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Abstract

In this paper, we estimate the constants in the inverse inequalities for the finite ele-
ment functions. Furthermore, we obtain the least upper bounds of the constants in inverse
inequalities for the low-order finite element functions. Such explicit estimates of the con-
stants can be used as computable error bounds for the finite element method.
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1. Introduction

As a very effective numerical method of partial differential equations, the finite element
method (FEM) is widely applied to the engineering and scientific computation. In the process
of analysis and solving by the finite element method, the inverse inequalities are frequently
used to bound the high-order (semi-)norms in terms of the low-order ones for the finite element
functions, cf. [1,3]. However, it is well known to prove the inverse inequalities by functional
analysis [3], which can not explicitly give the constants on the right and brings troubles into
practical error analysis and numerical computation such as a posteriori error estimation and
adaptive refinement algorithms. Therefore, for both error analysis and numerical computation,
it is very significant to estimate the constants in the inverse inequalities.

We consider the following inverse inequality

[vl1,0 < Ch™Holle, (1.1)

where h is the diameter of the domain {2 and v is a finite element function. The other kinds of
inverse inequalities are considered in [4,5,7,10].

For the 1-D and 2-D cases, the constant C' in (1.1) is given for the linear finite element
in [2]. For any dimension n and order k, The estimation on the constant C' in (1.1) is translated
into a conditional extremum problem in [9]. However, it needs to solve a system of nonlinear
equations with the help of the software Matlab, which is not suitable for theoretic analysis.

In this paper, we explicitly give the inverse inequalities for the finite element functions by
different methods. In section 2, due to the recursion relation and orthogonality of Legendre
polynomials [8], the constant C in (1.1) is estimated for the 1-D case, which may be extended
to general rectangular domains. Especially, we obtained the optimal constants for k = 1, 2.
In section 3, the constant C' in (1.1) is estimated for the reference triangular and tetrahedron
finite elements, respectively, which can be ordinarily extended to general bounded domains.
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Furthermore, we obtain the least upper bound of the constant for the linear triangular and
tetrahedron finite elements, respectively. In addition, we get an explicit relation between the
inverse inequality (1.1) and the geometric characters of the general triangle T. Finally, from
the inverse inequality (1.1) we explicitly obtain general inverse inequalities as follows

[0lm,0 < Ch!™™ (o)1, (1.2)

1
where [v]m0 = (> %HD"‘UH%V7 a=(a1,02,...,0n), o =a1+az+...+a, and m > 1.
|a]=m

2. Inverse Inequalities for the 1-D Case

In this paper, we denote a polynomial space of order < k on Q by P,(2). Let Lj be the
k-th Legendre polynomial, that is,

1 d°
Li(w) = g3 g &

— 1) i=0,1,...,k, (2.1)

with the following orthogonality

(Li,Lj)é/ Li(x)Lj(:c)d:c{ 0. i#d (2.2)

2
-1 7+ YT

For 1 < i < k, according to (2.1) we have the following recursion formula

1 d .
! = : 2 1)i—1
Li(z) = 93l dat (22:0(1 1) )
1 di-1 . ' N
T 26— 1)l dgi ! (@ = 17"+ 26 - D - 1)2)
1 difl

= 2(1'71) (Z — 1)' dl‘i_l ((2Z — 1)(332 — 1)7:*1 + 2(Z . 1)(,’722 B 1)1-72)

(2i = 1)Li—1(x) + Li_5(2).

Then there holds

i—1 k—1
L;(I) = Zdiij(x) = Z diij(x), (23)
§=0 §=0
where
27+ 1, ifi— jis odd and positive,
di; = . 2.4
’ { 0, otherwise. (24)
From (2.3) and (2.4), we have the following orthogonality relation
(Ll2ia Ll2j71) =0. (2-5)
For any p(z) € Py(—1,1), there exist k + 1 real numbers cg, c1, ..., ¢; such that
k
p(l‘) = Z CiLz(x)a (2 6)
i=0

k k k

2
Ipll72—11) = (ZCiLi; ZCiLi) = ZCE(Lz‘,Li) = Z 2222 T (2.7)

k
i=0 =0 =0 i=0
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Since
k L5 M4
p = ZCiL; = 2021'[//21' + 2021'—1321;1,
i=1 i=1 i=1

where |£] denotes the biggest integer smaller than or equal to £ and [£] denotes the smallest
integer greater than or equal to 2 according to (2.3)-(2.5) and Holder inequality we have

