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Abstract

Fractional Klein-Kramers equation can well describe subdiffusion in phase space. In
this paper, we develop the fully discrete scheme for time-fractional Klein-Kramers equa-
tion based on the backward Euler convolution quadrature and local discontinuous Galerkin
methods. Thanks to the obtained sharp regularity estimates in temporal and spatial di-
rections after overcoming the hypocoercivity of the operator, the complete error analyses
of the fully discrete scheme are built. It is worth mentioning that the convergence of the
provided scheme is independent of the temporal regularity of the exact solution. Finally,
numerical results are proposed to verify the correctness of the theoretical results.

Mathematics subject classification: 65M60, 35R11, 65M12, 656M15.
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1. Introduction

Subdiffusion is ubiquitous in the nature world [18]. Microscopically, it can be modeled by
Langevin dynamics with long-tailed trapping [19]. To describe how the presence of the trapping
events leads to the macroscopic observation of subdiffusion, the authors establish the fractional
Klein-Kramers equation [17,19]. This paper is concerned with the regularity estimate and
numerical analysis for the time-fractional Klein-Kramers equation, i.e.

0 0 n 02

11—«
0:G(x,v,t) + 00, <W% — Vg e

> G(:C,’U,t) = Oatliafv

((x,v),t) € Qx(0,7T)

(1.1)

with the initial condition
G(z,v,0) = Gy, (z,v) € Q,
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and the boundary conditions

G(z,0,t) = G(z,1,t) =0, (x,t) € (0,1) x (0,77,

G(0,v,t) = 0, (v,t) € (0,1) x (0,T7. (12)
Here Q = {(z,v) |0 <2 < 1,0 <wv < 1}, T denotes the fixed terminal time, f is source term,
v is the velocity, n is the friction constant, m is the mass of the particle, v is the ratio of the
intertrapping time scale and the internal waiting time scale, and S is a variable related to the
temperature and Boltzmann’s constant, without loss of generality, we taken=8=m=~v=1
in the following, 09}~ is the Riemann-Liouville fractional derivative with a € (0,1) defined
by [21]
oG- 2 / t(t — &) IG(€)de (1.3)
0t T'(a) 0t Jo ' '
In the past few years, there have been some discussions for solving fractional Klein-Kramers
equation numerically [6,10,13,20]. In [6], the authors consider the finite difference scheme
for the time-fractional Klein-Kramers equation and provide the corresponding error analyses.
Reference [20] provides a hybrid algorithm using the local radial basis functions based on finite
difference to obtain the numerical solution of the time-fractional Klein-Kramers equation; the
authors use finite difference scheme to solve space-fractional Klein-Kramers equation with Riesz
fractional derivative in [13]. From the above works, it can be noted that the corresponding
numerical discussions in Galerkin framework for fractional Klein-Kramers equation are rare.
In this paper, we first build the regularity of the Eq. (1.1), and then present the robust
numerical scheme and complete error analyses. As for the regularity estimates, to overcome
the challenges caused by the hypocoercivity of the operator (v(9/0x) — (8/dv)v — 82 /Ov?), we
introduce a new operator £ (one can refer to (2.1)) and provide the corresponding resolvent
estimate (see Lemma 2.1); with the help of equivalent form of (1.1) and resolvent estimate, we
find

t
1G]z < CllGollz2() + ClIf(0)|[L2(0) + C/O £/ (s) | 2 () ds,
t
G ()| 2y < Ct M |GollL2() + Ct*HIF(0) | 2y + C/O (t =) F'(9)] 2y ds.

Next we use backward Euler convolution quadrature to discretize the temporal derivative and
an O(1) convergence rate is obtained without any regularity assumptions on the exact solution.
At last, we use local discontinuous Galerkin method to discretize spatial derivative; to obtain
the stability and the convergence of the fully-discrete scheme, we build a new discrete Gronwall’s
inequality (see Lemma 4.1 for the details).

The plan of the paper is as follows. Next, we provide the regularity of the time-fractional
Klein-Kramers equation in temporal and spatial directions, respectively. In Section 3, the time
semi-discrete scheme is built by backward Euler convolution quadrature and the resulting error
analysis is also provided. Then we use the local discontinuous Galerkin method to discretize
the space operator and the error estimate is obtained in Section 4. Section 5 validates the
effectiveness of the algorithm by extensive numerical experiments. We conclude the paper with
some discussions in the last section. Throughout the paper, C' is a positive constant, whose
value may differ at different places, || - || stands for the operator norm from L?(Q) to L2(f),
and “” means Laplace transform.
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2. Regularity of the Solution

Here we first provide some notations, and then present the solution and discuss its regularity.
Define I'y ,, for £ > 0 and 0 € (7/2,7) as

Lo = {re ¥ :r>r}U{ke: 0| <O U {rel? . r >k},

where the circular arc is oriented counterclockwise and the two rays are oriented with an in-
creasing imaginary part. Here i denotes the imaginary unit. Define the operator £ as

0 0 0?2 1
ﬁiv%iavviw+§ (21)

with boundary conditions (1.2).
Applying Riemann-Liouville fractional integral o9,

a—1 . 1 ‘ —a
005 u.—m/o(t—s) u(s)ds

to both sides of (1.1) and using the definition of £, we can get the equivalent form of (1.1), i.e

007 (G(m,v,t) — Go) + LG(z,v,t) = f + %G(x,v,t), (=, ) € Qx(0,T),
G(z,v,0) = G, (z,v) € (2.2)
G(z,0,t) = G(z,1,t) =0, (x,t) € ( ) x (0,7,
G(0,v,t) =0, (v,t) € (0, ) x (0,T].

