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Abstract. In this paper, we consider the exterior Dirichlet problem of Hessian equa-
tions

σk(λ(D2u)) = g(x)

with g being a perturbation of a general positive function at infinity. The existence of
the viscosity solutions with generalized asymptotic behavior at infinity is established
by the Perron’s method which extends the previous results for Hessian equations. By
the solutions of Bernoulli ordinary differential equations, the viscosity subsolutions
and supersolutions are constructed.
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1 Introduction

In this paper, we will study the Dirichlet problem of Hessian equations in exterior do-
mains

σk(λ(D2u)) = g(x), x ∈ Rn\Ω, (1.1a)
u = φ(x), x ∈ ∂Ω, (1.1b)

where Ω ⊂ Rn is a bounded set, n ≥ 3, λ(D2u) denotes the eigenvalues λ1, · · · , λn of the
Hessian matrix D2u,

σk(λ(D2u)) = ∑
1≤i1<···<ik≤n

λi1 · · · λik

is the k-th elementary symmetric function, k = 1, . . . , n, g ∈ C0(Rn) is positive and φ ∈
C2(∂Ω). Note that for k = 1, (1.1a) is the Poisson equation ∆u = g(x), which is a linear
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elliptic equation; for k = n, (1.1a) is the notable Monge-Ampère equation det D2u = g(x)
which is a fully nonlinear elliptic equation.

In 2003, Caffarelli and Li [8] (n ≥ 3) investigated the exterior Dirichlet problem of
Monge-Ampère equation {

det D2u = 1, x ∈ Rn\Ω,

u = φ, x ∈ ∂Ω,
(1.2)

and obtained that if Ω is a smooth, bounded, strictly convex open subset and φ ∈ C2(∂Ω),
then for any given b ∈ Rn and any given n× n real symmetric positive definite matrix
A with det A = 1, there exists some constant ĉ depending only on n, Ω, φ, b and A, such
that for every c > ĉ there exists a unique function u ∈ C∞(Rn\Ω) ∩ C0(Rn\Ω), which
satisfies (1.2) and

lim sup
|x|→∞

(
|x|n−2

∣∣∣∣u(x)−
(

1
2

xT Ax + b · x + c
)∣∣∣∣) < ∞.

Since then, there have been extensive studies of the exterior problem for the fully nonlin-
ear elliptic equations. In 2011, the first author and Bao [15] (n ≥ 3), the first author [13]
(n ≥ 3) studied the exterior Dirichlet problem of Hessian equation

σk(λ(D2u)) = 1 (1.3)

and got the existence and uniqueness of the viscosity solutions with the asymptotic be-
havior

lim sup
x→∞

(
|x|Υ−2

∣∣∣u(x)−
( c∗

2
|x|2 + c

)∣∣∣) < ∞, (1.4)

where Υ = n or k, c ∈ R and
c∗ = (1/Ck

n)
1
k .

Then in 2012, Wang and Bao [30] studied the necessary and sufficient conditions on
existence of radially symmetric solutions for the Dirichlet problem outside a unit ball
B1 = B1(0), {

σk(λ(D2u)) = 1, x ∈ Rn \ B1,

u = constant, x ∈ ∂B1,

with the asymptotic behavior

u(x) =
c∗
2
|x|2 + c +O(|x|2−n), |x| → ∞, n ≥ 3,

u(x) =
1
2
|x|2 + d

2
ln |x|+ c +O(|x|2−n), |x| → ∞, n = 2,

where c, d ∈ R. Compared with the asymptotic behavior of solutions of Monge-Ampère
equations, it seems more suitable that the solutions of Hessian equations should tend to


