,z € Q and

E;, = / dI - ZA 7J'U7D gz,j)v(gi,j)7

j=1

be the error of Gauss quadrature on the interval 7;, ¢ € Zon. Then

1 2N
=S V) = [ Ve s S E,
=1

=1 j=1

- /0 b(a)d(2)dz + 3 B,

i=1
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It follows from [10] (p.98, (2.7.12)) that there exists a & € 74,4 € Zan such that

h2T+1 T! 4 / 2r
E; = W(Uﬁ-v)( (&)

= b (b(&)(v%“ €+ X () ® <zsi>v<2”€><@->> .

k=0

By the inverse inequality, for all k € Z,._»

(RISl

—(j+k+1
Sen D plisem plkoon S iy D by I up 2
jH+k<2r—1 J+k<2r—1

where ¢, and ¢, are constants dependent on r,b. Then
2 .
E; > —chillvpllg ., Vi€ Zan.

Therefore, when h is sufficiently small, we have
1 2N b
0
Js = / b(x)vp (r)dr + ZEl > —|lvp|l2.
0 i=1 2

Consequently,
(%)) 2
ap(vp,pvp) = J1 + o+ J3 = —lvplc.

By Lemma 3.1, there holds for any vp € Up,

ap(vp,wpr) _ ap(vp,lpvp)
sup

= > Bollvp
wpeVp wprllere = [Tpvplp ol

with 5y independent of € and N. The inf-sup property (3.8) follows.

3.2. On the continuity

495

Under the framework of Petrov-Galerkin method, the convectional continuity of ap(:,-)

means that for all v € Up, wp: € Vpr,

ap (v, wpr) S [vl|ellwp (|7 e,

(3.9)

where the hidden constant should be independent of the small parameter €. However, due
to the existence of the term v’ in (2.2), for convection-diffusion problems, (3.9) may not hold
uniformly with respect to e. Therefore in the following, we show the continuity property (3.12)
which is slightly weaker than (3.9) but is sufficient for the establishment of our optimal error

estimate.

We begin with a special interpolation. Let I; ;, (¢, j) € Zon X Zr—1 be derivative zeros of the
Legendre polynomial of degree r on the interval 73,7 € Zap, then l; ;, together with ;0 = ;1
and l; , = x;, are called the Lobatto points of degree r 4+ 1 on the interval 7;. Let uy be a
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polynomial of degree r that interpolates u at those r + 1 Lobatto points. Following the basic

idea in [31], we choose the special interpolation of solution u as I.u = @y + u.,., where

Ue, T, 1_)\§I§17
Ue . = Ix, 17Afi_1§x§17)\,
0, 0<z<1-\-h,

with

_\\z=14+X+h z <
lx(x):{“f(l A= G

0,

Ay
b‘l

1—,
JU (L —A1).
A direct calculation shows that

- 1
03 = et = N2/3 S s

. 1
A} = ue(1 = X)?/h < Nz i3

We next present some approximate properties of I.u. We omit the proof of Lemma 3.2 since
the arguments are similar to those in [31]. The only difference is : here A = 5(r + 2)In(N + 1)

instead of A = §(r + 1.5)In(N +1) in [31].

Lemma 3.2. Let u. satisfy the regularity (2.3). Then

l|lue —

r+1
SV (Y™ 2

(N + 1)\ 1
|Ue - Ue,1|e,G,(17>\,1) 5 (%) s |Ue|e,G (0,1—X) 5 W

Moreover, we can show the following properties.
Lemma 3.3. Let u. satisfy the regularity (2.3). Then

2N r . n 2(r+1)
5 3 Y- wn? < (M)

i=N+1j=1

1
Z Z ue gz ] 5 N2(r+2)”

=1 j=1

Proof. Let

2N r hz hz
DY = (we—uen)(9i)* To=>> :(Ug(gi,j))2~

i=Nt1j=1 € i=1 j=1
From the standard approximation theory and (2.3), we have
2N
- 2(r+1
Tget Z n )hi|u€|72“+1,oo,‘ri
i=N+1

2N 2(r+1)
Z h; . In(N +1
5 671 (?)2(r+1)hi6725(1711)/6 5 < Il( N+ )> )
i=N+1

(3.10a)