Remark 2.1. In fact, the mild solutions of the Egs. (1.1) and (2.2) are equivalent. Therefore,
we propose an efficient numerical scheme for (2.2) in the following.

As for the operator £, according to its definition (2.1) and using integration by parts, it is
easy to check that

(LG, Q) :/ / G(z,v,t)G(x, v, t)dzdv —/ / <aa (vG( x,v,t))) G(z,v,t)dvdx
v
/ / 02 G(z,v,t)G(z,v, t)dvdx + = / / (z,v,t)G(x,v,t)dzdv
v
5/0 ’U/O %(G(x,v,t)) dxdv—/o /0 (U%G(x,v,t)—i—G(x,v,t)) G(z,v,t)dvdx
1 1 a a 1 1 1
+/0 /O %G(x,v,t)%G(iE,’U,t)d’Udl' + 5/0 /0 G(.’L‘,’U,f)G(ZE,U,t)d-Td’U
1/t 2 1/t o 2
= 5/ U(G(l,v,t)) dv——/ / U—(G(m,v,t)) dvdz
0 0
0
//51} (x,v,t) G(zvtdvd:c——// (z,v,t)*dvdz,

where (-,-) means the inner product on Q. Since G(z,0,t) = G(x,1,t) = 0, it follows that

//v— zvtdvdz*//vdszt
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1
:/UG(xvt //Gwvtdvdm
// (z,v,t)*dvdz,

(LG,Q) = / vG(1,v,t) dv—i—/ / —G (x,v,t) 0 G(x,v,t)dvdm >0, (2.3)

implying

namely, £ is a positive operator.
Next, to get the regularity of the solution of (2.2) and using

/f

G(2) = E(2)Go + R(2) £(0) + R(2) f'(2) + %F(z)é(z), (2.4)

we present the solution in Laplace space, i.e.

W

where means the Laplace transform and

E(z) = 2971 (2 +E)
F(z)= (" +£)"
R(z) = 2712 —I—E) !

Thus, iterating (2.4) m times, one can get

m

6 =3 (20 (B + R010 + 7M@)+ (370) 60 es)

k=0

Now we present the resolvent estimate of L.

Lemma 2.1. Let £ be defined in (2.1). Then for z € g = {2z € C: z # 0,|argz| < 0} with
0 € (m/2,m), there holds
Iz + L) < Ol

Proof. Let (z 4+ L)u = g. Then we have
((z + L)u,u) = (g, u).

According to (2.3) and using the fact a|z| + b < Claz + b| with a,b > 0 and z € ¥y [9], one
obtains
[((z+ Lyu, w) | = |2(u,u) + (Lu, u)] = Clz| [[ulZ20)-

Using
(9,u) < Cllgllzz llull 2 @)
leads to the desired result. O

Remark 2.2. By Lemma 2.1, the inverse Laplace transforms of E(z), F(z), and R(z) satisfy

IE®I < C F@) < o™t R < Cte. (2.6)
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Then we discuss the spatial regularity of the solution G.

Theorem 2.1. Let G be the solution of (2.2). Assume Go, f(0) € L%(), and

t
/ Hf/(5)||L2(Q)dS < 00.
0

Then one has

t
1G®)]|20) < CliGollL2() + ClIF(0)][L2@) + C/O 1 ()| 2o ds.

Proof. First, taking inverse Laplace transform for (2.4) leads to

t 1t
G(t) = E(t)Go + R(t) f(0) + / R(t —s)f'(s)ds + 3 / F(t —5)G(s)ds. (2.7)
0 0
According to (2.6) and using T'/t > 1, we have
1G(O)[20) < 1E@)Gollr2(0) + IR(E)f(0)ll 12(q)

+‘ / Rt - ) f(5)ds . 5/ Rt )G(s)ds

2(9)
< Ol|Goll 2y + Cll£(0)][ 22() + C/Ot ”f/(S)HLQ(Q)dS
+ C/Ot(t —8)* MG (5)] L2 ds.
By Gronwall’s inequality [8], there exists
1G(t)l|2(0) < CllGollz2(0) + Cllf(0)][2(0) + C/Ot £ ()l 22 ) ds-

The proof is complete. O

Next, we provide the estimate of ||G'(t)|| 12(q), where G'(t) denotes the first derivative of G
with respect to t.

Theorem 2.2. Let G be the solution of (2.2). Assume Gy, f(0) € L*(Q),
¢
/ Hf/(5)||L2(Q)dS < 0,
0

t
/ (t — ) 1 7(3)] oy ds < oo
0
Then one has
t
G ) |20y < CtH|Goll L2y + Ct* | £(0)] 2y + C/O (t— )M f'(s)| 2 (e ds.

