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ASYMPTOTIC EXPANSIONS OF THE CUBIC
SPLINE COLLOCATION SOLUTION FOR
SECOND-ORDER ORDINARY
DIFFERENTIAL EQUATIONS®
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(Depariment of Computer Science, Zhongshan University, Guangezhou, China)

Abstract

1In this paper, we consider the following problem
{ u" (2) =1 (z, 8(@), ¥ (@), a<z<h,

u(a) =t (b) =0,

and obtain the fellowing theorem.
Theorsm. Suppose thaé ¢(a) ¢ a uriqus coliocation solution of the above equation. T'he solution ()

of the above equation exists umiquely and u(z) € C*[a, 3], @, ¥, g) €ECr([e, Bl X (—0, w0} X
(—m,m}), z_[f;l], Z;;U- Then

o (8) =t (@) + 2 ey @) +00r), =0, 1, N,
whore ¢,(z) ars selulions of some linsar ordinary ds [Ferential equations.

We consider boundary—value problems of the first kind for second-order
differential equations
{u” (z) = f(z, u(®), ¥ (@), a<z<b, 1)
u{a) =u(b) =0,
where u(#) is assumed %o exist uniquely and u(z) €O’ tafa bl

(@, 9, ) € C"([a, B] X (—o0, w0) X (— o0, 00)), and L& D0,

Let 4 be an equidistant partition of [e, &]
4. a=mo<a < - <ay=0b

and let SP(3, 4) be a cubic spline space.

Definition. I f‘tlwa'e is @ unique s(z) ESP(3, 4) such that

s(a) =s(b) =0,
&' (@) =f(m, s(m), §(®)), =01, -, N,

then s(z) is caﬁed the ocubic spline collocation soluiion of boundary value problems of
(1).

In the following, we always assume that collocation solutions exist uniquely.

: N+1
Let 8 (m) o Z o 13 (:’E) 5

f=—1

where B,(z) are B-Splines of a cubic spline. By using the values of Bi(zy), Bi (@),
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Bi(z;) we have a system of nonlinear eguations.
i ﬂ...:["]"étxo"l“aj_#ﬂ,

. Py s
i1 h{: -1 ﬂf(ml: iyl 4? a"""’%"r _ﬂi+12hﬁi_!__), 5=0: 1:
Lﬂ}g’_1+4aﬂ+ﬁﬂ+1=0. |

Cancelling a_4, ay,1 we obtain
—Gaﬂ=hﬂf(ﬂ;n_, Wy, al_;lga:ﬂ.)’

B e ey + 4o -« — O .
Oy 41 hf;f aij.#f(mh Buga 6: 6‘;1, _F_‘i+1§hﬂi 1)’ _-2«='1, 2, eee

—Bay =h2f (ﬂ?N, Uy, ﬂN-i}':' 20 )

P

Solving thig system by Newlon’s iterat.on we can obtain the collocation solution

s(z).

For simplicity let us assume

Z=[T;1J and 0 =-%—.

For any function d;(z) € O"**¥[g, b] (j=0,1, -, 1), if we fake 8 = i hd (@)
. =6

.o, N,

,N—l,

(¢=0, 1, ---, ), then for ¢=1, 2, »-., N—1, from Taylor's formula we have

ﬁi_'_l——g}gi"}’ﬁ;_i . é h é de d§215+2) (mi) —]—O(h"),

=0 f=0 (2k+2)!
Bisa+4B8i+ Bi ' b 8% (a) r
St ¢ : -2 I (21.:)‘1 -+0(k7),
Bi+1'_ ﬂz— - : - gyt (mi) . p
}2 - g (2]04—1)! Gt

| f(mh ﬁi+1+4§i+ﬁi—1 : Bi+1""’ Bi-—l )

~fla dola), do@)+ B L T 1o, do(a), do(a) )

1<stm<i 8|M] 3:?}332

i j dﬂk+1}(m‘) ' A\™
x(,g = u_(§2k+1)l . ))

X gh”’ ; 3(3?2%)1 +O(h")) +O(K)

;f (e, do(@s), dolwy)) + L el I (@, do(@), do(@))

1cs+m<t $|m] W@ﬂ"‘
X > M

f=s4m {f1+';+fi+-|—f n=1

=8+1

25 LA G o™

~f (@0 dofa), d@)+3 3 LT ra due), dia))

=1  1<s+m<j 8lm1 Oy*oz™

{3 (B ERE). i (5 9206 o,

k=0 8+ (2%k)! / sn=iti\i=0 (2k+1)]
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