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Abstract. The goal of this paper is to study operators sum of p-Laplacian type
operators. We address the problems of existence and uniqueness of solutions,
this last point leading to some challenging issues in the case of quasilinear com-
binations of such p-Laplacians.
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1 Introduction and notation

We will denote by (2 a bounded open subset of R",n>1. Let us consider py, py,...,
pN real numbers such that

1<P1<P2<...<PN,
and a;(x,u),i=1,...,N, Carathéodory functions, i.e. such that for every i,

x — a;(x,u) ismeasurable, VueR,
u — a;(x,u) iscontinuous a.e. x€ Q).

We will suppose that for some positive constants A, A,

0<a;(x,u)<A, Vi=1,.,N-1,

1.1
A<an(x,u) <A, VueR ae. xeQ. (1.1)
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We would like to consider problems of the following type:

ue W, (),
N 1.2
-V (Zai(x,uﬂVu]p"_ZVu) =f in Q, (12
i=1
or under the weak form
ueW,™(Q),
(1.3)

N
/Zai(x,u)Wu]pi_zVu-Vvdx:<f,v), VUEWS”’N(Q),
o i=1

where W& 7(Q)) denotes the usual Sobolev space of functions in L? (Q) with deri-
vatives in L”(Q)), vanishing on the boundary of (), f € W—LPx(Q) the dual space
of ng PN(Q) (cf. [5]). Recall that for p€R, p>1,p’ denotes the conjugate of p given
by p'=p/(p—1).

We suppose that WS P(Q)-spaces are equipped with the norm

1
p
v =/VPd ,
Vol = (| I7ol7x)

and their duals W~1*'(Q) with the strong dual norm defined as

e (,0)

sup :
vemi? oy 1 VOl

Such operators appeared some decades ago in particular as Euler equation of
problems of calculus of variations (cf. [7], [8], [10]), the idea being to consider
energy functionals presenting at the same time different growth and to analyse
the regularity of the possible minimisers (see [9], which contains many interesting
references, and also [6]). Later (cf. [4], [11]) problems of this type were supposed
to model situations where different phases coexist, two in general, leading to the
notion of (p,q)-Laplacian. Of course here we consider the sum of several pseudo
p-Laplacians and the Eq. (1.3) is not the Euler equation of some energy except
perhaps in the case when the a;’s are constant. We do not pretend either having
in mind applications. We are more guided by the challenges offered by this kind
of problems when existence and uniqueness of solution are concerned.

In the next section we develop a theory of existence of solution based on the
theory of monotone operators. The subsequent part addresses different issues of
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uniqueness or non uniqueness. In dimension one we are able to construct some
a1(x,u)=a(x,u) leading to non uniqueness in the case N=1 and to prove unique-
ness when the 4;’s are say continuous and Lipschitz continuous in u. In higher
dimensions one has to restrict ourselves to special 4;’s or to a single operator but
the results that we are able to show do not rely on Lipschitz continuity.

2 Existence result

Let us first prove the following existence result.

Theorem 2.1. We assume that the a;(x,u) are Carathéodory functions satisfying (1.1).
If f € W=LPN(Q), there exists a solution u to (1.3),

Proof. Letw € LPN(Q)). We claim that there exists a unique u=S(w) solution to

ue W, (),

N
/Zﬂi(x/w)lvum_zVu-Vvdx:<f,v), VUEWS’pN(Q)' (2.1)
g i=1

Note that the operator
N
=V Y ai(x,w)|VulPi2Vu
i=1
is monotone, hemicontinuous, coercive from W& PN(Q)) into its dual since
a;(x,w)|Vu|Pi~2Vu e LV C LPN(Q).