L5 %1 L5 K3
1P/ 172(—1,1) (Zczilei + > eaiaLlhig, Yy calbi+ > CijlLéjfl)
i=1 i=1 j=1 j=1
L%] L5] %1 [%]
= (ZCQlLQl’ZCQJL/QJ) + (ZCQiflL/Qi—l’ZCijlL/Qj—l)
i=1 j=1 i=1 j=1
k-1 L% 0 k=1 %] 0
= (Z CQiin,r> (Ly, L) + Z (Z CQi—lin—l,r) (L, L)
r=0 i=1 r=0  i=1
k—1 L%J dgi . ’5 )
k—1 (%] d%ifl . W
+r:0 — (L2i—1,L2i—1)(LT’L ;Cm 1(Laim, Laima)
L5 L5] [%]
Z4Z+1 Zsz','ZC%i(LQ“LQl) 242—1 ngl 1,r ZCQZ 1 ng 1,LQZ 1)
i=1 i=1 i=1
5] L5) [5] (ﬂ
2(42 +1)(28* +14) - Z 2, (Lag, La;) Z (41 —1)(2i% —4) chi_l(Lgi,l,Lgi,l).
i=1 i=1 i=1 i=1

In the last term above, we have used the following two equalities

2i—1 2i—2

ZszT*Zd2zr*2Z +Z Zsz lr*Zsz 17“*2Z *7/

which follow from (2.4). Define

\w
\w

J 21

2 2
Ak:max{z (4i+1)(2:2 +14), Y (4i—1)( 222—2')}. (2.8)
=1 =1
Then we have
L5 4
1122 (—1,1) < Aw < > Bl Lai) + Y 3y (Laica, inl))
=1 =1
k
= Ar Y & (Lis L) = Axllpl 721,
=0

It follows from (2.1)-(2.2) and (2.8) that

1Lz (py = Al LallTeanys ILSIZ2 10y = A2l L2llZ2(1,0)s (2.9)
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where A; = 3 and A, = 15, that is to say, the constant Ay is optimal for £ =1, 2.
Therefore, we establish the following lemma.

Lemma 2.1. For any p € Py(—1,1), there holds

19'1I22(=1,1) < VAklpllL2(=1,1)5 (2.10)
where Ay, is given in (2.8). Furthermore, the constant Ay is optimal for k =1,2.

Since any open, non-void interval (a,b) may be transformed affinely to (—1,1) via z —

—1+2Z=2 from Lemma 2.1 we obtain
b—a

Theorem 2.1. For any p € Pi(a,b), there holds

Cik
P12 < == Pl 220 (2.11)

where h = b—a,Cy i, = 2+/Ay, and Ay, is given in (2.8). Furthermore, the constant in (2.11) is
optimal for k=1,2.

Remark 2.1. According to Theorem 2.1, for n = k = 1 we have 4; = 3 and C; = 2v/3 in
(1.1), which is the same as that in [2].

Remark 2.2. By using Fubini’s theorem and Theorem 2.1, we can easily obtain the inverse
inequalities on rectangular domains as follows.

Theorem 2.2. Assume K = (a1,b1)x (az,b2)X...X(an,by) and Qi (K) denotes the space of all
polynomials that are of degree < k with respect to each variable x;. Then for any v € Qi (K),we
have

Cik
vl < —hl’ [vllx, (2.12)
K
and especially the anisotropic inverse inequalities

C,
hi

ov .
I3 Mok < vllr, 1<i<m, (2.13)
T

where hx = (3, m)_% hi =b; —a;i, C1,x =2V A, and Ay, is given in (2.8). Further-

more, the constants in (2.12)-(2.13) are optimal for k =1, 2.

3. Inverse Inequalities on the Simplex

The orthogonal polynomials on the triangle or tetrahedron can not be easily be expressed
like that for 1-D case. To this end, we will introduce another method in the section to avoid
the orthogonalization.

3.1. Inverse inequalities on the triangle

Let h,a and 0 be positive constants such that

h>0, 0<a<l, ggcos_lg§9<7r. (3.1)
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We define the triangle T, ¢ », by AOAB with three vertices O(0, 0), A(h,0) and B(ah cos 0, ah sin )
as that in [6]. From (3.1), ZBOA = 6 is the maximum interior angle and AB the edge of max-
imum length, ie., |AB| > h > ah, so that h = |OA| here denotes the medium edge length,
although the notation h is often used as the largest edge length. Since we can configure any
triangle T as T, 95 by an appropriate congruent transformation in R?, then we regard T, ¢ 5,
as a general triangle 7. We will use abbreviated notations T' = T, ¢ ; and T = Tizq, as
illustrated in Fig. 3.1.