Proof. Let |1/a] be the largest integer smaller than 1/a. Choosing m = |1/«] and using
(2.5), we have

lim (% (G(t) — G(t — T)))

T—0

L2(Q)
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k=0 L2(Q)
i 1 1-\"* -
li - zt 1 —2T _F
Eelpal( (103 )],
= i 2(Q)
- : 1 zt —2T 1~ g /
+;C ?gé(; (/Fene (1—e )<2F> Rfdz)) .,
= : ()
) 1 ; B 1~ m—+1 B
+C||lim [ = e*(1l—e ") | =F Gdz
T—=0\ T To 2 I
’ 2(Q)

< ilk +illk +i[]]k + 1V.
k=0 k=0 k=0

As for Iy, Lemma 2.1, the definition of the operators E and F, and the fact |(1 — e *7) /7| < C|z]
for z € Ty, [16] give

I, < C/F ] |2] |21~ **|2|~*|dz| | Goll L2
0,k
< Ct* |Gl 20y < CY|Goll L2(0)-

Similarly, one can get

IT; < Ct 7 £(0) || p2e,
t
HQSC/@—®”Wf@MmM&
0

As for IV, using m = |1/« and Theorem 2.1, we obtain

t
zvsq// == |2] 207409 a2 [ G(5) | gy d
0 Fg,n
t
scAa—wwmwwammmws

t
< OlGoll 2y + Cllf(0)][ 22y + C/o ”f/(S)HLZ(Q)dS-

Collecting the above estimates and using T/t > 1 lead to the desired result. 0

3. Temporal Semi-Discrete Scheme and Error Analysis

In this section, we consider the temporal semi-discrete scheme of (2.2) and provide the
corresponding error estimate. Let 7 = T/L (L € N*) and t; = 7,4 = 1,2,..., L. Here we
use backward Euler convolution quadrature [14-16] to discretize temporal operator, i.e. the
temporal semi-discrete scheme can be written as: Find G™ such that

n—1
(&3 n—j n n 1 n
ng. NG —Go) + LG = f + 56",
=0 (3.1)
G"(z,0) = G"(z,1) = G"(0,v) =0,

G = Gy,
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where G™ is the numerical solution of G(z,v,t,), f* = f(t,), and

> = 6(0)" = (=2 (52)
j=0

It is easy to know that d(a) have the following properties.

Lemma 3.1 ([2,5]). Let {d(a)}"oO be defined in (3.2) with o € (0,1). Then we have

d™ >0, d¥<o0, i>1,

oo

Sa =

=0

To obtain the temporal error estimate, we first derive the solution of semi-discrete scheme
(3.1). Multiplying ¢™ on both sides of (3.1) and summing n from 1 to oo, we have

oo n—1
Z Zd(a G- j GO Cn + Z‘CGnCn _ ancn + Z Gncn
n=1 j=0

Using the fact f(t) = f(0) + fo f'(s)ds and introducing R(t fo f'(s)ds lead to

SGren = ((a(c))”‘ ve) S s ((6-()" + 5)71 3 R
+ (00" + ,c)_l((s,(o)“ ; GO + %((5,(0)“ + ,c)_1 ; aner. (3.3)
Iterating (3.3) m times, one has

(6re)™+2) ) (- ﬁ)_lif%"

m

e =3

+

N | —

Ms
l\’)l»—t
\_/“
C?
v
M
:U

>
Il
=)

+
]
N)I»—l
,_.
N~
ES
~~
—
>,
3
—
o~
=
Q
+
o
~—
/\
>,
3
Q
=)
Y
3

w
|~ o

+

(2 (-
(
(i

7N

“ i ,c)_1> Z anen, (3.4)

Thus there holds, for & = e~ (v+1)7

w3 [ e (o)) (G0 2) o) o

2miT
k=0

+ki% ( T(c))“u)_l)k((T ve) ZR )¢d¢

0 ||Eq—

miT
k=0

" i 2 : /|<|—sf o (% ((6-)" + 5)1)k (-0 +2) 1(57(4))a_1G°Cd<
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1 I 1 5 o . _1\ m+l Gj jd
A= (5(( Q)"+ £) > ; ¢Jc.

Taking ¢ = e™*7, using Cauchy’s integral theorem, and introducing

g,ﬁ{zec : n<|z|§L, |argz|9}U{z€(C 2] =k, |argz| < 6},

one can get

+
]z
‘H
'—J\
(9]
"
~~
3
7N
N —
—
>
3
—
ml
n
S
—
SN—
Q
+
o
N———
L
~_
/N
—
>,
3
—
ml
n
A
—
SN—
+
o
N———
—
\]
<
ANt
—_
=
—
~
.
N~—
ml
"
<
S8
N

oo

_ m+1
5-(e7 )" +£) 1) TZGje_thdz. (3.5)
j=1

[N}
S|~ 1
s

n

RS

3
7 N
N —
/N
—

Theorem 3.1. Let G and G™ be the solutions of (2.2) and (3.1), respectively. Assume Gy,
f(0) € L3(Q), and fot(t — 8)* 7| f'(s)|lL2(yds < oo. Then one has

[Gltn) = G|l 2y < C (tnl In(n) |Gollzx(@ + &7 1/ O)ll (@)
tn
+/ (tn—s)“1|f’(8)||L2<sz>dS)-
0

Proof. According to (2.5), (3.5), and the definition of R(t), there exists

m 1 k
Gt = Gy < €Y | [ et (Gt 07 G0 aer 0
k=0 0,k

f/r G <%((5T(eZT))“+,c)_l>k

X ((57(6_”))a + [,) o (57(6_'27—))71de(0)

