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Abstract. A partial Runge-Kutta Discontinuous Galerkin (RKDG) method which
preserves the exactly divergence-free property of the magnetic field is proposed in
this paper to solve the two-dimensional ideal compressible magnetohydrodynamics
(MHD) equations written in semi-Lagrangian formulation on moving quadrilateral
meshes. In this method, the fluid part of the ideal MHD equations along with z-
component of the magnetic induction equation is discretized by the RKDG method
as our previous paper [47]. The numerical magnetic field in the remaining two di-
rections (i.e., x and y) are constructed by using the magnetic flux-freezing principle
which is the integral form of the magnetic induction equation of the ideal MHD.
Since the divergence of the magnetic field in 2D is independent of its z-direction
component, an exactly divergence-free numerical magnetic field can be obtained by
this treatment. We propose a new nodal solver to improve the calculation accuracy
of velocities of the moving meshes. A limiter is presented for the numerical solu-
tion of the fluid part of the MHD equations and it can avoid calculating the complex
eigen-system of the MHD equations. Some numerical examples are presented to
demonstrate the accuracy, non-oscillatory property and preservation of the exactly
divergence-free property of our method.
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1 Introduction

In this paper, we will continue to focus on the RKDG discretization proposed in [47] for
solving the 2D ideal MHD equations written in semi-Lagrangian formulation

d
dt
(JU)+ J∇·(F,G)=0, (1.1a)

d
dt
(JB)+ J∇·(FB,GB)=0, (1.1b)

with

U=(ρ,ρux,ρuy,ρuz,Bz,ε)T, B=(Bx,By)
T,

F=(0,Ptot−B2
x,−BxBy,−BxBz,−uzBx,Ptotux−Bx(v·B))T,

G=(0,−BxBy,Ptot−B2
y,−ByBz,−uzBy,Ptotuy−By(v·B))T,

FB =(−uxBx,−uyBx)
T, GB =(−uxBy,−uyBy)

T,

where J denotes the Jacobian of the mapping from a fluid particle’s initial coordinates
(X,Y) (Lagrangian coordinates) to its coordinates (x,y) (Eulerian coordinates) at time
t>0 and can be written as

J(X,Y,t)=
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∂Y

∂y
∂Y

∣∣∣∣∣∣∣, (1.2)

ρ, v=(ux,uy,uz)T and B=(Bx,By,Bz)T are the density, the fluid velocity and the mag-
netic field respectively, Ptot=P+Pmag is the total pressure which is made up of the ther-
mal pressure P and the magnetic pressure Pmag =

1
2 |B|2, and ε denotes the total energy

which consists of internal, kinetic, and magnetic energies,

ε=
P

γ−1
+

1
2

ρ|v|2+ 1
2
|B|2,

with P
γ−1 for the internal energy and γ for the ratio of the specific heats. For the sim-

plicity of expression, the magnetic permeability is set to be unity in this paper.
It is worth noting that (1.1a) is the semi-Lagrangian for the fluid field part of the

ideal MHD equations and the z-component of the magnetic induction equations while
(1.1b) is the semi-Lagrangian for the (x,y)-components of the magnetic induction equa-
tion.

According to the physical principle that there are no magnetic monopoles, this sys-
tem is complemented with the following divergence-free constraint ∇·B = 0 on the
magnetic field. In 2D case, this constraint turns into

∂Bx

∂x
+

∂By

∂y
=0. (1.3)


