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Abstract In this paper, we study the spectral asympfotic behavior for a class
of Schridinger operators on 1-dimensional fractal domains. We have obtained, if the
patential function is locally constant, the exact second term of the spectral asymptotics.
In general, we give a sharp estimate for the second term of the spectral asymptotics.
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1. Introduction

Let §1 be an open set in R™(n > 1), with boundary I = 8. We assume that 02
is non-cmpty and of finite volume (n-dimensional Lebesgue measure). We consider the
following eigenvalue problem of Schrédinger operator:
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where A > 0,V (z) € C (£2), and A denotes the Diriehlet Laplacian on 2. In fact, the
scalar o is said to be an eigenvalue of (P) if there exists u # 0 in H3 (1) which satisfies
(P} in the distributional sense. It is well known that, the problem (P} has discrete
eigenvalues if A is given, which can be written in increasing order according to their
finite multiplicities:
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Let & > 0, N(E,)) denote the “counting function” of (P} associated with E, i.c.
N(E,A) = #{k = 1, ux < AE} is the number of elgenvalues of (P) less than AF, which
1s counted according to the multiplicities.
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We have known that in one-dimensional case (see [1]),
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as A — oo.

In this paper, we are interested in the sharper asymptotic form of N{Z, A) for 2
with fractal boundary, First, let us recall some results on the Weyl conjecture and the
Weyl-Berry conjecture, which will help us to understand the main resuli in this paper.
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where A denotes the Dirichlet Laplacian defined in §2. Let ¢ > 0, No(p) = #{k =
1;0 < Ay £ p}, where A is Dirichlet eigenvalue of (Q).

In 1912, H.Weyl[2] proved that if £ has sufficiently smooth boundary, then

Nofpe) = ()1 + o(1)) as p — +o0 (1.3)
where @) is called the “Weyl term” and is given by
o(p) = (27) 7" By | Q™ (1.4)

Here, |2, denotes the n-dimensional Lebesgue measure of €2 and 5, is the volume of
undt ball in B™. Furthermore, he conjectured that, in the “smooth” case,

No(p) = p(p) = ClTlao1p™ M2 4 o172 a5 — 400 (1.5)

where O 18 a positive constant depending only on n. (Here [['],—; denotes the (n—1)-
dimensional Lebesgue measure of M),

An important step on the way to the Weyl's conjecture was made by R.T Secley[3],
and then by Pham The Lai [4]. They showed that for T is £°° smooth, then

Nolp) = wlp) + O(p 1) as 4 — oo (1.6)

Further, V.Ja.Ivrii[5.6] and Melrose[7,8] have established (1.7) under some addi-
tional assumption, i.e. the Weyl's conjecture is true under some conditions.

How about the situation if the boundary I' is non-smooth? The physicist Michael
V.Berry[9] made the following conjecture: If the boundary I' = 40 is “fractal” with
Hausdorff dimension H € (n — 1,n) and H-dimensional Hausdorff measure H(H; T ,
then

No(p) = @l(w) — CyH(H;T)n? 4 o(p#'?) as p — +oc (1.7)

where Cy is a positive constant depending only on H. Berry even conjectured that
Cy = (4(4m)H/20(1 + H/2))~1, where T'(s) denotes the classical gamma function.