(3.10b)

(3.11a)

(3.11b)



Finite Volume Superconvergence Approximation for One-Dimensional Singularly Perturbed Problems 497

Here we have used the fact that

hie—QB(l—;ci)/e o hie—QB(l—xi,l)/eeQBhi/e

— (N 4+ 1)V pe—280-zim)/e < /m o—28(1—=2) /e

Ti—1

On the other hand, by the regularity (2.3),

Ty < et zN: zr:Ame*Qﬁ(l*gi,j)/é

i=1 j=1
1

S o1y S Fraery

Here we have used the remainder for Gaussian quadrature

X; T
/ e=2Pa)/e _ 57 g, sem2(gi)/e
Ti—1

i— Jj=1
AL 28N\,
=i 2t [0 U8 VicZy, e
2r + 1)[(2r)1)? ( € ) ¢ >0, Vi€Zn, &G €T
The proof is completed. O

We are ready to present our weak continuity of ap(-,-).

Theorem 3.2. Let u be the solution of (2.2) and satisfy the regularity (2.3). Let U be the

C° finite element space with piecewise polynomials of degree r on the Shishkin mesh. Then

In(N +1)
N

+1 1
a’P(’U; — IEU;,’LUPI) 5 (( )7 + ) ||'UJ77’H77',E' (312)

N’l“

Moreover, if u € Up, then

(N + 1)\
2 e (3.13)

*Iea RS
ap(u uwp)N< N

Proof. We first estimate the approximation for the regular part. If o ¢ Uy, we have, from
(2.5) and Cauchy-Schwartz inequality

=

2N r
ap(i—ur,wp) S [ DD ehi(@—ur) (g:5)* + la—url} ] [lwpllp e
i=1 j=1

1
S e llwpllpre.
Here in the last step, we have used the fact that [34] (p.146, (1.2))

|(w = ur)(9:,5)] S P ulis2,00,0, (3.14)

37

with w; ; = (gi,j-1, gi,j+1). Furthermore, if 4 € Up, we have @ = @y, which yields

ap(ﬂ —uy,wpr) = 0.
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We next consider the approximation for the singular part. Let

K1 = ap(uc — te,r, wP/)(l—)\,l); Ky = ap(ue, wP/)(O,l—/\)-

In light of (3.10) and Lemma 3.3, we derive

T
K1N<|ueud||€(,~(1 ot 3 S e - ue) <gz-,j>) -

i=N+1 j=1

(N + 1)\
< (5D e

Similarly, we derive the following estimate for K.

[N

1

> 1
S Muell? g1 + —(ue(gi)? ) Nwpllpre S sz llwp | pr e
Nr+

i=1 j=1

Recall the bounds of [y, we obtain

1
aplirsom) 5 s e (1624 WAlR)* S s o

Note that
ap(te — e 1., wp) = K1 + Ko 4 ap(lx, wpr).
Then T
In(N +1)\"
fomtue — terwe)] S (FEF) e
Combining ap (@ — ur, wpr) with ap(ue — ue 1., wps), we obtain (3.12) and (3.13). 0

3.3. Estimates under the energy norm

In this section, we shall use the inf-sup property (3.8) and the weak continuity (3.12) (or
(3.13)) to prove that our finite volume scheme (2.6) has optimal convergence rate under the
energy norm.

Lemma 3.4. Let u satisfy regqularity (2.3). Then

In(N +1)\"
L < (LT
Ju- . s (25

Proof. By the approximation theory, there holds

(3.15)

o € 1
- w2 5 (572 + o ) 120 S 3
. By (2.3) and (3.10a),

2N

We next estimate ||ue —

e — Z eh"uel? iy 7, + [lue — Ue,l||(2),(1—x,1)
i=N+1
In(N 1 2(r+1)
< (e Py +) (HF)
2r
- In(N +1) 7
~ N
2 -1 ,—B(1—z)/€ < 1
[[te e,(0,1—>\) e ||0 (0,1-x) T H“e”o (0,1-0) < N2(r+2)
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Recall the bounds of [y, we derive

0112 = el + 1313 £ Sz
Consequently,
e 12 5 e el 0y + el 1o + k2 5 (2O
Therefore .
o= el =l 4 = e 2 5 ()
The inequality (3.15) follows by taking the square roots. a