L2(Q)

1 F ~
/ et (—(zo‘ + E)l) (z* 4 L) 'Rdz
To,w 2

- /F e#tn <% ((57(5”))“ + ,c)_1>k

(57(6727))0‘ + E) _17 Z R(tj)e *idz

X
~

L2(9)

m

+CY

k
1
/ e#tn (—(zo‘ + E)_l) (2% 4 L)1 1G %z
k=0 To

2
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- o (36 +£)1)'“

% ((0:(e7)" + £) 60 60

L2(Q)
1 1 m+1
= 2ty [ Z (L0 -1 A
+C’ 27{-1/1—‘9,,;6 (2(2: + L) ) Gdz
1 t <1 _ o _1>m+1 — t;
—— [ e =((0:(e77)) +L TY Gle *dz
2mi ry. 2(( ) ) ; £2(Q)
< ka +an +ZIIIk +IV.
k=0 k=0 k=0
For I, it can be split into three parts, i.e.
1 k
I, < CH /F " e*ln (5(20‘ + E)1> (2% + E)flzfldz ||f(0)||L2(Q)
0,k gﬁ
1 k
+ CH / (eZt"' — GZt"*l) (5(20‘ + E)_1> (2% + L',)_lz_ldz ||f(0)||L2(Q)
g,n
1 k
+CH/ eZt"'l( (5(,20‘+£)_1) (z* 4+ L)1t
0,k
1 —2z7\\ ¥ -1\ —27\\ % -1 —zr\\ 1L
- (3t +2) ) (e ) o) e Ol

<Ipa+Ipo + I3

Lemma 2.1 and simple calculations imply

k

SEE LT NE L) d2 1 F(0)l 22

1
Ik < CT/ et |
Lo, \I'g . 2

<or [ el * 0 | £O) o
Fe,ﬁ\rg,n

< Ot HIF(0)] 2o
Using the inequality [(1 — e™*7) /7| < C|z| for z € I'y . gives
I o < CTtg_le(OmLQ(Q)-

In addition, since |z — d,(e*7)| < O|z|*1 [11,12,16] for 2z € T, we obtain

H <%(za + z)l) eyt

(St 0) ) ()" ) e ) < e e

which yields
Iz < Crte™ ) £(0)] 2 (-
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Similarly, one has
I < CTt;lHGoHLZ(Q).

As for 11, we split it into two parts, i.e.

1, <C

; ( [ et (%(za +z)1)k (2 + L)'z dz
/Fg t5>< ((5T(e”))“+,c)_1>k
(e )"+ £) 7 0rlem ) ) s

/0 /F et =9) (% (e ) + c)l) '
L

X ((57(67”))0‘ + )_1(57(67”))71dzf/(5)d5

k

L2(Q)

rc]

e (g )

N

STy + 1.

Similar to the derivation of I, one has

tTI,
[y < Cr / (b — )11 (8) L2y ds.
0

As for I} o, the relation:

T i e Fn =1 Z / dre_Zt"'
n=1
=7 Z Z f'(r)dre_Zt"'

n=1j=1"7%ti-1

yields

12 < C"

/otn /Fg ¢=(tn—s) <% (67" +£) _1> |

X ((57—(6_27 )+ ) 1(67(6_”))_1dzf'(s)ds
_i N /F e (tn—t;) (2((5T(ezr))a+£)1)k

=1

<.
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tn
<r [t = 9 1 o
0

As for IV, we introduce e = G(t) — G* and define B; by

1 1 m—+1
Bj = T/ Gth (5 ((57(672T))a + ﬁ) > dz.
B,
Here we choose m = |1/«]. It is easy to verify
m+1)a—1
I1Bj|| < Cre{m e,

Thus, we can rewrite IV as

tj

v

| /\

1 m—+1
#(tn=s) <2(z + L) > d2G(s)ds — By,_;G’

tj—1 Fen L2(Q)

| /\

x|
i

e (A 071) " st — e pas

tj—1 Fen L2(Q)

(/ /FM et S’( (2% + L)~ )m+1dzdanj)G(tj)

M: i M:

L2 ()
+C > |Ba—j€jllre) < IVi + IVa + 1V,
j=1
Using Theorem 2.2, one can get
(31 1 m—+1
v < CH/ / e*(tn=9) <—(z°‘ + £)1> dz(G(s) — G(t1))ds
to JTo.x 2 L2(Q)
n 1 m+1
+ZC’H #(tn—s) (—(za+ﬁ)1> dz(G(s) — G(t;))ds
j= F 2 L2(Q)
]_2 0,k

t1
<C /F €= 27D dz | (| G(5) [ L2 + 1G (1)l 20 ds
0,1

tj
+ZC/ /Fe |ez(tn75)| |Z|*(m+1)04|dz|/S ”G/(T)HLZ(Q)deS

< CT(||G(5)||L2(Q) + |Gt 120))

n

t; tj
432 [ =)0 [ ) oy

j=2 ti—1 s

tTI,
<cr <1n<n>||Go||L2(Q> 1O 2oy + / |f/<s>||L2(Q>ds) .

