Advances in Applied Mathematics and Mechanics DOI: 10.4208 /aamm.OA-2018-0121
Adv. Appl. Math. Mech., Vol. 11, No. 2, pp. 486-500 April 2019

Convergence Analysis of Legendre-Collocation
Spectral Methods for Second Order Volterra
Integro-Differential Equation with Delay

Weishan Zhengl, Yanping Chen?* and Yunging Huang3 o

1 College of Mathematics and Statistics, Hanshan Normal University, Chaozhou 521041,
Guangdong, China

2 School of Mathematics Sciences, South China Normal University, Guangzhou 510631,
Guangdong, China

3 Hunan Key Laboratory for Computation and Simulation in Science and

Engineering, School of Mathematics and Computational Science, Xiangtan University,
Xiangtan 411105, Hunan, China

Received 10 May 2018; Accepted (in revised version) 20 December 2018

Abstract. In this paper, a Legendre-collocation spectral method is developed for the
second order Volterra integro-differential equation with delay. We provide a rigor-
ous error analysis for the proposed method. The spectral rate of convergence for the
proposed method is established in both L2-norm and L®-norm. In the end numerical
experiment is illustrated to confirm the theoretical analysis.
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1 Introduction

The paper is concerned with second order Volterra integro-differential equation with de-
lay, which is as follow:

u® (x)= leb]-(x)u(j)(x)+21:/0quj(x,s)u(j) (s)ds+g(x), x€][0,T], (1.1)
i=0 i=0
with
u(0)=up, uM(0)=u;. (1.2)
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Here g is a given constant with 0 <q <1, and b;(x), kj(x,s), g(x) are smooth functions on
respectively domain. The vanishing delay is gx and u(x) is an unknown function.

Since Volterra integro-differential equations with delay arise widely in the math-
ematical model of physical and biological phenomena, many researchers have devel-
oped theoretical and numerical analysis for the related types of equations. We refer the
reader to [3,6,10] for a survey of early results on Volterra integro-differential equations.
More recently, homotopy analysis method was used to solve system of Volterra integral
equations (see, e.g., [14]) and polynomial spline collocation methods were investigated
in [16,19] and. In [20,21], the authors used spectral collocation methods to study con-
vergence analysis about Volterra integro-differential equations. For pantograph delay
differential equations, in [2,12,22,24], the authors researched on these kinds of functions.
In [1], spectral method was used to solve y'(x) =a(x)y(gx), but it only analysed the nu-
merical error in the infinity norm.

So far, very few work have touched the spectral approximation to second order
Volterra integro-differential equations with delay. In practice, spectral method has excel-
lent convergence property of exponential convergence rate. In this paper, we will provide
a Legendre-collocation spectral method for the second order Volterra integro-differential
equation with delay and analyse the numerical error decay exponentially in both L2 and
L space norms.

For ease of analysis, we will describe the spectral method on the standard interval
[—1,1]. Hence, we employ the transformation

T 2x
— L4, =21
x=o(1+t) T

Then the problem (1.1)-(1.2) becomes

y()=u(5+1), cw=(3)s(50+0),
B =(3) w3 (1+0), Bi(1)=(5)0 (5 1+0),
(k)= (5) k(5 1+0.5), bts)=(5) ki (5 1+05).

Furthermore we make a linear transformation: s=T(1+7)/2, y€[—1,t] and (1.3) becomes

LN

1 . 1 rgt+g—1

v =Y Bty H+) [

Ki(t)yV (n)dn+G(t), te[-11], (1.5)
=0 j=07-1