Theorem 3.3. Let u and up be the solutions of (2.2) and (2.6), respectively. If u satisfies the
reqularity (2.3), then

M) (3.16)

Ju - sl 5 (205

Proof. By the inf-sup property (3.8) and the weak continuity (3.12) (or (3.13)),

— 1
lup — Ll S sup 2R — It wp)
’LU7;/€V7;/ ||wp/||Plf5

ap(u— Teu, wpr) _ <ln(N+1))T
~Y N N

sup
Wpr €Vpr ||’UJ7)’||’P/1€

In light of (3.15), we obtain (3.16) immediately. O

Remark 3.1. For reaction-diffusion equations, i.e., the term of first order derivative pu’ in
(2.1) disappears, the bilinear form ap (-, ) is uniformly continuous with respect to e. Namely,
(3.9) holds. Therefore, we directly have from (3.8) and (3.9)

In(N +1)\"
Ju=uple 5 inf, = el $ u— Ll 5 (S5

4. Superconvergence

In this section, we present the superconvergence properties of the FVM solution. We begin
with a study of superconvergence properties of ups at Gauss points.

Theorem 4.1. Let u be the solution of (2.2) and satisfy the regularity (2.3), and up the
solution of (2.6). Then

1n(N+1))’”+1 1 ()

Ju-urlea 5 (“ -+

Furthermore, if u € Uy, then

In(N + 1))’“”.

- urlea 5 (“
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Proof. We first consider the term ||u — Lulle,¢. By (3.10b) and the bounds for [, we have

Hue — Ue, I, ||€,G < Hue - u€,IHE,G,(17A,1) + H/U’EHE,G,(O,l*A) + Hlk|

e,G

For the regular part of the solution, we use similar arguments as in Lemma 3.2 to derive

2N 2
1
_ 2(r4+1) ) - _
nu—wmﬂs<§ymﬁrNwiﬁ&n+m—um@ S 7o

i=1
Therefore,

In(N + 1)>T“.

lu— Leulle.q < |lue — ue,1, N

et llu—trllec 5( (4.3)

On the other hand, since
[Heu —uplle,c ~ [Lew — up|e.

By the inf-sup property (3.8), we have

ap(u — Ieu,wp)

|up — Ieulle,c S sup
wpr EVpr ||w'P/H'P/75

In light of (4.3) and the estimates in Theorem 3.2, the desired results follow from the triangular
inequality. O

Since || - llo < || - |le,c, as a direct consequence of the above theorem, we automatically
establish a near optimal convergence rate in the L? norm, that is:

In(N+1)\"" 1
_ < (=2 - 7/ — 4.4
fu-urlo 5 (P5F) 4 (1.4
and if u € Up, then
(N + 1)\
|wuﬂbs(—LN—l> . (45)

To discuss superconvergence properties of up at nodal points, we need the following as-
sumption
2r +1 ., _h
elne™ < —. 4.6
- <3 (4.6)

Note that (4.6) do not constitute a loss of generality since we are interested in singularly
perturbed problems and hence € < 1 which makes the assumption very reasonable and it holds
even for very large N.

For any = € Q, let G(z,-) be the Green function associated with z for the problem (2.2).
Then

v(z) = A(v,G(z,-), Yo € H(Q),
where the Galerkin bilinear form A(-, ) is defined for all v,w € H}(Q) by

A(vﬂv)=/0 6a(y)v'(y)w’(y)dy+/0 ((ed'(y) + 1)v"(y) + b(y)v(y))w(y)dy.
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It is shown in [8] that G(z,-) satisfies the following regularity properties.

G (2, y)

)| S (1 +e eV, Yy € (0, ), (4.7a)
1G9 (z,y)

| <
| S (e P2/ vy € (x,1), (4.7b)
for any s > 0.

The next theorem provides an error estimate under the L norm, which plays a critical role
in the superconvergence analysis at nodal points.