Simple calculations lead to

ty 1 m—+1
(/ / e*(tn=5) (—(za +E)_1) dzds
ti—1 vl 2
it 1 ' -1\ "
,7‘/ ez(tn tj) (5((57(6 )) +£) > dZ>H||G(t])||L2(Q)
FT

0,k

IV; <

11
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-

tj—1

x (@(z%c)l)mﬂ <%((5T(eZT))Q+£)_1>W+1>dzds

m—+1
z(t —s) z(t —t; ))< (Z +£) > dzds

G (&) L2

G (@) L2

ti—1
t]

1 m+1
J(tnms) <§(za + E)l) dzds |G ()] 2

FG 3 \FT
n

<C Z — b+ )2 G () 20

+CTZ/ (m“)a QdSHG( )HLZ(Q)

t]1

tn
<o (||GO||L2(Q) IOl + | ||f’(S)IIL2<Q>ds> |

As for IV3, using (3.6), one has
IVs S CT Y (tn — )™ ¢l 120y
j=1

Thus combining the discrete Gronwall’s inequality [22, p. 258], the proof is complete. O

4. Fully-Discrete Scheme and Error Analysis

In this section, we provide the fully-discrete scheme by using local discontinuous Galerkin
(LDG) method to discretize the operator £ and discuss the resulting error estimates.

Introduce a well approximation of the physical domain €2 by the computational domain 2,
and the rectangle meshes are used. Let mesh size h = 1/N (N € N*), a; = v; = ih, (i =
0,1,...,N) and the elements

L j = (xi—1,25) X (vjo1,v5), 4,j=1,2,...,N.
The polynomial space P;(I; ;) consists of polynomials in I; ; of degree at most { (I > 1) and the
discontinuous finite element space V},; can be defined by
Vg ={v:Q = R| vl € Pi(Liy), i,j=1,...,N}.
Let P" = {P, P} = VG™. According to (3.1) and the definition of £, we have

n—1
<Z 4 Gk — GO),u) + (0P n),  — (0P m),
I

(%)
k=0

(2%

0 i

+ (| P), = f/ Plulo=v de=(f"u; +(G"uw; ,
( au) BT W AR "
(Pnay)h,j = _(Gnav : V)Ii,j + (Gn’n : V)afm"

G"(z,0) = G"(z,1) = G"(0,v) =0,

(GO’“)Ii,j = (GOaM)Im‘
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for all 4 € H'(Q) and v € (H'(2))%. Here n means the outward unit vector to d1; ;. Let
{Gh, Py} ={G}, {P),, P’} } be the approximation of {G", P"}. Then we can write the LDG
scheme as: Find {G},P}'} € Vj,; x (Vi,1)? such that

n—1
(Z ) (Gpk - G%),uh> + (VP2 )y, = (0P2nsiin)
I

J
k=0

@]

0 o > =v; n n
- (aupéfh,uh>l +/ (Pﬁhfpﬁh)uhlﬁ;ﬁj,ldz =(f ,Mh)IinJr(Gh,Mh)IM, (4.2)
Ti1

©J

(Phown),, = (VGivn),  — (G —Gin-wy)

(G?Laﬂh)h,j = (Go, tn)1;

ar;

for all uj, € Vi and vy, € (Vj,)2. Here we choose the fluxes [1,4]

G (z4,v) = G (x7 ,v) = lim G (z,v), i=1,...,N,
T (4.3)
GZ(ZL'(),’U> = Gn(l'o,’l)>,

and .
G (z,v;) = GZ(:L',’U;_> = lim G}(z,v), j=1,...,N—1

+
’U*}’Uj

GZ(SC,’U()) = GZ(ZL',’UN) = Oa

Py (x,v5) = PRy(e,0y) = lim Py (x,0) j=1,....N, (4.4)
U—)’U;

- IG (z, v

P 0) = Pl (o) + LR ),

where 4 is a positive constant.
Denote ¢, = {G¥, PF}, and v, = {fn, Vn, s} Introducing

N n—1
Bn(d)ha"/}h) = Z ( (Z dl(ca) (Gzik - G%)’Mh> + (/UPIn,haMh)Iiyj - (Upgh"u’h)li,j
I

ij=1 k=0

0
(Zram)
<6U ' L,

— (Pvn), + (VGiww), = (Gh = Ghon-w),

@]

Zq N o
[P B m = e (G,
Ti—1

1i 5

+/ (G - éﬁ)nhlﬁiﬁjldw>,

@3 =

0
+ (Pv;n,hanh)[i’. - (%G’Zanh)
I

J

we rewrite (4.2) as
N

Bn((ﬁhawh) = Z (fna,u‘h)liwj'

ij=1

In what follows, we consider stability of the provided scheme. Let {G?, P%} be the perturbed
solution of {G},P?}. Denote € = {€"}2°, and €" = {€%, €} with

n __ n ~n n __ n n _ n DN
e = Gy — Gy, GP*{GP@#P,U}*Ph*Ph-
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Then there holds
Bn(ea ¢h) = 0.

To prove stability of the scheme, we first provide a new discrete Gronwall’s inequality.

Lemma 4.1. Let v >0 (n=0,1,...) satisfy

n—1
ST d @ - uf) < un, (4.5)
k=0

Then we have
u™ < CluY.

Proof. Assume that v™ satisfies

n—1
Z dl(ca) (,Unfk N ’UO) =",
=0

’UO = UO.

