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Abstract. In this paper, we are concerned with the numerical approximation of
a steady-state heat radiation problem with a nonlinear Stefan-Boltzmann bound-
ary condition in R®. We first derive an equivalent minimization problem and then
present a finite element analysis to the solution of such a minimization problem.
Moreover, we apply the Newton iterative method for solving the nonlinear equa-
tion resulting from the minimization problem. A numerical example is given to
illustrate theoretical results.
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1 Introduction

The main purpose of this paper is to study a finite element approximation to the so-
lution of the steady-state heat radiation problem with a nonlinear Stefan-Boltzmann
boundary condition in R®. In particular, we assume that () is a bounded domain in
R® with Lipschitz continuous boundary T. Let v be the outward unit normal to T.
Consider the following stationary heat conduction equation

—div(AVu) = f in Q, (1.1)
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with mixed Dirichlet-radiation boundary conditions

u=1u on I7q,

au+vTAVu+ put = ¢ on Iy, (12)

where A is a diagonal uniformly positive definite 3 x 3 matrix of heat conductivities,
f > 0is the density of body heat sources and u > 0 is the temperature of the body
to be determined. Moreover, I'; and I'; are non-empty disjoint sets relatively open in
I' and satisfying I' = T; UT,, « > 0is the heat transfer coefficient, B = O fem With the
Stefan-Boltzmann constant o = 5.669 x 1078 [Wm 2K 4] and the relative emissivity
function 0 < f,,, <1, i1 > 0 is the prescribed temperature, and g > 0 is the density of
surface heat sources.

Because they are of practical importance, numerical approximations of similar heat
radiation problems have been extensively studied (see, e.g., [5,7,9,10,14]). The case
I'1 = @in R? is investigated in [8]. It is well known that the traces of the variational so-
lution of (1.1) and (1.2) belong to the Lebesgue space L (9Q)) due to the nonlinearity in
the Stefan-Boltzmann boundary condition. In the two-dimensional case, we may seek
the variational solution of (1.1) and (1.2) in the Sobolev space H 1(Q)) whose functions
have traces in L° (0Q)) by the trace theorem (cf. [8,9]). However, it is no longer true in
the three-dimensional case. Taking this into account, we may define a new function
space in which the variational solution of (1.1) and (1.2) uniquely exists. Such a func-
tion space is also used to find the minimizing element of the minimization problem
in [5], where only axially symmetric domains are treated (see also [13]). In [11,12], the
three-dimensional heat radiation problem is solved on arbitrary geometries by means
of a Fredholm boundary integral equation and the boundary element method. An-
other approach, how to avoid the problem with traces in three-dimensions, is to use a
discontinuous Galerkin method from [15].

The paper is organized as follows. In Section 2, we derive a variational formulation
of the heat radiation problem. Section 3 is devoted to an analysis of the finite element
approximation to the solution of the minimization problem and a discussion of the
Newton iterative method for the nonlinear equation arising from the minimization
problem. In Section 4 we present a numerical example to illustrate the theoretical
analysis.

2 Variational formulation of the radiation problem

Assume that a; € L®(Q), i = 1,2,3, f € L*(Q), g € L*(T2), # € HY(Q) and #|r €
L5(T2), &, B € L®(T2) and B > By a.e. for some positive constant By. For simplicity, we
denote by | - [|x thenorm [| - || () for integer k > 0. Also, for a relatively open subset
DinT, we denoteby || - [|;p the norm || - || 14(p) for g > 1.

We next define a bilinear form on H!(Q)) x H'(Q) by

a(v,w) = /Q(VU)TAdex-l— g awowds, v,w € H(Q), (2.1)
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