Theorem 4.2. If u € Uy, there holds

In(N +1)\""*
Ju = upllone S VRV T D (2OFEE) (43)
Proof. For any x € 7; C (0,1 — \), by the inverse inequality,
|(Tew —up)(z)] < h% [Lew — upllo,r < hs [Lew — up|lec-
For all z € (1 — A, 1), we have from Cauchy-Schwartz inequality,
! A
up — LeU)(T)| = up — Ll > —|[LeU — UP|le,G-
up 1)@ = | [t — ra @] < Atcn )
x
In light of (4.2) and (4.3), we have
In(N 4+ 1)\
R T G
which implies
1
In(N +1)\""2
Hew — upllo,co S V/In(N +1) <¥> .
N
On the other hand, a direct calculation yields
In(N +1)\"*!
H’U;_IE’U;| 0,00 5 (%) .
The desired result (4.8) follows. O

Remark 4.1. In the above theorem, we do not derive an optimal convergence rate for the L™
norm, which is of order r + 1. However, the error bound obtained in Theorem 4.2 is sufficient
in our following superconvergence analysis.

With all the preparations , we are ready to present superconvergence properties of up at
nodal points.

Theorem 4.3. Let u be the solution of (2.2) and satisfy the regularity (2.3), and up the
solution of (2.6). Assume @ € Uy, and the assumption (4.6) holds. Then

s — ) ()] S (%) Vi€ Zaw, (19)

where the hidden constant independent of € and N .
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Proof. Let e = u — up and

Vala) = [ ((ea' )+ D)+ bye) . o € 0.1]
It is shown in [7] that
e(xl) = A(ev G(SL'“ )) =F1 + Es, Vi€ Zon,

where

AN RGN

) oG (@r)
Ei=)_ [CESCIE [((ea(y)e (y) - %(y))a—y(:ci, y)}

)

k=1 y=Ek
R SO T
T @+ 0P Loy P

and &, mx € Tk, k € Zon. When the mesh size h is sufficiently small, it is shown in [15] that
& —x)p — hf Then

h
gk‘ Z ?17 VkEZQNa

e —x > & — o > %, VE > .
By the regularity (4.7), for all j € Zo, 41
|G (25, &)| < max(1 4 e e P/€ 1 4 ¢TeBler—mi)/e)
< max(1 4 e Je /3 1 I Ph/3€) Yk € Zyy.
In light of (4.6), we have

1, keZn,

) (.
|GV (4, &) 5{ G_je_ﬂh’“/36, N+1<Fk<2N. (4.10)

We left with the estimate for F; and Es. We only provide details for Fy, since the argument
for Fy is similar (and simpler). We divide E; into two parts, outside boundary layer Ef* and
in boundary layer Ef. Note that ) = 4\ for j > r, we have, from the Leibnitz formula of
derivative and (4.10)

N r 2r+1
BE S R (e + Y &)l
k=1 §=0 j=r+1

By the regularity (2.3), there holds for all j < 2r +1
ul) (&)] S e e PUm/e g el g,
Therefore,
[P (&) < @9 ()] + [ul (&) S 1.
By the inverse inequality, for all j € Z,.,
D&)< Hew = up|jo0,m + [(Tew — u) D (&)]

S h [ eu — upo,00,m + 1.
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Consequently,
2r
- - In(N +1)
R 2
L e e I

Similarly, by (4.8) and (4.10), there goes

2N r 2r+4+1

B\ 2r+1=3 By \2r+1-7
25 Y (X () Wlebn+ 3 (%) i)
k=N+1 »j=0 Jj=r+1
2r
- In(N +1)
~ N )

where in the last step, we have used

higluljoom S

~

eI ppe-Pl-zi)/e < e_j/ " emB-n)/e v

Tk—1
and (see [1])
leljooime S i llello,oo,m + B [ulist,c0mes Vi € Zy
Then
In(N + 1)\
Bl = 1Ef 4 B (PO
N
By the same arguments, we obtain

In(N + 1)\
|Eo| < (%) .

The desired result then follows. O

As a direct consequence of (4.9), we have

2N

Py = (% ;Ku—up)(xi)]?) < () (a.)