Multiplying ¢™ on both sides of (4.6) and summing n from 1 to oo, we obtain

oo n—1

ZZ ,UO)Cn:ZunCn
n=1 k=0 n=1

Combining the definition of d,(ca), ie. (3.2), one can get

o0

S 0net = 2 (6:(0) u + Zu”cn

n=1

Using Cauchy’s integral theorem and doing simple calculations lead to

1 _ _ Z
,Un = eztn,l (57(6 z‘r)) Od2+ - €Zt" Z‘I’ u e ztldz
27i F79' ) 27i F79' )

Thus by using Ci|z| < |d-(e™*7)| < Cy|z| with Cy, Ca being two positive constants for z € I'}
[11,12] and simple calculations, there holds

K

n—1
[v™] <C|u0|—|—C'TZtZJr1 [u" ).
=0

Subtracting (4.6) from (4.5), we have

n—1
> =k <.
k=0

Further, Lemma 3.1 gives

n—1
u” <" < C|u0| + CTZ tf‘+11|u"_i|.
i=0
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Combining the discrete Gronwall’s inequality [22], we have
u™ < CluY.
This completes the proof.

Lemma 4.1 leads to the following stability result.

Theorem 4.1. The scheme (4.2) with fluzes (4.3) and (4.4) is L? stable, i.e.
n 0
HGGHLZ(Q) = CH€GHL2(Q)’
where € = G — G

Proof. Choosing py, = €, vn = {vegs, —ves}, and i, = €p,,, one has

N n—1
B.(€,v;,) = Z ( (Z d,(ca) (egfk — e%),e’é) + (Ué?s,zaﬁg)fm - (Ueﬁ,meg)zm
ig=1 k=0 I

iJ

(2%
i—

0 i . .
(geboct) + [ (- @l - (@),
Ii,j Ti—1
_ (eﬁ, Vh)li,j + (Veg, Vh)li,j — (eg —é4,m- Vh)ali,j

0
n n n o .n
+ (GP,va 6P,'u)[,b. j - (a €G> 6P,U

’ v Li; i

By the fluxes (4.3) and (4.4), we have

> (- (o)
v P,vs G .

i5=1 i

0 i
n n n AT n V=V,
Gy =P G G)*Pulv=v;_1
— a—e € + (e — € )e ; dx
v I; 5 Ti—1

2%

T
n ~n n |v=vj
+/ (GP,U - 6P,vJ)GG v:v;,ld‘r
Ti—1

# [ ) - )b or) ~ )

9 T; Ve ’U+
+ Z < — /1 1 %(egveg)dvdz f/gE 1 <e?gm (var) — e?gm (v+) - #)eg (var

15

T;
+ / (et —éz)esz:z;ldw) = 0.
Ti_1
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N n—1
@ @) n— n 1 n n
< Z <<Z d](€ )6%,66') - <Z d§€ )€G k,EG) + §(€G7€G)1i,j>
L ; k=1 I

(2%

1 N n—1 N ) N 2 n—1 N " 2
<52 (Zd( Neel e,y + a7l i) = 2 AN ™ ga, ) + leblia, |-
k=1

k=0
which leads to

pSCI Do T HAED oY EY N [ ol 7 A

7,7=1 7,j=1 7,j=1

Further combining Lemma 4.1, we can obtain the desired result. 0

At last, we provide the error estimate for the fully-discrete scheme (4.2). Introduce L?
projection operator P, in one dimension as, for all (z;_1,x;) € (0,1),

x;

/ (Pppp— p)vde =0, Vv e P (a—1,;).
Ti—1

Define the projection operators P} and P, as

/ (Pip—p)vde =0, VveP(zi1,2), Plulri-i)=p(zi-1),

/ (Pyp—pvde =0, VveP_y(zi—1,z:), P, plz) = p(w;).

Moreover, define the following projections in two dimensions by tensor products:
=P, P, I,=P, P, I, =P, xP,.

Lemma 4.2 ([3]). For any u € Pri1(1; ;) and v = {vg, v} € (Pi(1;;))?, we have

o v _
(u — Mu, %uz)li - /v’v1 (u—Hu)ve|% dv=0,

2 J J

(uHu,gyv) 7/ (ufﬁa)uvﬂji dr =0,
dv 1; 5 Ti—1 o

(u7Hu7V~lI)[i’j - (uiﬁa’n'y)afu =0
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Theorem 4.2. Let G™ and G} be the solutions of (3.1) and (4.2), respectively. If G' €
H*2(Q) and P* € (H*1(Q))? fori=0,1,2,...,n, then we have

||Gn HL2(Q) < Ctn thH—l

where €9 > 0 s arbitrarily small and [ > 1.