Indeed, p; < pn implies p! > p},. The coerciveness of the operator is insured by
(1.1), cf. the inequality just below. We will be done if we can show that the
mapping S has a fixed point. First, taking v =u in (2.1) we deduce

N
A [ IVuPdrs [ 3 atew) Tul o2V Vids = (f,u)
Q 03

<[ fLIVullpy-

Thus, it comes
1

« ) PNTT
IValp< ()™
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We denote by C,,, the constant in the Poincaré inequality (cf. [5]) such that

1/
|M|PN SCPNHVMHPNI vMGVVO pN(Q)/

where |u|, is the LP (Q))-norm of u. Then we have

1
x| PNT
yuijgcpNuwupNgcpN('f;’ ) _K. (22)
Thus, the mapping S goes from the ball
B={ueLPN(Q):|ul,, <K}

into itself and is relatively compact thanks to the estimate above. We will be done,
by the Schauder fixed point theorem, if we show that S is continuous from B
into B. For that consider a sequence w;, such that w, —w in LPN(Q)). Without loss
of generality we can assume that w, — w a.e. in Q). Set u, = S(wy,). From (2.2)

it follows that u, is bounded in Wg’pN (Q)) and up to a subsequence there exists
ue WS’pN (Q)) such that

Vu, — Vu in LPi(Q), Vi,
w, — W a.e.in Q.

We know that u,, satisfies
/Ql-_i”f(xfwﬂlv%wf—zwn-v@_un)dx:<f,v_un>, Yo e W™ (Q)
and by monotonicity of the operators,
/Qiiai(x,wn)|Vv|Pf‘2Vv-V(v—un)dx > (fo—uy), YoeWy"™N(Q).  (2.3)

By the Lebesgue theorem one has
a;(x,wy)|[Vo|Pi=2Vo — a;(x,w)|Vo|[Pi2Vo in LY (Q).

Passing to the limit in (2.3), we get

N
/Q Y a;(x,w)|Vol|Pim?Vo-V(v—u)dx > (f,o—u), Vve W&’pN(Q). (24)
i=1
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Replacing v by u+46v we obtain

N
/Zai(x,w)]Vuiév[pi_ZV(ujzév)-V(iév)dxz(f,iév), VUEWS'pN(Q),
Qi1

i.e.
N
/ Zai(x,w) |Vui50|Pi_2V(ui(50) -V(£o)dx> (f,£v), Yve W&’pN (Q).
Q3
Letting 6 — 0, we obtain

N
/Q Y ai(x,w) |VulPi—2Vu-Vodx={(f,v), VYve WS’PN (Q),
i—1

and thus u = Sw. Note that the whole sequence u,, converges toward u since the
limit is unique. This completes the proof of existence of a solution to (1.3). O

3 Uniqueness issues
We suppose here that we are in dimension 1 with Q= (771,72).

Theorem 3.1. One can construct a continuous function a(x,u) such the problem

uew,”(Q),
3.1
/a(x,u)|u’|P_2u’v’dx:<f,v>, VZJEWS'P(Q) G-1)
Q
admits several solutions.
Proof. We use a construction similar to one in [1]. Set
u(x)=(x=m)(ma—x), f=—(u'lP2u).
One has clearly
ueW,”(Q),
3.2
/Q|u’|p_2u’v’dx:<f,v>, VUEWS'p(Q). (3:2)



6 M. Chipot / Commun. Math. Anal. Appl., x (2024), pp. 1-16

Let w be a nondecreasing, continuous function such that

ds
w(0)=0, w(f)>0, V>0, /o+@<+°°’ (3.3)
@ is non increasing (3.4)

(t*,a <1 would be suitable). Set
s dt
0 w(t)

6 is one-to-one mapping from [0,T] into [0,6(T)] for every T > 0. Let us denote
by 0~ ! its inverse. One has

0(s)= (3.5)

07 (y)=w (07 (y)). (3.6)

Then we define

o(x) = u(x)+6-1(x—1n;) inaneighbourhood of 71, (3.7)
| u(x)+6"1(;,—x) inaneighbourhood of 15, '
and we assume that .
v>u, %>0 on (11,12). (3.8)

