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THE BOUNDARY INTEGRO-DIFFERENTIAL EQUATIONS OFA BIHARMONIC BOUNDARY VALUE PROBLEM�1)Hou-de Han(Departmentof Applied Mathemati
s, Tsinghua University, Beijing 100084, China)Wei-jun Tang(Laboratory of Computational Physi
s, Institute of Applied Physi
s and ComputationalMathemati
s, Beijing 100088, China)Abstra
tIn this paper, a new method of boundary redu
tion is proposed, whi
h re-du
es the biharmoni
 boundary value problem to a system of integro-di�erentialequations on the boundary and preserves the self-adjointness of the original prob-lem. Moreover, a boundary �nite element method based on this integro-di�erentialequations is presented and the error estimates of the numeri
al approximations aregiven. The numeri
al examples show that this new method is e�e
tive.Key words: Boundary Iintegro-di�erential equations, Bihamoni
 boundary valueproblem 1. Introdu
tionWe 
onsider a homogeneous isotropi
 and linear elasti
 Kir
hho� plate under lateralload distributed over the plate 
� [�h2 ; h2 ℄. The domain 
 2 R2 is bounded with thesmooth boundary �. In the stati
 equilibrium, we 
onsider the free type boundary
ondition on �. Then the de
e
tion u satis�es the following problem:8>><>>: �2u = qD ; in 
;M(x; nx)u = 0; on �;T (x; nx)u = 0; on �; (1.1)where D = E0h312(1 � �2) , is the bending sti�ness of the plate with h being the platethi
kness and E0 and �(0 < � < 12) being the modulus and Poisson's ratio respe
tively,q denotes the lateral loading; the boundary di�erential operators M(x; nx), T (x; nx)are given by:Mx �M(x; nx) = ��x+ (1� �)hn21(x) �2�x21 + n22(x) �2�x22 + 2n1(x)n2(x) �2�x1�x2 i; (1.2)� Re
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60 H.D. HAN AND W.J. TANGTx �T (x; nx) = ���x�nx + (1� �) ��sx [n1(x)n2(x)� �2�x21 � �2�x22�� ((n1(x))2 � (n2(x))2) �2�x1�x2 i; (1.3)where nx = (n1(x); n2(x))T denotes the unit outer normal ve
tor at x 2 � and sx =(�n2(x); n1(x))T is the unit tangential ve
tor at x 2 �. For 
onvenien
e, from nowon we suppose that the bending sti�ness D has been normalized to D = 1. Be
ausethe lateral loading q(x) in (1.1) 
an always be eliminated by substra
ting a volumepotential, hen
e the problem (1.1) 
an be redu
ed to the following problem:8><>: �2u = 0 in 
;Mxu = m on �;Txu = t on �; (1.4)for given fun
tionsm(x); t(x) on the boundary �. Let 

 = R2n
, then we also 
onsiderthe boundary value problem on the unbounded domain 

:8>>>>>>><>>>>>>>:
�2u = 0 in 

;Mxu = m on �;Txu = t on �;u(x) satis�es the linear - logarithmi
 growth 
ondition(see [11℄, p468. (8.165)), when jxj ! 1. (1.5)The operators Mx and Tx 
an be rewritten in the following form:Mx = �x � (1� �) �2�s2x � (1� �)!(x; nx) ��nx ; (1.6)Tx = ���x�nx � (1� �) �3�s2x�nx + (1� �) ��sx h!(x; nx) ��sx i; (1.7)where !(x; nx) = n1(x)dn2(x)dsx � n2(x)dn1(x)dsx .We will redu
e the problem (1.4) to a system of boundary integro-di�erential equa-tions by an indire
t method.Letu(x) = Z�MyE(x; y)f1(y)dsy + Z� TyE(x; y)f2(y)dsy + p1(x); x 2 
; (1.8)be the solution of problem (1.4). Here p1(x) is an arbitrary polynomial of degree one,E(x; y) = 18� r2 log r, with r = jx�yj is a fundamental solution of biharmoni
 equation,f1; f2 are two unknown density fun
tions.For any x 62 �, and an arbitrary unit ve
tor nx, we haveMxu(x) = Z�MxMyE(x; y)f1(y)dsy + Z�MxTyE(x; y)f2(y)dsy; x 62 �; (1.9)Txu(x) = Z� TxMyE(x; y)f1(y)dsy + Z� TxTyE(x; y)f2(y)dsy; x 62 �: (1.10)


