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THE DRAZIN INVERSE OF HESSENBERG MATRICES"

Miao Jian—ming
(Shanghai Normal University, Shanghai, China)

Abstract
The Drazin inverse of a lower Hesaenberg matrix is considered. If A is a singular
lower Hessenberg matrix, and a; ;4 # 3, =1,2,---,n—1, then AP can be given, and

expressed explicitly by elements of A. The structure of the Drazin inverse of a lower
Hesasenberg matrix is also studied.

§1. Introduction

The Drazin inverse A” of A can be characterized as the unique matrix satisfying the
three equations

XAX = X, ' (1.1a)
AX = XA, (1.1b)
k+1y _ 4k -
» AT X = A%, Index{A) = k. (1.1c)

-

If k =1, then the Drazin inverse of 4 is called the group inverse of A and denoted by A%,

The Drazin inverse has been shown to have numerous applicationsl!l. In [2], it is used
to give a closed form for solutions of systems of linear differential equations with singular

coefficient matrices. In [5], A¥ is used to study finite Markov chains. See [1] for an extensive
discussion of the Drazin inverse.

Since an arbitrary square matrix can be reduced to Hessenberg form by means of unitary
similarity transformations, and the Dragin inverse is well behaved with respect to similarity,
that is (P~1AFP)Y = P~ 'AP P, the study of the Drazin inverse of a Hessenberg matrix is
. 1mportant.

Yasuhiko Ikebel4l studied the structure of the inverse of a Hessenberg matrix. Cao Wei-
lu and W. J. Stewart!3 generalized some results of [4]. Miao Jian-ming!® presented the
form of the group inverse of a Hessenberg matrix, and also generalized the results to more
general matrices, called block upper (lower) s—diagonal matrices.

In this paper, we shall present the form of the Drazin inverse of a singular lower Hessen-
berg matrix with a; ;41 #¥ 0, =1,2,.--,n - 1.

§2. Notations and Preliminary Results

Throughout this paper, let A = {a;,;)T be a lower Hessenberg matrix of order n, and
aii+1 70,8 =1,2,.--,n~1, Let A be partitioned as

411 12
¢ B
A= = ( o d° ) (2.1)
Qp—-1,1 Gn—-1,2 Qpn-1,n
Oni dnp2 ﬂn,ﬂ
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Clearly B is a lower triangular matrix, and .B~! exists. Let

i ( P g) _ ¢ (2.2)
z=.( 3 ) (2.3)

y* = (—d*B~1,1). (2.4)

Then we have
Lemma 18!, Ifo, =d*B ¢ —a 9’-' 0, then A 33 nonsingular, and

A7t = T a; zy'. (2.5)
If a; =0, then A 15 ssngular.
Lemma 2. Let
=d*"B ¢c—a, a=y'T"2z, i=2,3,---. (2.6)
Ifa =ag = ---=ay =0,ax4; # 0, then Index{A) = k.

Proof. By [1, p.138|, Index[A) = k is equivalent to saymg k is the smallest nonnegative
integer such that the limit

’ lim X*(4 + A1)~ | (2.7)

]

exigts. Now using Lemma 1 gives
(A+ M)~ = T(A) — a7 t{(A)z(A)y* (A). (2.8)

where Pn}] T(A) =T, }m}_’ z(A} = =, }in}]y'[k) = y*. Hence k is the smallest nonnegative
integer such that the limit

Jim A*aj?(2) {2.9)
exists. Let Jo € C(n—1)X(n=1) and 1, fo1 € C{n—1)X1 denote the matrices
0 0
1 0 T -
Jo = e i ' fl"_"(lsnz"':ol rfn-l‘_"(o:l"':ﬂ:l) ’
0 1 0
Then
a;(A) = (d* + AfT_WB+AJ) He+ Afy) —a (2.10)

Let N = B~1J,. Then N is nilpotent of index n — 1. Hence
(B+AJo) ' =T+ AN) 1B ' =[I-AN+X3N?—... 4 (—1)"2A""2N"" ""’]B'1 (2.11)
By use of (2.11), (2.10) becomes
a1(A) = a3 — far + B5A% — - o + (=1)"Bny1A", (2.12)

where

B3 =(d*B Jy— fT_)B~lc—d*B71,, | (2.13a)
B; = (d*B 10— fI_)N"2B~YJoB c—f1), 1=8,4,---,n+1  (2.13b)