To fulfil the second condition it is enough to have v increasing on (11, (11+12) /2),
decreasing on ((171+142)/2,12), 0" ((11+142)/2) <0 since, as v'((y1+12) /2) =0,

lim % (x)= (o) (M)

PN 111;’72 v 2

It is clear that it is always possible to find such a v. Then for x,u € R we define
a(x,u) as

1, it x¢(11,1m2),
1, if u<u(x), xe(n,m2),
AN
a(x,u): (J) , if MEU(X), xe(”lli/IZ)/ (39)
A
5+(1—5><?) ,if u=ou(x)+(1-0)o(x), x€(y1,1).
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Clearly a(x,u) is continuous on IR%. Note that u'(171) =9'(1) and v/ (112) =0 (172).
Now it is not Lipschitz continuous in u. Indeed, let us denote by w, () the mod-
ulus of continuity of a(x,u) with respect to u, namely

wa(t)= sup  |a(x,u)—a(x,0)|.
xeQ),|u—v|<t

For t small there exists x near 71 such that v(x) —u(x)=t. Moreover, one has

(o) —a(xo00) =1 (410)"

Recall that for x close to 71,

(0= 1) (1) = 0 (rm ) = (60 (x—m1)) =@ (o(x) ~u(x)).
This implies that v’(x) > ' (x) for x close to 77;. We also have
(/ ()P = ()P )
:/01%{u’(x)+s(v’(x)—u’(x))}P_lds
= [ = @)+ ()~ ()} dsto—a) (0
—o(t) [ (p=1) {8 (x) (0! ()~ ()} .

Clearly v'(x), u/(x) are bounded and bounded away from 0 near #;. Thus

a(x,u(x)) —a(x,0(x))
D+ ) ) sl

o' (x)P~1

and
wa(t)= sup  |a(x,u)—a(x,0)|>Cuw(t)
xeQ,|u—o|<t

for some constant C. This implies that

/ ds - ds < 4o
0+ wa(s) ~ Jo+ w(s) ’
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which is impossible if w,(t) ~ Kt. This shows that a(x,u) is not Lipschitz contin-
uous in 1. Now one has

p—1 /
|U/’p—2 I _ |u/’p—10_
']

a(x,0(x)) |0 |P720' = <|u_

_ |u/|p—1u_: |u/|p—2ul

||

— |ul|p—2u/,

7

a(xu(x))|u [P~/

since v'/|v'|=u’/|u'|. Thus, both u and v are solution to (3.1). This completes the
proof of the theorem. O

We study now a particular example in dimension 1 where, on the contrary,
we are able to prove uniqueness of solution. For that let us consider a function f
defined on Q)= (#1,72) and satisfying

feLl(q). (3.10)

Note that in one dimension L!(Q)) C W1~ (Q) since W&’pN (Q) CL®(Q) (see, for
instance [2]).

Fori=1,...,N leta;(x,u) be continuous functions satisfying (1.1). Suppose that
for

1<p1<pa<...<pn, (3.11)

u is weak solution to

— (i_ ai(x,u(x))|u’]i’i—2u’> =f in Q, (3.12)

u(m1) =u(n2) =0.

M=

—_

Let us first establish a lemma which will be useful in what follows to consider u
as solution of a Cauchy problem.

Lemma 3.1. Let us denote by a;, i=1,...,N positive constants. For a=(ay,...,ay) we
denote by F,(z) the inverse function of the increasing function from R into R

N
X = Y alX|P2X.
i=1
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Then one has for some constant Cp,, See (3.16),
NG A
z z
Cm Da —az|{( ) +(a,1) } , (3.13)

Proof. By definition of F, = F,(z), Fy = F,/(z) one has

|Fa(2) —

where a' = (a},...,ay).

