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MAXIMAL LP ERROR ANALYSIS OF FEMS FOR NONLINEAR
PARABOLIC EQUATIONS WITH NONSMOOTH COEFFICIENTS

BUYANG LI AND WEIWEI SUN

Abstract. The paper is concerned with LP error analysis of semi-discrete Galerkin FEMs for
nonlinear parabolic equations. The classical energy approach relies heavily on the strong regularity
assumption of the diffusion coefficient, which may not be satisfied in many physical applications.
Here we focus our attention on a general nonlinear parabolic equation (or system) in a convex
polygon or polyhedron with a nonlinear and Lipschitz continuous diffusion coefficient. We first
establish the discrete maximal LP-regularity for a linear parabolic equation with time-dependent
diffusion coefficients in L>°(0,T; WLN+¢) n C(Q x [0,T]) for some ¢ > 0, where N denotes
the dimension of the domain, while previous analyses were restricted to the problem with certain
stronger regularity assumption. With the proved discrete maximal LP-regularity, we then establish
an optimal LP error estimate and an almost optimal L° error estimate of the finite element
solution for the nonlinear parabolic equation.

Key words. Finite element method, nonlinear parabolic equation, polyhedron, nonsmooth coef-
ficients, maximal LP-regularity, optimal error estimate.

1. Introduction

The paper is to present a general framework for numerical analysis of optimal
errors of finite element methods for nonlinear parabolic equations with nonsmooth
coefficients. To illustrate our idea, we consider the equation

N
Oru — Z 0; (aij(u,m)aju) = g(u,Vu,z) in Q x (0,00),

(1) =
u=0 on 99 x (0, 00),

u(-,0) = u® in Q,
in a polyhedral domain in RN, N = 2,3, and its semi-discrete finite element ap-
proximation

N
(Opun,vn) + Z (035 (un, ©)Ojun, divy) = (9(un, Vun,z),v4), ¥V vy, € Sh,
ij—1
un(0) = up,

(2)

where S, denotes a finite element subspace of H{ () consisting of continuous piece-
wise polynomials of degree r > 1 subject to a quasi-uniform triangulation of 2 with
a mesh size h, and u?L = I,u® denotes the Lagrange interpolation of the initial data
u”. We only impose certain local conditions on the coefficients o;;(u, z) = i (u, x)
and the right-hand side g(u, Vu,x), i.e. we assume that for |u| < M, |n| < M,
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x€Qandtel0,T)

03] + 0uoij| + |0z, 045] < K,
N
(3) Ky e < ) ouylu )6 < Kulél,
ij=1
lg(u, m, )| + 10ug(u,n, )| + 10y, 9(u, 1, )| + [0z, 9(u, 0, z)|
+102g(u,n, 2)| + |02, g(u,n, @) + 102, 9(u,n,2)| < K,

for some positive constant Kj; which may depend on M, where ,, 0, and 9,
denote the partial derivatives with respect to u,  and 7;, and 8,2“7], and 83,]_  denote
the mixed second-order partial derivatives.

The key to the optimal error estimate for the nonlinear problem (2) is more
precise LP estimates of the finite element solution, defined by

N
(Oebn,vn) + Z (aij0;dn, Oivn) = (fivn), ¥ vn € Sh,

ij=1

on(0) = 7

for the linear parabolic equation

(4)

N
6t</> - Z ai(aijaj¢)> = f in Q x (0, OO),

(5) =0 v on 91 x (0,00),
#(-,0) = ¢° in Q
where a;; = a;;. Namely, the discrete maximal LP-regularity
(6)  0:dnllro,r;Le) + l1Anbnl Lr0,7500) < Cop gl fllLr 0,159 if " =0,

() N0ednllLerw-1a) + |6nllLro.rwray < Cpgll fllzeorw-1ay, if ¢° =0,

and the optimal-order error estimate
(®)  [1Pn¢ = nllLromie) < CpallPrg” — &l + Cp gl Phd — Rl Lo(o,riL0) -

Here Ap(t) : S, — Sp, is the discrete counterpart of the differential operator A(t)u =
—0;(a;j(-,t)0;u), defined by

N
(9) (Apwn,vn) ==Y (aij0jwn, divn), ¥ wh, vy, € Sp,
ij=1
Ry, (t) is the Ritz projection operator onto the finite element space, defined by
N
(10) > (ai;0j(w — Ryw), divn) =0, ¥ w € HY(Q), v, € S,
i,j=1
and P, is the L? projection operator onto the finite element space. It is noted that

(6) is a discrete analogue of the continuous maximal LP-regularity [14, 32] (also see
[20, Lemma 2.1])

(11) 10spll Lo (o,7:00) + APl Lr(0,1520) < Cp gl fllLr0.1L9) 1 <p,q < oo,
(12) 10:@ Lo (o, 73w 1.0y + |9l Lo 0, 75w 10 < Cop gl fllLr 0w 10y, 1 < p,q < o0.



