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Abstract. We consider a class of free boundary problems with Neumann boundary
conditions. We would like to give certain results with regularity of solutions (mainly
the local interior and boundary Lipschitz continuity). We will also show an explicit
form of solution under well-specified conditions.
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1 Introduction

In this article, we are interested in studying a free boundary problem with Neumann
boundary conditions, whose weak formulation is as follows

Find (u,χ)∈H1(Ω)×L∞(Ω) such that:
(i) u≥0,0≤χ≤1,u(1−χ)=0 a.e. in Ω,
(ii) u=0 on Γ2,

(iii)
∫

Ω
(a(x)∇u+χH(x))∇ξ≤

∫
Γ3

β(x,φ−u)ξdσ(x), ∀ξ∈H1(Ω), ξ≥0 on Γ2,
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where Ω be a C1 bounded domain of Rn, and Γ2,Γ3 = (Γ3,i)1≤i≤N are relatively open
connected subsets of ∂Ω and Γ1 = ∂Ω\(Γ2∪Γ3), x=(x′,xn), e=(0,.. .,0,1), a(x)= (aij(x))
is an n by n matrix satisfying these conditions below for Λ,λ>0

a(x)z·z≥λ|z|2, for all z∈Rn,

|aij(x)|≤Λ, for all x∈ (Ω∪Γ3), for all i, j=1,··· ,n, (1.1)∣∣∣∣∂ai,j

∂xi
(x)
∣∣∣∣≤ kn

√
n, for all x∈ (Ω∪Γ3), for all i, j=1,··· ,n.

In addition, H(x) is a C1(Ω) vector function not necessarily depending on the matrix
a(x), satisfying these conditions follow for the positive constants H,H and c

0≤divH≤ c, a.e. x∈Ω,
|Hi(X)|≤h, i=1,··· ,n−1, a.e. x∈Ω,
0<H≤Hn(X)≤H a.e. x∈Ω,
H(x)·ν ̸=0 for all x∈∂Ω.

(1.2)

For a.e. x∈Γ3, the function β(x,·) is a nonnegative, nondecreasing function satisfying

For all v ∈R, x 7→β(x,v) is dσ−measurable,
there exists b>0 such that; β(x,·)≤b a.e. x∈Γ3,
for a.e. x∈Γ3, β(·,v) is Lipschitz continuous function.

(1.3)

And φ is a nonnegative Lipschitz continuous function.
This problem describes of some free boundaries, such as the aluminum electrolysis

problem [1], the problem of lubrication [2], and the dam problem with leaky boundary
conditions [3–6]. The separation in the dam problem is between the part of the domain
where the water is and the rest. The separation in the case of the aluminum electrolysis
problem is between the liquid and solid region. The separation in the lubrication problem
is between the nil-pressure zone and the other region.

In [7], Carrillo and Chipot showed the existence of solution, the lower semi-continuity
of the function representing the free boundary and the uniqueness of the solution, which
they called ”S3-connected solution” for the Dirichlet condition on Γ1∪Γ2. The existence
proved in [3] in the case a(x)= In and H(x)= a(x)e.

In [8], Chipot considered the problem in the case where H(x)= h(x)·e with e=(1,0)
and hx1≥0 in D′(Ω). He proved that the free boundary is a graph of a continuous function
x1=ϕ(x2). Challal and Lyaghfouri [9] proved the same result under weaker assumptions.
This result is generalized in the article published by Saadi [10].

In [11], Lyaghfouri generalized the result shown by Carrillo and Chipot in [7] to the
case

a(x)=
(

a11(x) 0
a21(x) a22(x)

)
, H(x)= a(x)e, and

∂a22

∂x2
≥0 inD′(Ω).


