Commun. Comput. Phys. Vol. 9, No. 3, pp. 649-667
doi: 10.4208/cicp.060509.080609s March 2011

An FFT Based Fast Poisson Solver on Spherical Shells

Yin-Liang Huang'"*, Jian-Guo Liu? and Wei-Cheng Wang®

! Department of Applied Mathematics, National University of Tainan, Tainan 70005,
Taiwan.

2 Department of Physics and Department of Mathematics, Duke University, Durham,
NC 27708, USA.

3 Department of Mathematics, National Tsing Hua University, Hsinchu 30013,
Taiwan.

Received 6 May 2009; Accepted (in revised version) 8 June 2009
Available online 17 September 2010

To the memory of David Gottlieb

Abstract. We present a fast Poisson solver on spherical shells. With a special change
of variable, the radial part of the Laplacian transforms to a constant coefficient differ-
ential operator. As a result, the Fast Fourier Transform can be applied to solve the
Poisson equation with O(N®logN) operations. Numerical examples have confirmed
the accuracy and robustness of the new scheme.
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1 Introduction

The purpose of this paper is to propose a simple fast solver for the Poisson equation in a
spherical shell
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where
Q:{pmin<P<pmaX/ OSBSTC/ OSQDSZN}

The Poisson equation in the spherical shell geometry is important in many geophysical
and solar-physical applications [5,14,15].
Eq. (1.1) can be put in a more symmetric form

Jp (0?9psin’0 u) + (sinfdg)?u+03u = p*(sin’6) f, in Q,
Ul p=prin = 1" (6,), (1.2)
u ’P:Pmax = uR <9’¢) .

In this symmetric form (1.2), one can apply Fast Fourier Transform to both the 6 and
¢ derivatives (see Section 2 for details) to obtain optimal efficiency. The major obstacle
for developing an overall fast solver is the radial derivatives which constitute a variable
coefficient differential operator. The most popular approaches include Poisson solvers
based on FFT in two directions or spherical harmonic functions which requires a Fast
Legendre transform [1,4,6,7,9,12,13,16]. There are also other approaches using different
sets of grids such as the Cubed Sphere grid [11] and the Yin-Yang grid [17].

In this paper, we propose a simple alternative, which provides a more accessible fast
solver to (1.2) via FFT in all three variables. We propose the following simultaneous
change of dependent and independent variables

_ Inp —Inpmin
1npmax - lnpmin ’

v=\/p u. (1.3b)

It is easy to see that, under the transformation (1.3), the Poisson equation (1.1) now takes
the form

(1.3a)

sin®6 <a8§ — i) v+ (sin@@e)zv—i—aév :g;p% sin?6f, (1.4)
where

&= (Inpmax —INPmin) -2 (1.5)

with boundary data

0ls=0=0"(6,¢) = /Pumin u"(6,), (1.6a)
0|s=1 =0R(6,§) = \/Pmax 4" (6,0). (1.6b)

The significance of the transformation (1.3) is that the radial part now becomes a constant
coefficient differential operator. As a consequence, the discretized operator for (xd?—
1/4) can be fast-diagonalized via FFT, resulting in an fast solver with total O(N®logN)