5. Numerical Results

In this section, we present numerical examples to support our theoretical findings.
We consider (2.2) with a = 1,b =0 and f(z) = z. The exact solution is

v =e(5+9 (5 +9 (T

Note that the regular part of & = (5 +¢) is included in the trial space Uy, > 2 and the solution
has a boundary layer at z = 1. The transition point is 1 — X with A = e¢(r+2)In(N+1). We solve
this problem by the FV scheme (2.6) with » = 3 and r = 4, respectively. In our experiments,
the underlying meshes are obtained by dividing each interval (0,1—\) and (1—\,1) into N = 27
subintervals, j € Zg when r = 3 and j € Z7 when r = 4.
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Table 5.1: r = 3.

e=10"1 e=10"° e=10"8

lu—uple |Ju—uplec |u—uple |Ju—uplea |u—wuple |u—uplea

N
2 2.2496e-2  8.8874e-3 2.2492e-2  8.8891e-3 2.2492e-2  8.8891e-3
4
8

1.0257e-2  2.9156e-3 1.0256e-2  2.9157e-3 1.0256e-2  2.9157e-3

3.6471e-3  7.2206e-4 3.6464e-3  7.2199e-4 3.6464e-3  7.2199e-4
16 1.0415e-3  1.3485e-4 1.0413e-3  1.3483e-4 1.0412e-3  1.3483e-4
32 2.5206e-4  2.0279e-5 2.5201e-4  2.0275e-5 2.5201e-4  2.0275e-5
64 5.4267e-5 2.6134e-6 5.4256e-5 2.6129e-6 5.4257e-5 2.6129e-6
128 1.0751e-5 3.0171e-7 1.0749e-5 3.0165e-7 1.0750e-5 3.0164e-7
256 2.0038e-6 3.2115e-8 2.0034e-6  3.2108e-8 2.0018e-6  3.2129e-8

e=10"1 e=10"° e=10"%

ENode  |u—up|Lo Enode |u—up|Lo Enode  |u—up|Lo

N
2 2.5258e-3  2.2876e-3 2.5446e-3  2.3051e-3 2.5448e-3  2.3053e-3
4
8

2.0226e-4  2.0821e-4 2.0817e-4 2.1305e-4 2.0823e-4  2.1310e-4

1.0534e-5 1.8735e-5 1.1693e-5 1.9288e-5 1.1705e-5 1.9294e-5
16 3.8286e-7 1.8008e-6 5.2587e-7  1.8282e-6 5.2786e-7 1.8286e-6
32 1.2225e-8 1.4958e-7 2.0675e-8 1.5019e-7 2.0944e-8 1.5022e-7
64 4.6799e-10 1.0544e-8 7.2865e-10 1.0552¢-8 7.6140e-10 1.0574e-8
128  1.6716e-11 6.5709e-10  2.2371le-11 6.5715e-10  2.5781e-11 6.2314e-10
256 5.4219e-13 3.7374e-11  5.8826e-13 3.7002e-11  8.2462e-13 3.0372e-11

We list approximate errors under various (semi-)norms for different values of € = 1074, 1076,
1078 in Table 5.1 (r = 3) and Table 5.2 (r = 4), respectively. Here |u — up| o denotes an

10 . 107 .
—*%— e=10"° \ —*—e=10"°

—O—=10° —O—¢=10"°
1wl * —— =107 i 1071 =107
RN —— (log(N+1)/N)" —— (log(N+1)/N)™*?

10°F

10+

10°}F

10

10” . . 10° . .
10 10 10 10 10 10 10 10

Fig. 5.1. r =3, left: |u — up|c, right: |u —uplcc.
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Table 5.2: r = 4.

e=10"1 e=10"° e=10"8

lu—uple |Ju—uplec |u—uple |Ju—uplea |u—wuple |u—uplea

N
2 6.7982e-3  2.4927e-3 6.7970e-3  2.4929e-3 6.7970e-3  2.4929e-3
4
8

2.4190e-3  6.3720e-4 2.4185¢-3 6.3714e-4 2.4185¢-3 6.3714e-4
6.1782e-4 1.1318e-4 6.1764e-4 1.1316e-4 6.1764e-4 1.1316e-4
16 1.1738e-4  1.4022e-5 1.1736e-4  1.4020e-5 1.1736e-4 1.4021e-5
32 1.7806e-5 1.3193e-6 1.7802e-5 1.3191e-6 1.7802e-5 1.3192e-6
64 2.3032e-6  1.0209e-7 2.3029e-6  1.0206e-7 2.3028e-6  1.0107e-7
128 2.6627e-7 6.8753e-9 2.6622e-7 6.8870e-9 2.6618e-7 6.7534e-9

