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Abstract. In this paper, we derive rigorously a non-local cross-diffusion sys-
tem from an interacting stochastic many-particle system in the whole space.
The convergence is proved in the sense of probability by introducing an inter-
mediate particle system with a mollified interaction potential, where the mol-
lification is of algebraic scaling. The main idea of the proof is to study the time
evolution of a stopped process and obtain a Grönwall type estimate by using
Taylor’s expansion around the limiting stochastic process.
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1 Introduction

In this paper, we give a rigorous justification for the mean-field limit from an in-
teracting particle system to the population cross-diffusion system as the number
of particles goes to infinity. More precisely, we present the derivation of n-species
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cross-diffusion system as follows:
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∂tui =div(ui∇Ui)+σi∆ui+div

[

ui

n

∑
j=1

∇ f (Bij∗uj)

]

,

Bij(|x|)=
C(d,ϑij)

|x|ϑij
, ϑij∈ (0,d−2],

ui(0)=u0
i (x), i=1,.. .,n,

(1.1)

where σi > 0 are the constant diffusion coefficients, u=(u1,. . .,un) stands for the
vector of population densities, Ui(x)=−|x|2/2 represent environment potentials
and C(d,ϑij) are constants depend on d and ϑij. The transitions rates depend on
the densities by a nonlinear term f .

The aim of this paper is to rigorously derive the system (1.1) from the follow-
ing stochastic many-particle system. This system describes the movements of n
species of particles, with the particle numbers Ni ∈N, i=1,.. .,n, according to the
given law. Without loss of generality, we let N=Ni , i=1,.. .,n. Let (Ω,F ,(Ft≥0),P)
be a complete filtered probability space. We consider d-dimensional Ft-Brownian
motions (Wk

i (t))t≥0, k=1,.. .,N, i=1,.. .,n which are assumed to be independent of

each other. We assume that (ξk
i ), k=1,.. .,N, i=1,.. .,n are i.i.d. random variables,

independent of (Wk
i (t))t≥0, and have common probability density function u0

i .

We use the notation XN,k
η,i (t) to represent the k-th particle of i-th species and the

dynamics of XN,k
η,i (t) are governed by
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dXN,k
η,i =

[

−∇Ui

(

XN,k
η,i

)

−
n

∑
j=1

∇ fγ

(

1

N

N

∑
l=1

B
η
ij

(

XN,k
η,i −XN,l

η,j

)

)]

dt

+
√

2σidWk
i (t),

XN,k
η,i (0)= ξk

i , i=1,.. .,n, k=1,.. .,N,

(1.2)

where fγ is an approximation of f which can be constructed, for example in Re-
mark 1.1, and

B
η
ij :=

{

Vη∗Bij, 0<ϑi,j<d−2

Vη∗ B̄ij, ϑi,j=d−2
, B̄ij(|x|) :=

{

Bij(|x|), |x|≥η

Bij(η), |x|<η
.

Here Vη(x) :=V(x/η)/ηd with η>0 is a mollification kernel which means V≥0
is a given radially symmetric smooth function such that

∫

Rd V(x)dx=1.