N N
Y ai|E|Pi2E,=2z=Y a}|F,|P"?F,. (3.14)
i=1 i=1

So we have first the estimate
N
=1
and thus

N
Y il EafP < [,
i=1

|Fa| < (|Z|) : (3.15)

a

which implies

Next by subtraction in (3.14) we derive

(a}—a;)|Fy|P2F,

M=

N
S oai{ [EalP2E, — [y [P 2Ey b =

i=1 i

Il
—_

Multiplying both sides by F, —F,/, we get

Mz

N
Zai{|Fa|pi_2Fﬂ_|Fu’|Pi_2Fu’}(Fa_Fa’) (a _a)|F |Pl (Fa_Fa’)'

i=1 i

Il
—_

Recall (see, e.g. [3]) that for p>1 there exists a constant ¢, >0 such that

cp (] +12)P21E—CP < (g2 —gIP~20)-(¢—C), VE&LER™ (3.16)
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Thus, for some constant c,, we have
Cpya1{|Fa +|Fy |37 2| Fa —Fy |2

N
< Z}a;—aiy|Pa,|Pi—1|Fu—Pa,|
=1

N
<Y lai—a;|[{|E:|+|Fs|}P Ea — Fy |-
i=1

Combining this with (3.15), we get

a— Lg'| >

Ly B
o Ll =il {Fal | Ey )P
i=1

<Lyl w,{( 1!)#+<|;1’> }

This completes the proof. O

Theorem 3.2. Under the assumptions (3.10), (3.11) suppose that the a;(x,u)’s are con-
tinuous and Lipschitz continuous in u and

0<A<ai(x,u), Vx,u. (3.17)
Then (3.12) admits a unique solution.

Proof. If u is solution to (3.12) one has

Zaz x,u( () [P0 (x) = f( )ds+c, (3.18)

where c is some constant. This implies in particular that 1’ is continuous. Note
also that this constant c satisfies

ol < /ﬁ ” £(s)]ds.

Indeed, since u(#1) =u(1n,) =0 there is a point m € (71,7 ) where u’(m) =0 which
implies

c= mf(s)ds
n
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and the estimate above follows easily. We claim that this constant c is the same
for any solution to (3.12). To show that, let i be solution to (3.12) such that

Zaz x,1(x)) | () P2 (x) = — ij(S)dSwLC’-

Suppose that ¢’ > c. Then one has by writing the equations above at 77;, k=1,2,

P ()

N
;ai (Wk/ﬁ(nk))

Mk ’ Mk
— [ f(s)ds+c' >— [ f(s)ds+c
M m

N .
:g‘li(ﬂkr”(’?k))}”/(ﬂk)’pl u' (1)

Thus, since a; (1, (k) =a; (7x,u(17x) ) and the function

N
X = Y ai(meu(no) [ X|P2X
i-1

is increasing, one gets
i’ (i) >’ (), k=1,2.
This implies that

i>u near 1,

i<u near 1),

recall that 7 =u =0 at 71, 77,. Starting from #; let us denote by xy the first crossing
point of the graphs of 7 and u. At this point one has again

N
Za,- (Xo,ﬁ(XO))
i=1

and thus i’ (xg) >u'(xp). But this would imply, since #(xo)=u(x() that i (x)<u(x)
for some x < xp and a contradiction. If ¢ < ¢ then swapping # and u would lead
to the same contradiction. Thus, if u is solution to (3.12), there exists a fixed
constant ¢ such that

Zaz x,u( ()P~ (x) = f( s)ds+c,

-2
i u/(xo),

N
T2 (x0) > Yy (x0,u(x0))
i=1
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i.e. such that

u’:F<a(x u(x)),— f( )ds—l—c).
We have set a(x,u(x)) = (a1 (x, u(x)) aN(x u(x))),F(a,z) = F,(z). It follows
from the Lemma 3.1 that F(a(x,u(x)), f f(s)ds+c) is Lipschitz continuous in

u. Indeed, denoting by K a positive constant bounding | — [ " f(s)ds+c|, one has
by (3.13)

#(M&uw»r;CE@w&w)—P(dxv<» *fe)as )|

1

Z‘”l x,u( —ai(x,v(x))‘{2<£)pl_l}pl p1+1.