Proof. Introduce
€= {eg’ellg};ozl = {Gk -G}, PF - PZ}Zozl‘
From (4.1) and (4.2), it is easy to verify
Bn(ev’lph) = 0
for ¥, € Viy x (Vii)? x V. Taking
’Itbh = {/Lha Vhp, 77h} = {Hega {’UHGZ;, 7’UH67CLF}5 H;e}é‘v }a
and denoting
Ile = {He’é, {HIeI}I,H;ePU}}kzl,
one can obtain
Bn(]-_-[ea wh) = Bn(ea wh) + Bn(pv’l;bh) = Bn(pv’l;bh)v (47)

where

p={ptpb}ee, = {0t {ob..Pb,} oy = {IG* — G* {1, P} — P} 11, PF — PF}}°

Similar to the derivations of Theorem 4.1, we have

QBn(Hea"/)h)
n—1 N ) N )
SO ILTIED S LTI D oY L
k 3,j=1 i,5=1 i,j=1
N N—1 , , ,
S50 [ (X e o)~ e (o)) + v (e () + v (e (a)” ) o
j=1v"Yi-1 i=1
al i = 2 2 29 2
> ( 0 (1 (o) =Ty 1)) o (e (o)) + (57 ) (16 ) )dz
i=1Y%i-1 \ j=1
b2 S e
1,7=1

Furthermore, there holds

(pa "/}h Z ( Z d 0‘) ) Mh) + (Up?% ) ,U/h)[i’]. - (’Up??v ) Mh)]i,j

1,7=1

o o :
- <%p?3v’ﬂh)1 " /£-1 (p?% )Mh|v gj 4 — (pg’ﬂh)ﬂny‘

2y
- (pga Vh)]i,j + (VPZ;; Vh)li,j - (Pg - ﬁga n- Vh)afi,j
0 i . .
+ (0, ), — (%p’é,nh) +/ (hG; = p’é)ml}jjgﬁw)
’ I,;’]‘ Ti—1

<h+bL+L+1Li+1s+ I+ I,
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where
N
=3 ((wobomm) = (wpbim) = (PBovn) = (o), );
7,j=1
N
=Y < Phli 5ji1dw>7
i,j=1

N
Z (pGav Vh (pwéan'yh)ali’j)a

i,j=
9 =

<<Pg,%ﬁh) 7/ pGnh|v : 1d1‘>,
i,j=1 1; 5 Ti—1

—

:i;dm %)),

Properties of the projection [7], the Cauchy-Schwarz inequality, and the Young inequality show

N
h<C Z (Hp?’zHLz(Iiyj)HUHh||L2(1i,j

ij=1

i)

i)

+ ||p7f}’I ||L2(Ii7j)H’U:u‘hHLZ(I-Y,'

[P PP ey
N
<C Z (HPTIL%HB(L-,J-)'
i,j=1

08 s o)
< Ch?H2 4 C’HHegHQL?(Q)'

i)

According to (4.4) and trace inequality [1], for € > 0, there exists
I < Ce th2+2 4 GZ/ ( ) (UJ))de.
i=1 Y Ti-1

According to Lemma 4.2, for € > 0, one has

N
I3 <C Z ’(P’é,v : Vh)li,j - (ﬁ’é,n-Vh)al

ijl

SCZ

7,7=1
< CRM2 4 C et} 2 g

(2%

0
<UPG,< Heg — 8UH68)> — (P&, n - vh)ar,
I; -

2%

+C Z ’ pG,HeG) ‘

7,7=1
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Similarly, for € > 0, there holds
I < Ce 22 4 e[| e, 7oy

The property of projection [7] implies I5 = 0. As for I, the Cauchy-Schwarz inequality, the
Young inequality, and the property of projection lead to that for e > 0,

I < Ce "2 4 ||y e, H2L2(Q>'
Using the definition of d;(:‘) and Lemma 3.1, we have, for & = e~ ("7,

1 -1 o al 0
I < Co /Kl_& O Y ( > (o - pG),uh),iJc’C)dc

k=1 \ij=1

2
<o (f e T ) # e )
I<1=¢+

Taking ¢ = e™*7 and simple calculations give

2
17 S C((/FT |€Ztn| ‘(57_(6—,27'))04*1‘ |dZ|) h2l+2 + ||H68Hi2(9)> .

0,k

Combining (4.7) and choosing € > 0 small enough, we can obtain

n—1 N 2 al 2
zdf’( LS DS HH@“c”m)
k=0

i,7=1 i,j=1

<C ( / ]
1"7’

0,k

< C’(/ 27t | ’(5T(67ZT>)2a71+m‘ |dz|h22 4 22 4 HHegHiQ(Q)>,
r

-
0,1

2
(67_(6—27))&—1‘ |dz|) R2A+2 4 p2t2 | HHe’éHiz(m>

where we use the Cauchy-Schwarz inequality in the last step and €y > 0 is arbitrarily small.
Similar to the proof of Lemma 4.1, one can obtain

||H68Hi,2(9) < Ct o7 p2I+2

Thus combining the above estimate and the property of projection leads to the desired result.
The proof is complete. O

5. Numerical Experiments
In this section, we provide two examples to verify the temporal and spatial convergence
rates, respectively. In the following, we take ¢ = 1.

Example 5.1. Here we show temporal convergence rates for the system (1.1) with boundary
conditions (1.2). We take T'= 1,1 = 1,h = 1/16, and for the initial condition consider the
following three cases:

(a) Go =z xsin(mv), f =0,
(b) Go = X(0.5,1)(%)X(0,0.5)(v), f =0,

(¢) Go=0, f= X051 (2)x(0,05) ©)t"%,
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where X(q,5) is the characteristic function on (a,b). Because the exact solution is unknown, the
errors and convergence rates can be calculated by

In(E, /E, /»)

E. = HGT - GT/2||L2(Q)) rate = 11’1(2) ’

where G denotes the numerical solution of G at time T with step size 7.