e=10"1 e=10"¢ e=10"8

ENode  |u—up|Lo Enode |u—up|Lo Enode  |u—up|Lo

N
2 4.5443e-4  6.4598e-4 4.6189%e-4  6.5525e-4 4.6194e-4  6.5535e-4
4
8

1.9649e-5 3.5114e-5 2.0987e-5 3.6545e-5 2.1001e-5 3.6559e-5
4.7100e-7  2.2593e-6 6.0737e-7  2.3259e-6 6.0899e-7 2.3268e-6
16 6.5383e-8 1.5142e-7 1.3277e-8 1.5256e-7 1.3418e-8 1.5257e-7
32 1.003e-10  7.9120e-9 2.4278e-10 7.9218e-9 2.5306e-10 7.8985e-9
64 1.0478e-12 3.3470e-10  3.7264e-12 3.3453e-10  4.3764e-12 3.4772e-10
128  1.6966e-14 1.2164e-11  4.4426e-14 1.2497e-11  5.6245e-14 1.2562e-11

average value of the approximation error at the Lobatto points,

2N r
1 2
lu—uplo= | 557 DO Tullig) —up(li;)]

i=1 j=1

; ;
—*%—g=10"° —*—¢=10"°
—o— =107 w02 L \ —o— =10
N —k— =107 ] —s#— =107
S — (log(N+1)/N)*" o N — (log(N+1)/IN)"*?

1070

1072

-14 L L -11 L L

10° 10 10 10 10 10 10 10°

10

Fig. 5.2. r =3, left: Enoge, right: ||u —up|L,0.
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107 ; : 10 ; :
—%— g=10"° AN —%—g=10"°
—&— =10 \ —6—g=10"°
4 2| -4 il
—#— =10 10 —#— =10
~2
107 —+— (log(N+1)/N)'[§ —+— (log(N+1)/N)™**
10°E E
-3
10°F E
107F E
10°E 1 10°F E
10°F E
10°F E
107 B
10°F B
10°F E
1077 ! 1 ! 2 3 1075 0 ! ! 2
10 10 10 10 10 10 10 10
Fig. 5.3. r =4, left: |u — up|c, right: |u —uplecc.
107 107
—*—e=10"" —%—¢=10"8
-3 —e—¢=10"° N —6—g=10"°
10° | . 5 ,
—#—g=1074 10 ¢ N\ —#—g=1074 H
B —+— (log(N+1)/N)* R —+— (log(N+1)IN)"*?
107 g
-5
10° |
10° L 3
107 b 4
10° |
10° |
10*107
107" 3
107 ,
10 10

W.X. CAO, Z.M. ZHANG AND Q.S. ZOU

Fig. 5.4. r =4, left: Enode, right: ||u —up|L,0.

We may view it as a discrete L? norm.
We plot in Figs. 5.1 - 5.4 the convergence curves in various (semi-)norms for different values

of e =107%,107%,107% in cases r = 3 and r = 4, respectively.

-
We observe from Figs. 5.1 and 5.3, a near optimal convergence rate ( ln(N + 1)/N | for

|u — uple as predicted in Theorem 3.3. We also observe that the error |u — up|. ¢ decays with
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r+1
an order (hl(N +1)/N ) . This confirms the superconvergence results in Theorem 4.1.
The average nodal error Enoqge is plotted in Figs. 5.2 and 5.4. They clearly indicate a rate

2r
of (In(N +1)/N ) , which is predicated in Theorem 4.3. Moreover, numerical results show
that the logarithmic factor does exist and is not removable. In this sense, the error bound
given in Theorem 4.3 is sharp.

r+2
We also observe from Figs. 5.2 and 5.4, a rate of (1n(N + 1)/N) for |u — up|r,0. The

error bound here is similar to the counterpart in [7]. This implies that the superconvergence
phenomenon at the Lobatto points exists for singularly perturbed problems as well, although
its theoretical analysis is lacking at this moment.
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