CPl a

We have assumed the a;(x,u)’s Lipschitz continuous in « and thus

F(a(outo), - [ fedse)

is also Lipschitz continuous in u. Since u solution to (3.12) satisfies

{u’=F<a(x u(x)),— f( )ds—|—c), x€(n1,12),
u(m) =0,
u is unique. This completes the proof of the theorem. O

Remark 3.1. In the case where f >0 then by (3.12),

X — Zaz x) | - u'(x)

is decreasing and thus vanishes at exactly one point where the maximum of u is.

We turn now to the results that we are able to prove in higher dimensions. We
consider first a peculiar example.

Theorem 3.3. Suppose that there exist functions a; = w;(x) and a continuous function
b(u) such that for positive constants Ay, A1,bo, by one has
M <waj(x)<A; ae x€Q,
bo<b(u)<b;, Vucel, (3.19)
a;(x,u) =a; (x)b(u)Pi 71
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foralli=1,...,N, then (1.3) admits at most one solution. More generally if uy, k=1,2
denotes a solution to (1.3) corresponding to f = f then

f1<fo implies uy <up.

f1 < f» means, as usual in this context, (f1— f,0) <0 for any ve Wg’pN (Q)),v>0.

Proof. 1f uy is solution to (1.3) corresponding to f = f, one sets

Then clearly

VUi (x) =b(uy) Vi (x),
|V Ui (x) [P 2V Uge(x) = b (g )P Vg (x) P2V (x),

in such a way that Uy satisfies for k=1,2,
U e Wy PN (Q),

N
/Q Y i (x)| VUL P2V Uy - Vodx = (fi,0), Yo WP (Q).
i=1
By subtraction one gets
N
/QZoci(x)(]VUl]pi_zvul—|VU7_|pf—2VU2)~Vvdx
i=1

= <f1 —fz,"0>, Vove W(}’pN(Q).

Taking v=(U; —U,) ™ the positive part of U; — U, one gets easily for some con-
stants ¢; >0 (see (3.16))

N
/QZoci(x)ci(|VU1|—I—|VU2|)Pi_2|V(U1—U2)+|2dx
i=1
N
g/QZoci(x)(|VU1|pi_2VU1—]VU2|pi_2VU2>-V(Ul—U2)+dx§O.
i=1

This implies that (U;—U,) =0 and thus U; <U, which is equivalent to 13 <u,.
Uniqueness follows by choosing f = f; = f,. This completes the proof of the
theorem. O
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Remark 3.2. Note that only one of the a;’s needs here to be positive, for in-
stance ay if one wants to rely on (1.1) to have existence of a solution.

In the case of one single operator, i.e. N =1 the above theorem can be rephrased
as follows.

Theorem 3.4. Let aq be such 0 < Ay <wq(x) <Ay and a(u) be a continuous function
such that for some positive constants

bo<a(u)<b. (3.20)
For p>1 consider u solution to

uew,*(Q),

/rol(x)a(u)]Vu|P—2Vu.dex:<f’v>, VUEWS’p(Q), (3.21)

Then (3.21) admits a unique solution. Moreover, if uy,k=1,2 denotes a solution to (3.21)
corresponding to fy then
fi<fo implies uy <up.

If ay, k=1,2 denotes a function a satisfying (3.20) and if uy, k=1,2 denotes a solution to
(3.21) corresponding to ay, fi then

0<fi<fo, ay>ay implies uy<uj.

