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The key to the. quasi-Newton methods for solving nonlinea¥ equations in several
variables or optimization problems lies in how the approximation:fo the :Jacobian or
Hessian matrix (oi' ite inverse) is determined. |

We denote by R and B"™* the real n—dimensional linear space of all column
veators and ihat of all real square matrices of order n, réspeciively. The mapping
with domain D in R" and range in R" is denoted by #: D R*—>R", which is the left
of the system of equations or the gradient of the objective funckion. |

T.et & and z be two distinot points in D and denote

 *P=F(@2), F=F&), B=F(z), (1.1)
where F’(a) is the Jacobian matrix of F at «, and |
| d=z—=0, y=F-F, (1.2)

It is our purpose 10 epproximate -the Jacobian matrix of ¥ af .
Evidently, the linear mapping

_ L(z)=F+B(s—z), (1.8)
where B € R*® and
| 3 By ey (1.4)
satisfies g g
- Lz)=F, L(z)=F (1.5)

So, if |8] is small enough, L(z) can be regarded as a reasonable approximation 1o
F(z) at z and B as an approximate Jacobian matrix of F at the same point. AS a
matter of fact, we have ' |

Theorem 1. Suppose that F:DCR"— R" is Fréchei—differentiable af z€ int (D)
and that L(w) s determined by (1.8) and (1.4). Then, for any t € B, which is non—zero

n L(z+13) — F(z+18) =tE(t, 3), (1.6)
where lim H(#, 3)/]3] =0, lim E(, 8)—E(3) and lim E(3)/8}=0- |
e FEd)=Fe P @@ -B@®), 1.7
where Y T T LmEGR)/I8l=0. y
i L P=F—F(2)3-E(@3), (1.8)
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whee o L E@®/3]=0.

By (1.8), (1 7) (1.4) and (1 8) we have
L(z+18) — F(a:+t6)=t§a tF’(a:)a+E1(ta)

Al —t(F—ﬁf_E’(m)5)~+E1(ta)==t[E(a)+E1(t6)/t], ' |  (1.9)
If we lot _ | |
H(i, ;_6)=F(§)47E1(t3)/-‘=, " _(1-10)
T umE(Q, /181 =lim B(3)/]3] +lim By(#8)/ (4|81 =0
and lim B, 8) = E(8) +}im Ey(t8)/t=E (3)-

The theorem is then proved
In view of the above,we regard (1.8) as the first order approximation to ¥ at .

Lot B be nonsingular and H be its inverse. Then (1. 4) is eqmvalent o
3=Hy, C@d.11)

Equa.'hwn (1. 4) or (1 11) has been ﬂentral to the developmant of quasi-Newton
methods; and therefore it is often ‘Iaermed ‘the quasi-Newfon equation. But in view of
Theorema 1, we call it first order ‘quasi-Newton eguation, and all of the kmown
apdates, which can be derived from it and used in quam-ﬂewton methods are called,
correspondingly, the first orderi. |

Since there i8 no B or H in (1 4) or. (1 11), ﬁ or ﬁ relates only to y and &
rather than $0.B or H. Thus Ba=yqT/¢"s, where ¢ € B® and ¢78 0, satisfies (1.4) and
is independent of B. In fact, B or H in the first order updates can be, theoretmally,
replaced by any other positive definite matrices (for optimization problems).

" In this paper, many new updates are derived by means of new approximations
to ¥ and shown 10 be of geoond order in a certain sense. They have not only higher
precision than the old ones but also the same simplioity; moreover, B or H there
cannot be replaced by other matrices, and therefore the approximate Jacobian (or
Hessian) matrix or its inverse at the initial point must be used as the initial mairix,

or theoretically so to say the least. In addition, if is much more significant that the
so—-calléd seoond order quasi-Newton equation deﬁved later must become the new
‘starfting point ‘of quasi-Newton methods; “ an gl % . BEF ~
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Let us introduoce the new aonuept needed in the ensuing ﬂeﬂmﬁm
;Deﬂmtlon Let SGR" AER""‘ is a one—reduction matriz of 8 ¢f
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