B(0,1)

N>

B(ah cosb, ah sinb)

ah

Z 1
0 h 4(h,0) 0 A(0,1)

Fig. 3.1. Notations for triangles: T'= T, ¢ 1, T = Tl,%,l-

Let N = dimPy(T) and {p1,ps,...,pn} be a given basis of Py(T") such that il = 1,
there must exist the corresponding basis {¢1, P2, ...,on} in Py (T) such that

Z (/ vpidx) i, Vb€ P(T), (3.2)

where fT DipjdT = 6;5. According to Minkowski’s inequality and Holder’s inequality, we have

(Z ||6*”’|T) ol =12 (33)

92, (|4 < vpzdw

H i

Define

- Z (Zna%u) . (3.9

Then there holds

[0 7 < Billo]13. (3.5)
This establishes the following lemma.
Lemma 3.1.
8,5 < \/ Bellollz, Vo € Pu(T), (3.6)

where By, is given in (3.4).

The inverse inequality (3.6) is a general one. Now for practical application we give sharper
estimates of the constants for k = 1, 2, respectively.
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To this end, let ]31 = \/57 ]32 = \/ﬁ(j\g—j\g), ]53 = 2(35\1—1), ]34 = \/6(1—85\1-1-105\%), ]35 =

\/E(‘lj\g — 45\3 — 55\% + 55\%) and pg = \/E(j\% — 45\25\3 + 5\%) Here 5\1 =1—21— 39, Ao =11

and A3 = I are the area coordinates of T.
By simple computations we have

/ﬁiﬁjdﬁ =0y, 1<4,j7<6,
T

which means that {p1,pa,p3} and {p1,p2,...,Pe} are the L2-orthogonal bases of Pl(T) and

Py(T), respectively.

(4) For any o € P(T), we have
0 = ai1p1 + asp2 + azps, Hﬁ||2T = af + a3 + a3,

where a; = fT vp;dz for i = 1,2,3. Then there holds

o= [ (i) + () )
- (x/ﬁaQ —6a3)? + (—V12ay — 6a3)2‘T|

= 1243 + 3643 < 36(a} + a3 +a3) = 36||17||2T

Hence for k = 1 we can set B; = 36 in (3.6) that is
ol 7 < 6llollz, Vo € Pi(T). (3.7)
Furthermore, the above constant is optimal, since |ps[; 7 = 6/|ps]|#-
Remark 3.1. In [2,9] the following inverse inequality is given
0], 7 < 6V2|d]l 3, Vi€ Pi(T).
Therefore, we give the better result on the constant for £ = 1.

(i) For any © € Py(T), similarly we have

6 6
0= aibi, [loll; = _al,
i=1 i=1

where a; = [ 0p;dZ for i = 1,2,...,6. Then there holds

6 6
017 7 = Z Zaiajdij, (3.8)

i=1 j=1

. _ [.(Opi 9b; 9ps 9Pj \ 4 :
where d;; = fT(aﬁl 55 T 55- 557 )d&. By some computations we have

do3 = dos = dog = dzs = dus = dsg = 0,

dyy = 12, dgg — 36, das — 144, dgs — 108, dgs = 90,

das = 4V6, dzy = —8V6, dzs =12V5, dyg = —6V30,
8

asasdos < 24@3 + ag, azasdsg < 84a§ + ?ai,

azagdsg < 30@% + 6@%, agaedss < 5a421 + 54&%.
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Substituting the above results into (3.8), we get

01 ;. < 36a3 + 15003 + (150+ )a4 +109a2 + 15042 < (150+ )|\v||2T.

7
Hence for k = 2 we can set By = 150 + 1 in (3.6). That is

[0l 4 < /150 + = ||@||T, Vi € Po(T). (3.9)
Remark 3.2. In [9] the following inverse inequality is given
0], 7 < 17.7246[|0 7, Vo € Po(T).
Therefore, we also give the better result on the constant for k = 2.

Next we start to explicitly establish inverse inequalities on the general triangle 7' that is
T, 6,n- Let us introduce the following simple affine transformation F': T' — Ty, ¢, by

x = F(&) = Bq,0,nt, (3.10)

S T P T B _ (h ahcos®
T \xe /)’ T \iy ) @0h =\ ahsing )’

Theorem 3.1. The following estimate holds:

where

C
el < = lollr, Vo€ Pu(T), (3.11)

where Cy ), = V(1| cos b)) By and By, is given in (3.4).

asin @

Proof. Consider the inverse affine transformation F~1 : Ta0,n — T as follows

&=F () = By,
where
51 _ 1 asind —acosf '
@0k " qhsin @ 0 1

By simple calculations, we have for o = v o F' under the above transformation.
1 0v\2 2cosf Ov 00 1 /00 \2
Z( ) =5 2, (—A> ———A'—A-F—Q(—A)
P ox; h2sin® 6 \ \ 01 a 01 0%y a?\0io
2
- 1+ |COS 6] Z ( )
~ a2h?sin® 6 — \Oi;