We first provide the numerical results for the system (1.1) with boundary conditions (1.2)
and initial condition (a). From the errors and convergence rates shown in Table 5.1, it can
be noted that all the results agree with Theorem 3.1. Then we consider the system with the
initial condition (b). Although the initial condition is nonsmooth, the convergence rates shown
in Table 5.2 are still O(7), which validate the results of Theorem 3.1. Next, for the initial
condition (c), the corresponding convergence rates presented in Table 5.3 are same with the
predicted ones in Theorem 3.1.

Table 5.1: Temporal errors and convergence rates for the system (1.1) with boundary conditions (1.2)
and initial condition (a).

a\l/7 10 20 40 80 160
0.3 | 2.726B-04 | 1.329E-04 | 6.564E-05 | 3.262E-05 | 1.626E-05
Rate 1.0360 1.0179 1.0089 1.0045
05 | 4.442E-04 | 2.138E-04 | 1.049E-04 | 5.197E-05 | 2.586E-05
Rate 1.0550 1.0272 1.0135 1.0067
08 | 5.479E-04 | 2.487E-04 | 1.187E-04 | 5.803E-05 | 2.869E-05
Rate 1.1395 1.0668 1.0326 1.0161

Table 5.2: Temporal errors and convergence rates for the system (1.1) with boundary conditions (1.2)
and initial condition (b).

a\l/7 10 20 40 80 160
02 | 1.264E-04 | 6.192E-05 | 3.065E-05 | 1.525E-05 | 7.603E-06
Rate 1.0294 1.0147 1.0073 1.0037
04 | 2.531E-04 | 1.227E-04 | 6.041E-05 | 2.997E-05 | 1.493E-05
Rate 1.0447 1.0222 1.0110 1.0055
0.6 | 3.521E-04 | 1.677E-04 | 8.184E-05 | 4.044E-05 | 2.010E-05
Rate 1.0705 1.0346 1.0172 1.0085

Table 5.3: Temporal errors and convergence rates for the system (1.1) with boundary conditions (1.2)
and initial condition (c).

a\l/7 10 20 40 80 160
02 | 6.500E-06 | 3.352E-06 | 1.705E-06 | 8.610E-07 | 4.329E-07
Rate 0.9556 0.9751 0.9858 0.9919
05 | 9.831E-06 | 5.076E-06 | 2.584E-06 | 1.306E-06 | 6.567E-07
Rate 0.9537 0.9740 0.9850 0.9913
0.7 | 6.149E-06 | 3.191E-06 | 1.630E-06 | 8.253E-07 | 4.158E-07
Rate 0.9463 0.9693 0.9818 0.9890
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Example 5.2. Here we validate the spatial convergence rates for the scheme (4.2). We take
T=1,

Go = sin(rz) sin(mv),
f=T(a+ 1)sin(rx) sin(wv)
+ (n? sin(mrz) sin(mv) + v cos(rz) sin(mv)
— vmsin(nz) cos(mv) — sin(rz) sin(mv) ) >+,
which implies the exact solution

G = (t% 4 1) sin(mz) sin(mv).

In Table 5.4, we choose the order of approximation polynomial [ = 1 and 7 = 1/100. We
find the convergence rates are O(h?), which are same with the theoretical ones in Theorem 4.2.
In Table 5.5, we take the order of approximation polynomial [ = 2 and to investigate the con-
vergence in space and eliminate the influence from temporal discretization, we take 7 = 1/200.
From Table 5.5, we see the convergence rates are O(h?), which are consistent with the predicted
ones.

Table 5.4: Spatial errors and convergence rates for the scheme (4.2) with the order of approximation
polynomial [ = 1.

a\1/h 4 8 12 16 20
0.3 | 1.032E-01 | 2.625E-02 | 1.175E-02 | 6.635E-03 | 4.259E-03
Rate 1.9755 1.9830 1.9859 1.9867
0.5 | 1.032E-01 | 2.623E-02 | 1.174E-02 | 6.627E-03 | 4.252E-03
Rate 1.9757 1.9835 1.9869 1.9884
0.7 | 1.031E-01 | 2.622E-02 | 1.173E-02 | 6.621E-03 | 4.247E-03
Rate 1.9758 1.9839 1.9876 1.9896

Table 5.5: Spatial errors and convergence rates for the scheme (4.2) with the order of approximation
polynomial [ = 2.

a\1/h 4 8 12 16 20
0.4 | 3.372E-03 | 4.285E-04 | 1.269E-04 | 5.365E-05 | 2.779E-05
Rate 2.9763 3.0014 2.9927 2.9477
0.6 | 3.371E-03 | 4.281E-04 | 1.266E-04 | 5.331E-05 | 2.730E-05
Rate 2.9770 3.0048 3.0069 2.9989
0.8 | 3.370E-03 | 4.280E-04 | 1.265E-04 | 5.321E-05 | 2.719E-05
Rate 2.9772 3.0058 3.0101 3.0089

6. Conclusions

We provide the regularity estimates and numerical analyses for time-fractional Klein-Kra-
mers equation. By introducing a new positive operator £ to overcome hypocoercivity of the
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original one and building its resolvent estimate, we give spatial and temporal regularity of
the solution. Then, backward Euler convolution quadrature method and local discontinuous
Galerkin method are used to approximate Riemann-Liouville fractional derivative and the op-
erator L, respectively, and the complete error analyses are also built. Finally, we perform the
numerical experiments, which support the theoretical results.
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