Proof. The first part of the theorem follows from Theorem 3.3 (see also the Re-
mark 3.2) by setting b(u) =a(u)/ (P=1),

For the second part of the theorem note first that, since the f; are nonnegative,
one has u; >0 for k=1,2. This is a consequence of the first part of the theorem.
Set as previously

(x)
Uk(x)z/ouk ' ak(s)ﬁds.

As in the proof of Theorem 3.3 one notices that Uy satisfies for k=1,2,

Uee WP (Q),
/Q a1 (x) | VU P2V Uy - Vodx = (fi,0),  Yoe WP (Q).

By subtraction we get

/Q[xl(x)(yvulyp—zvul—|vu2|P—2vu2) Vodx=(fi—fo,0), YoeW,”(Q).
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Taking v=(U; —U,) " one deduces as above that U; < U, i.e.
uq(x) 1
Ul(x)—/ a1(s) 71 ds < Up(x)
up(x) 1
_/ )P = ds </ a1(s)P1ds, (3.22)
0

since a1 > a, and up > 0. The result follows since

uy(x) 1 uz(x) 1
/ a1(s)r1ds §/ a1(s)P1ds
0 0

is equivalent to u; <uy. This completes the proof of the theorem. O

Remark 3.3. Note that without the positivity of f; one gets nevertheless a com-
parison principle, i.e. Uy <U, (cf. (3.22)) and only the positivity of f, is used
subsequently. It is interesting to see that the monotonicity result is here at two
levels f and a and that one does not need any Lipschitz continuity on a.

4 Concluding remarks

The same results as above hold for instance for the problems of the type
ue Wy PN (),
ZB (al x,1)| 9y, 1| P20, u) =f in Q.

In fact, the two operators, i.e. the one just above and the one in (1.2), coincide in
dimension one.

In higher dimensions we suspect that the result obtained in the case where
N =1 go through for any N when

a;(x,u) = a;(x)a; (u),

a;(u) being continuous, bounded and bounded away from 0. However, so far, we
have been unable to show it except in the particular case of Theorem 3.3.

Acknowledgments

Part of this work was carried out when I visited the mathematics department
of the City University of Hong Kong. I would like to thank Professor Cristinel
Mardare for his kind invitation and the hospitality.



16 M. Chipot / Commun. Math. Anal. Appl., x (2024), pp. 1-16

References

[1] N. André and M. Chipot, A remark on uniqueness for quasilinear elliptic equations, Ba-
nach Center Publ. 33 (1996), 9-18.

[2] H.Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, in: Uni-
versitext, Springer, 2011.

[3] M. Chipot, Elliptic Equations: An Introductory Course, in: Birkhduser Advanced Texts,
Birkh&user, 2009.

[4] M. Colombo and G. Mingione, Bounded minimisers of double phase variational integrals,
Arch. Ration. Mech. Anal. 218(1) (2015), 219-273.

[5] L. C. Evans, Partial Differential Equations, in: Graduate Studies in Mathematics,
Vol. 19, AMS, 1998.

[6] J.]. Manfredi, Regularity for minima of functionals with p-growth, J. Differential Equa-
tions 76(2) (1988), 203-212.

[7] P. Marcellini, Regularity and existence of solutions of elliptic equations with (p,q)-growth
conditions, ]. Differential Equations 90(1) (1991), 1-30.

[8] P. Marcellini, Anisotropic and p,q-nonlinear partial differential equations, Rend. Lincei
Sci. Fis. Nat. 31 (2020), 295-301.

[9] P. Marcellini, Local Lipschitz continuity for p,q-PDEs with explicit u-dependence, Non-
linear Anal. 226 (2023), 113066.

[10] P.Pucci and J. Serrin, The Maximum Principle, in: Progress in Nonlinear Differential
Equations and Their Applications, Vol. 73, Birkh&duser, 2007.
[11] R. M. Ragusa and A. Tachikawa, Regularity for minimizers for functionals of double

phase with variable exponents, Adv. Nonlinear Anal. 9(1) (2020), 710-728.