According to Lemma 3.1, we have

1+ |cost9|

o < ST det Bl
1+ |cos 9|
S wB}J det Ba 0 h|||UH2
B 1+|cost9| Io]2
"~ a2h2sin’0 Bljvllz-
Let Co i = 7”(1%(::‘)3’“ and the proof is complete. O
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3.2. Inverse inequalities on the tetrahedron

Let 7' be the reference tetrahedron with vertices BO(O, 0,0), 131(1, 0,0), 132(0, 1,0) and 53(0, 0,1),
then \g = 1 — &1 — @9 — &3 and \; = &; (1 = 1,2, 3) are the volume coordinates of T. Similar
to the triangular case, let N = dimPk(T) and {p1,p2,...,Pn} be a given basis of Pk(T) such
that ||p;# = 1, there must exist the corresponding basis {¢1, P2,...,¢n} in Py (T) such that

|
.MZ

(/T@ﬁidfc)@i, Vo € Po(T), (3.12)

i=1

where fT ﬁlgﬁ]df = 61]
In the same way as the triangular case, we have

Lemma 3.2. For the reference tetrahedron T, we have

o, <\ Billolz Vo€ Pu(T), (3.13)

where

i(z ||‘9‘/’1 ) . (3.14)

Likewise for practical application we give sharper estimate of the constant for k = 1. Let
Po = V6, p1 =V60(Ao — A1), Pa = V60(A2 — A3) and p3 = v120(\g + A3 — %), then it is easy
to get
/ﬁiﬁjdi =0d;, 0<4,5<3,
T

that is to say, {po, 1, P2, P3} is the L2-orthogonal base of Pl(T).
For any © € Py(T), we define

3 3
U= Zaiﬁw 8]12 = Za?v
i=0 i=0

where a; = fT vp;dz for i = 0,1,2,3. Then there holds

. 0v\2
1oF; 7 /sz_:l<a:zj) dz

= |T| (240@% +60(v2a3 — a; + az)? 4 60(vV2a3 — a1 — a2)2)

= 40a? + 20(v/2a3 — a1)? + 2042

< 4042 + 20 (2a§ + (a? + 2a2) + a?) + 2042
3
<80 a? =80]9|3.
=0

Hence for the linear tetrahedral element we can set By = 80 in (3.13), that is

[0l < V50l Yo e PU(T). (3.15)



530 S.C. CHEN AND J.K. ZHAO

Furthermore, the above constant is optimal. In fact, for ¢ = —v/2p1 + ps there holds 0], 7 =
450 7.

In the similar way as the triangular case, we can get the inverse inequalities on a general
tetrahedron.

Remark 3.3. Obviously, the above method for the complex can be generalized to any bounded
convex domain and get corresponding inverse inequalities for the polynomial spaces.
4. General Inverse Inequalities

In this section, we discuss general inverse inequalities from Theorems 2.1 and 3.1 for the
1-D and 2-D cases.

Theorem 4.1. Assume 0 <1 <m, T is an interval (a,b) for 1-D case and a triangle for 2-D
case, then for any v € Py(T), there holds

,ml
[l < 257 ol (4.1)
where Dy i = Cp k—1Cnk—1-1 -+ - Chnk—m+1, b = b —a for 1-D case, h is the medium edge

length and C,,; is respectively given in Theorems 2.1 and 3.1 for n =1,2.

Proof. We only prove (4.1) for n = 2. For n = 1, according to Theorem 2.1 we can easily
get (4.1) by analogy.
Since D*v € Py_|4|(T'), according to Theorem 3.1 we have

I+ 1)
|U|l2+1,T: Z o ||DaUH2T

|a|=1+1

MNog +
S Dk T e P P

la|=1+1
a1 >0,a2>0

I 1! .
= Y (e omn t ame, o) 107l + 1D Oulf 4+ [ DO Dol

—1)!
la|=1+1 1
a1 >0,a2>0
l! I
= — || D% — || D%
D TR L D Dl
la|=1+1 la|=1+1
a; >0 az >0
Z HD“+ P07 + Z |\Da+01 vli7
lo|= @ . lo|= @ .
! a+(1,0),,)12 a+(0,1),.112 ! a, |2
= 3 = (1D O 4 DO ) = T =D
|a|=l |a| =1
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Consequents,
Co

== [ols.z- (4.2)

By analogy we obtain (4.1). a

[v)ig1,1 <
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